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Timescale hierarchy
Similarities and differences to main sequence stars

• Protostellar evolution governed by three basic timescales:

• Mechanical equilibration: tmech ~ (R / cs) ~ (R3 / GM)1/2 ~ few hours 

• Energy equilibration (Kelvin-Helmholtz): tKH = GM2 / RL ~ 1 Myr

• Accretion: tacc = M / (dM / dt) ~ 0.1 Myr

• Numerical values for M = M⊙, R = 3 R⊙, L = 10 L⊙, dM / dt = 10−5 M⊙ yr−1


• Implication: protostars are always in mechanical equilibrium, but are not 
generally in energy equilibrium while they are forming


• By contrast, main sequence stars in energy equilibrium because tKH ≪ lifetime


• This hierarchy applies to low-mass stars; somewhat different for high mass



Equations of stellar structure
For protostars

• Equations describing mass conservation, hydrostatic balance, and energy 
transport are exactly the same as for main sequence stars:


• Major difference is in energy equation: in a MS star, this would be


• However, this is only true if the stars is in energy equilibrium; we cannot 
assume that this is the case for a protostar 
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The non-equilibrium energy equation
How protostars differ from main sequence stars

• In a protostar, there is an additional potential source of energy: a mass shell 
can lose energy, which is added to the energy change across that shell


• To include this use fundamental thermodynamic relation dU = P dV + T dS: 
change in energy equals work done + temperature times change in entropy


• No change in volume (dV = 0), so energy equation changes to


• Computational procedure in practice: (1) given starting state r(M), T(M), solve 
flux equation to get L(M); (2) use L(M) in energy equation to find ds/dt in every 
shell; (3) update entropy of every shell; (4) solve equation of hydrostatic 
equilibrium to find new r(M), T(M), fixing entropy in each shell; (5) repeat
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Boundary conditions for protostars
The second difference

• System of equations for r(M), T(M), P(M), L(M) needs four boundary conditions


• Two at inner boundary are same as for main sequence stars: r(0) = 0, L(0) = 0


• If protostar is not accreting, outer boundary conditions are the same as for 
main sequence stars as well: P(Mtot) = 0 (or something small if we are being 
more sophisticated), L(Mtot) = 4𝜋r2(Mtot)𝜎SBT4(Mtot)


• BCs for accreting star are different because (1) accretion flow potentially 
provides finite pressure at outer radius, (2) accretion flow restricts escape of 
energy from star



Spherical accretion flows
Also known as “hot accretion”

• If accretion flow is spherical, ram pressure of infall is


• Density determined by mass accretion rate:


• If material arrives at free-fall speed, bounding pressure is


• Luminosity at surface takes form


• First term is usual blackbody radiation, second is mechanical energy provided 
by accretion flow — but only a fraction fin of this is advected inward at 
accretion shock, with rest escaping immediately as radiation


• Evaluation of shock properties suggests fin ≈ 1/4    

<latexit sha1_base64="Scwv1IKbI+lz1+7Rjm4HPORKe30=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXw8x0auuu6MZlBfvAdiyZNNOGZpIhyRTK0L9w40IRt/6NO//G9CGo6IELh3Pu5d57woRRpR3nw1pZXVvf2Mxt5bd3dvf2CweHTSVSiUkDCyZkO0SKMMpJQ1PNSDuRBMUhI61wdDXzW2MiFRX8Vk8SEsRowGlEMdJGuuvKoehROL73eoWiY7vl85Jbgo5dvXDLvmdIxfU934eu7cxRBEvUe4X3bl/gNCZcY4aU6rhOooMMSU0xI9N8N1UkQXiEBqRjKEcxUUE2v3gKT43Sh5GQpriGc/X7RIZipSZxaDpjpIfqtzcT//I6qY6qQUZ5kmrC8WJRlDKoBZy9D/tUEqzZxBCEJTW3QjxEEmFtQsqbEL4+hf+TpmeCsp0bv1i7XMaRA8fgBJwBF1RADVyDOmgADDh4AE/g2VLWo/VivS5aV6zlzBH4AevtE1/ikLs=</latexit>

⇢iv
2

<latexit sha1_base64="N7WQhlrFh1gQZJCeXXj4YUSN/X8="></latexit>
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Magnetically-channeled accretion flows
Also known as “cold accretion”

• Accretion flow onto star may cover only a small portion of surface due to 
channeling by stellar magnetic field


• In this case, material being added to the star provides no confining pressure, 
and radiates away all its energy (and thus is added to star “cold”, with some 
specified, usually much lower, entropy) — then BCs are the same as for main 
sequence stars


• This generally produces much smaller predicted radii for protostars, because 
material being added to star has far lower entropy


• Reality probably somewhere between hot and cold extremes, but still debated



The importance of deuterium
The first thing that burns

• By definition, protostellar phase is phase before star ignites H and settles 
onto main sequence


• However, BBN produced ≈ 2 × 10−5 D/H, and D burns more easily than H 
because there is no need to wait for the weak nuclear force to convert 
protons to neutrons; ignites at ~106 K (compared to ~107 K for H)


• Basic reaction is 2H + 1H → 3He; releases 5.5 MeV / D burned


• Timescales: energy release comparable to H burning (7 MeV / nucleon), but 
fuel supply smaller by factor of 2 × 10−5; since H lasts ~1010 yr, expect D to 
last ~few × 105 yr — comparable to accretion time



Basic outline of 
evolution
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Figure 6. Upper panel: Positions of the accretion shock front (solid line), and
photosphere (dotted line) of a growing protostar with Ṁ∗ = 10−3M⊙ yr−1

(run MD3). The layer between the accretion shock front and photosphere
corresponds to the radiative precursor. Lower panel: The optical depth within the
radiative precursor τrec, and effective temperatures at the photosphere Tph and
accretion shock front Tsh ≡ (L∗/4πR2

∗σ )1/4. The temperatures are normalized
as T4 = (T/104 K). The shaded background shows the four evolutionary phases,
as in Figure 2.

20 M⊙ the maximum temperature reaches 107K and the nu-
clear fusion of hydrogen begins (Figure 2). Although the hy-
drogen burning is initially dominated by the pp-chain reactions,
energy generation by the CN-cycle reactions immediately over-
come this. The energy production by the CN-cycle compensates
radiative loss from the surface at M∗ ≃ 30 M⊙ (Figure 4, mid-
dle), where the KH contraction terminates. A convective core
emerges owing to the rapid entropy generation near the center.
The stellar radius increase after that, obeying the mass–radius
relation of main-sequence stars.

Evolution of the Radiative Precursor. Figure 6 shows the evolu-
tion of protostellar (R∗) and photospheric (Rph) radii. Except in a
short duration, the photosphere is formed outside the stellar sur-
face: the radiative precursor persists throughout most of the evo-
lution. In the adiabatic accretion phase, the photospheric radius
is slightly outside the protostellar radius and increases gradu-
ally with the relation Rph ≃ 1.4 R∗, which is derived analytically
by SPS86. Although the precursor temporarily disappears in the
swelling phase around M∗ ≃ 10 M⊙, it emerges again in the sub-
sequent KH contraction phase. In the KH contraction phase, the
precursor extends spatially and becomes more optically thick.
Due to the extreme temperature sensitivity of H− bound-free
absorption opacity, the region in the accreting envelope with
temperature & 6000 K becomes optically thick. Thus, the pho-
tospheric temperature Tph remains at 6000–7000 K throughout
the evolution (Figure 6, lower panel). Since the photospheric

Figure 7. Same as Figure 2 but for the lower accretion rate of Ṁ∗ =
10−5 M⊙ yr−1 (run MD5). In the lower panel, deuterium concentration in the
convective layer fd,cv is also presented. In both upper and lower panels, the
shaded background shows the four evolutionary phases: (I) convection, (II)
swelling, (III) Kelvin–Helmholtz contraction, and (IV) main-sequence accretion
phases.

radius is related to the total luminosity by

Rph =
(
Ltot

/
4πσT 4

ph

)1/2
, (18)

for the constant Tph, the rapid increase in the luminosity in the
contraction phase causes the expansion of the photosphere.

3.2. Case with Low Accretion Rate Ṁ∗ = 10−5 M⊙ yr−1

Next, we revisit the evolution of an accreting protostar under
the lower accretion rate of Ṁ∗ = 10−5 M⊙ yr−1 (run MD5).
Although this case has been extensively studied by previous
authors, a brief presentation should be helpful to underline
the effects of different accretion rates on protostellar evolution.
Different properties of the protostar even at the same accretion
rate owing to updates from the previous works, e.g, initial
models and opacity tables, will also be described. For a thorough
comparison between our and some previous calculations, see
Appendix B.

The lower accretion rate means the longer accretion timescale
tacc ∝ 1/Ṁ∗: even at the same protostellar mass M∗, the evolu-
tionary timescale is longer in the case of low Ṁ∗. Therefore, the
protostar has ample time to lose heat before gaining more mass.
This results in the lower entropy and thus a smaller radius at the
same protostellar mass in the low Ṁ∗ case as shown in the upper
panel of Figure 7. Although with the smaller value, the overall
evolutionary features of the high and low Ṁ∗ radii are similar.

Again, the protostellar evolution can be divided into four
characteristic stages, i.e., (I) convection (M∗ . 3 M⊙), (II)
swelling (3 M⊙ . M∗ . 4 M⊙), (III) KH contraction (4 M⊙ .
M∗ . 7 M⊙), and (IV) main-sequence accretion (M∗ & 7 M⊙)
phases. Note that the first phase is now the convection phase

Figure 17.1: Kippenhahn and composi-
tion diagrams for a protostar accreting
at 10�5 M� yr�1. In the top panel,
the thick curve shows the protostellar
radius as a function of mass, and gray
and white bands show convective and
radiative regions, respectively. Hatched
areas show regions of D and H burning,
as indicated. Thin dotted lines show
the radii containing 0.1, 0.3, 1, 3, and 10
M�, as indicated. Shaded regions show
four evolutionary phases: (I) convec-
tion, (II) swelling, (III) KH-contraction,
and (IV) the main sequence. In the
lower panel, the solid line shows the
mean deuterium fraction in the star,
normalized to the starting value, while
the dashed line shows the D fraction
only considering the convective parts
of the star. The dot-dashed line shows
the maximum temperature. Credit:
Hosokawa & Omukai (2009), ©AAS.
Reproduced with permission.

Kippenhahn diagram — 
Hosokawa & Omukai (2009)
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Initial contraction
Evolutionary phase I

• At first core is too cool to burn anything, 
so star just radiates and contracts


• For hot accretion, radius fixed by M and 
accretion rate, due to self-regulation:

• If R is too big, newly-accreted gas 

loses entropy easily and star shrinks

• If R is too small, newly-accreted gas 

can’t lose entropy, star grows


• Cold accretion → radius determined by 
choice of entropy of material added
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Figure 6. Upper panel: Positions of the accretion shock front (solid line), and
photosphere (dotted line) of a growing protostar with Ṁ∗ = 10−3M⊙ yr−1

(run MD3). The layer between the accretion shock front and photosphere
corresponds to the radiative precursor. Lower panel: The optical depth within the
radiative precursor τrec, and effective temperatures at the photosphere Tph and
accretion shock front Tsh ≡ (L∗/4πR2

∗σ )1/4. The temperatures are normalized
as T4 = (T/104 K). The shaded background shows the four evolutionary phases,
as in Figure 2.

20 M⊙ the maximum temperature reaches 107K and the nu-
clear fusion of hydrogen begins (Figure 2). Although the hy-
drogen burning is initially dominated by the pp-chain reactions,
energy generation by the CN-cycle reactions immediately over-
come this. The energy production by the CN-cycle compensates
radiative loss from the surface at M∗ ≃ 30 M⊙ (Figure 4, mid-
dle), where the KH contraction terminates. A convective core
emerges owing to the rapid entropy generation near the center.
The stellar radius increase after that, obeying the mass–radius
relation of main-sequence stars.

Evolution of the Radiative Precursor. Figure 6 shows the evolu-
tion of protostellar (R∗) and photospheric (Rph) radii. Except in a
short duration, the photosphere is formed outside the stellar sur-
face: the radiative precursor persists throughout most of the evo-
lution. In the adiabatic accretion phase, the photospheric radius
is slightly outside the protostellar radius and increases gradu-
ally with the relation Rph ≃ 1.4 R∗, which is derived analytically
by SPS86. Although the precursor temporarily disappears in the
swelling phase around M∗ ≃ 10 M⊙, it emerges again in the sub-
sequent KH contraction phase. In the KH contraction phase, the
precursor extends spatially and becomes more optically thick.
Due to the extreme temperature sensitivity of H− bound-free
absorption opacity, the region in the accreting envelope with
temperature & 6000 K becomes optically thick. Thus, the pho-
tospheric temperature Tph remains at 6000–7000 K throughout
the evolution (Figure 6, lower panel). Since the photospheric

Figure 7. Same as Figure 2 but for the lower accretion rate of Ṁ∗ =
10−5 M⊙ yr−1 (run MD5). In the lower panel, deuterium concentration in the
convective layer fd,cv is also presented. In both upper and lower panels, the
shaded background shows the four evolutionary phases: (I) convection, (II)
swelling, (III) Kelvin–Helmholtz contraction, and (IV) main-sequence accretion
phases.

radius is related to the total luminosity by

Rph =
(
Ltot

/
4πσT 4

ph

)1/2
, (18)

for the constant Tph, the rapid increase in the luminosity in the
contraction phase causes the expansion of the photosphere.

3.2. Case with Low Accretion Rate Ṁ∗ = 10−5 M⊙ yr−1

Next, we revisit the evolution of an accreting protostar under
the lower accretion rate of Ṁ∗ = 10−5 M⊙ yr−1 (run MD5).
Although this case has been extensively studied by previous
authors, a brief presentation should be helpful to underline
the effects of different accretion rates on protostellar evolution.
Different properties of the protostar even at the same accretion
rate owing to updates from the previous works, e.g, initial
models and opacity tables, will also be described. For a thorough
comparison between our and some previous calculations, see
Appendix B.

The lower accretion rate means the longer accretion timescale
tacc ∝ 1/Ṁ∗: even at the same protostellar mass M∗, the evolu-
tionary timescale is longer in the case of low Ṁ∗. Therefore, the
protostar has ample time to lose heat before gaining more mass.
This results in the lower entropy and thus a smaller radius at the
same protostellar mass in the low Ṁ∗ case as shown in the upper
panel of Figure 7. Although with the smaller value, the overall
evolutionary features of the high and low Ṁ∗ radii are similar.

Again, the protostellar evolution can be divided into four
characteristic stages, i.e., (I) convection (M∗ . 3 M⊙), (II)
swelling (3 M⊙ . M∗ . 4 M⊙), (III) KH contraction (4 M⊙ .
M∗ . 7 M⊙), and (IV) main-sequence accretion (M∗ & 7 M⊙)
phases. Note that the first phase is now the convection phase

Figure 17.1: Kippenhahn and composi-
tion diagrams for a protostar accreting
at 10�5 M� yr�1. In the top panel,
the thick curve shows the protostellar
radius as a function of mass, and gray
and white bands show convective and
radiative regions, respectively. Hatched
areas show regions of D and H burning,
as indicated. Thin dotted lines show
the radii containing 0.1, 0.3, 1, 3, and 10
M�, as indicated. Shaded regions show
four evolutionary phases: (I) convec-
tion, (II) swelling, (III) KH-contraction,
and (IV) the main sequence. In the
lower panel, the solid line shows the
mean deuterium fraction in the star,
normalized to the starting value, while
the dashed line shows the D fraction
only considering the convective parts
of the star. The dot-dashed line shows
the maximum temperature. Credit:
Hosokawa & Omukai (2009), ©AAS.
Reproduced with permission.

Initial contraction



Deuterium core burning
Evolutionary phase II

• Once core contracts and stellar mass 
rises enough to reach T ~ 106 K, D ignites


• D burning adds entropy to core, starting 
convection; star close to n=3/2 polytrope


• D burning very sensitive to temperature, 
so core temperature stays nearly fixed


• For polytrope, Tc determines surface 
escape speed:                           → 
universal value of energy / mass accreted
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Figure 6. Upper panel: Positions of the accretion shock front (solid line), and
photosphere (dotted line) of a growing protostar with Ṁ∗ = 10−3M⊙ yr−1

(run MD3). The layer between the accretion shock front and photosphere
corresponds to the radiative precursor. Lower panel: The optical depth within the
radiative precursor τrec, and effective temperatures at the photosphere Tph and
accretion shock front Tsh ≡ (L∗/4πR2

∗σ )1/4. The temperatures are normalized
as T4 = (T/104 K). The shaded background shows the four evolutionary phases,
as in Figure 2.

20 M⊙ the maximum temperature reaches 107K and the nu-
clear fusion of hydrogen begins (Figure 2). Although the hy-
drogen burning is initially dominated by the pp-chain reactions,
energy generation by the CN-cycle reactions immediately over-
come this. The energy production by the CN-cycle compensates
radiative loss from the surface at M∗ ≃ 30 M⊙ (Figure 4, mid-
dle), where the KH contraction terminates. A convective core
emerges owing to the rapid entropy generation near the center.
The stellar radius increase after that, obeying the mass–radius
relation of main-sequence stars.

Evolution of the Radiative Precursor. Figure 6 shows the evolu-
tion of protostellar (R∗) and photospheric (Rph) radii. Except in a
short duration, the photosphere is formed outside the stellar sur-
face: the radiative precursor persists throughout most of the evo-
lution. In the adiabatic accretion phase, the photospheric radius
is slightly outside the protostellar radius and increases gradu-
ally with the relation Rph ≃ 1.4 R∗, which is derived analytically
by SPS86. Although the precursor temporarily disappears in the
swelling phase around M∗ ≃ 10 M⊙, it emerges again in the sub-
sequent KH contraction phase. In the KH contraction phase, the
precursor extends spatially and becomes more optically thick.
Due to the extreme temperature sensitivity of H− bound-free
absorption opacity, the region in the accreting envelope with
temperature & 6000 K becomes optically thick. Thus, the pho-
tospheric temperature Tph remains at 6000–7000 K throughout
the evolution (Figure 6, lower panel). Since the photospheric

Figure 7. Same as Figure 2 but for the lower accretion rate of Ṁ∗ =
10−5 M⊙ yr−1 (run MD5). In the lower panel, deuterium concentration in the
convective layer fd,cv is also presented. In both upper and lower panels, the
shaded background shows the four evolutionary phases: (I) convection, (II)
swelling, (III) Kelvin–Helmholtz contraction, and (IV) main-sequence accretion
phases.

radius is related to the total luminosity by

Rph =
(
Ltot

/
4πσT 4

ph

)1/2
, (18)

for the constant Tph, the rapid increase in the luminosity in the
contraction phase causes the expansion of the photosphere.

3.2. Case with Low Accretion Rate Ṁ∗ = 10−5 M⊙ yr−1

Next, we revisit the evolution of an accreting protostar under
the lower accretion rate of Ṁ∗ = 10−5 M⊙ yr−1 (run MD5).
Although this case has been extensively studied by previous
authors, a brief presentation should be helpful to underline
the effects of different accretion rates on protostellar evolution.
Different properties of the protostar even at the same accretion
rate owing to updates from the previous works, e.g, initial
models and opacity tables, will also be described. For a thorough
comparison between our and some previous calculations, see
Appendix B.

The lower accretion rate means the longer accretion timescale
tacc ∝ 1/Ṁ∗: even at the same protostellar mass M∗, the evolu-
tionary timescale is longer in the case of low Ṁ∗. Therefore, the
protostar has ample time to lose heat before gaining more mass.
This results in the lower entropy and thus a smaller radius at the
same protostellar mass in the low Ṁ∗ case as shown in the upper
panel of Figure 7. Although with the smaller value, the overall
evolutionary features of the high and low Ṁ∗ radii are similar.

Again, the protostellar evolution can be divided into four
characteristic stages, i.e., (I) convection (M∗ . 3 M⊙), (II)
swelling (3 M⊙ . M∗ . 4 M⊙), (III) KH contraction (4 M⊙ .
M∗ . 7 M⊙), and (IV) main-sequence accretion (M∗ & 7 M⊙)
phases. Note that the first phase is now the convection phase

Figure 17.1: Kippenhahn and composi-
tion diagrams for a protostar accreting
at 10�5 M� yr�1. In the top panel,
the thick curve shows the protostellar
radius as a function of mass, and gray
and white bands show convective and
radiative regions, respectively. Hatched
areas show regions of D and H burning,
as indicated. Thin dotted lines show
the radii containing 0.1, 0.3, 1, 3, and 10
M�, as indicated. Shaded regions show
four evolutionary phases: (I) convec-
tion, (II) swelling, (III) KH-contraction,
and (IV) the main sequence. In the
lower panel, the solid line shows the
mean deuterium fraction in the star,
normalized to the starting value, while
the dashed line shows the D fraction
only considering the convective parts
of the star. The dot-dashed line shows
the maximum temperature. Credit:
Hosokawa & Omukai (2009), ©AAS.
Reproduced with permission.

Deuterium core burning
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Deuterium shell burning
Evolutionary phase III

• After ~105 yr, D in core too depleted to 
prevent further contraction


• Core resumes heating, leading to falling 
opacity (𝜅R ∝ T−3.5); eventually core 
switches from convective to radiative


• This cuts off supply of D to core, core 
stops burning: “radiative barrier”


• However, accreting D still burns in a shell 
above the core, driving convection
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Figure 6. Upper panel: Positions of the accretion shock front (solid line), and
photosphere (dotted line) of a growing protostar with Ṁ∗ = 10−3M⊙ yr−1

(run MD3). The layer between the accretion shock front and photosphere
corresponds to the radiative precursor. Lower panel: The optical depth within the
radiative precursor τrec, and effective temperatures at the photosphere Tph and
accretion shock front Tsh ≡ (L∗/4πR2

∗σ )1/4. The temperatures are normalized
as T4 = (T/104 K). The shaded background shows the four evolutionary phases,
as in Figure 2.

20 M⊙ the maximum temperature reaches 107K and the nu-
clear fusion of hydrogen begins (Figure 2). Although the hy-
drogen burning is initially dominated by the pp-chain reactions,
energy generation by the CN-cycle reactions immediately over-
come this. The energy production by the CN-cycle compensates
radiative loss from the surface at M∗ ≃ 30 M⊙ (Figure 4, mid-
dle), where the KH contraction terminates. A convective core
emerges owing to the rapid entropy generation near the center.
The stellar radius increase after that, obeying the mass–radius
relation of main-sequence stars.

Evolution of the Radiative Precursor. Figure 6 shows the evolu-
tion of protostellar (R∗) and photospheric (Rph) radii. Except in a
short duration, the photosphere is formed outside the stellar sur-
face: the radiative precursor persists throughout most of the evo-
lution. In the adiabatic accretion phase, the photospheric radius
is slightly outside the protostellar radius and increases gradu-
ally with the relation Rph ≃ 1.4 R∗, which is derived analytically
by SPS86. Although the precursor temporarily disappears in the
swelling phase around M∗ ≃ 10 M⊙, it emerges again in the sub-
sequent KH contraction phase. In the KH contraction phase, the
precursor extends spatially and becomes more optically thick.
Due to the extreme temperature sensitivity of H− bound-free
absorption opacity, the region in the accreting envelope with
temperature & 6000 K becomes optically thick. Thus, the pho-
tospheric temperature Tph remains at 6000–7000 K throughout
the evolution (Figure 6, lower panel). Since the photospheric

Figure 7. Same as Figure 2 but for the lower accretion rate of Ṁ∗ =
10−5 M⊙ yr−1 (run MD5). In the lower panel, deuterium concentration in the
convective layer fd,cv is also presented. In both upper and lower panels, the
shaded background shows the four evolutionary phases: (I) convection, (II)
swelling, (III) Kelvin–Helmholtz contraction, and (IV) main-sequence accretion
phases.

radius is related to the total luminosity by

Rph =
(
Ltot

/
4πσT 4

ph

)1/2
, (18)

for the constant Tph, the rapid increase in the luminosity in the
contraction phase causes the expansion of the photosphere.

3.2. Case with Low Accretion Rate Ṁ∗ = 10−5 M⊙ yr−1

Next, we revisit the evolution of an accreting protostar under
the lower accretion rate of Ṁ∗ = 10−5 M⊙ yr−1 (run MD5).
Although this case has been extensively studied by previous
authors, a brief presentation should be helpful to underline
the effects of different accretion rates on protostellar evolution.
Different properties of the protostar even at the same accretion
rate owing to updates from the previous works, e.g, initial
models and opacity tables, will also be described. For a thorough
comparison between our and some previous calculations, see
Appendix B.

The lower accretion rate means the longer accretion timescale
tacc ∝ 1/Ṁ∗: even at the same protostellar mass M∗, the evolu-
tionary timescale is longer in the case of low Ṁ∗. Therefore, the
protostar has ample time to lose heat before gaining more mass.
This results in the lower entropy and thus a smaller radius at the
same protostellar mass in the low Ṁ∗ case as shown in the upper
panel of Figure 7. Although with the smaller value, the overall
evolutionary features of the high and low Ṁ∗ radii are similar.

Again, the protostellar evolution can be divided into four
characteristic stages, i.e., (I) convection (M∗ . 3 M⊙), (II)
swelling (3 M⊙ . M∗ . 4 M⊙), (III) KH contraction (4 M⊙ .
M∗ . 7 M⊙), and (IV) main-sequence accretion (M∗ & 7 M⊙)
phases. Note that the first phase is now the convection phase

Figure 17.1: Kippenhahn and composi-
tion diagrams for a protostar accreting
at 10�5 M� yr�1. In the top panel,
the thick curve shows the protostellar
radius as a function of mass, and gray
and white bands show convective and
radiative regions, respectively. Hatched
areas show regions of D and H burning,
as indicated. Thin dotted lines show
the radii containing 0.1, 0.3, 1, 3, and 10
M�, as indicated. Shaded regions show
four evolutionary phases: (I) convec-
tion, (II) swelling, (III) KH-contraction,
and (IV) the main sequence. In the
lower panel, the solid line shows the
mean deuterium fraction in the star,
normalized to the starting value, while
the dashed line shows the D fraction
only considering the convective parts
of the star. The dot-dashed line shows
the maximum temperature. Credit:
Hosokawa & Omukai (2009), ©AAS.
Reproduced with permission.

Deuterium shell burning



Swelling
Evolutionary phase IV

• Continued rise in Tc lowers core opacity, 
allowing rapid loss of entropy


• Entropy moves out in a wave, but is 
“trapped” in cooler outer layers of star, 
leads to rapid growth of stellar radius


• For high accretion rates, radius can reach 
~100 R⨀ (red giant size)


• Only occurs for stars ≳ 3 M⨀; less 
massive stars skip this phase
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Figure 6. Upper panel: Positions of the accretion shock front (solid line), and
photosphere (dotted line) of a growing protostar with Ṁ∗ = 10−3M⊙ yr−1

(run MD3). The layer between the accretion shock front and photosphere
corresponds to the radiative precursor. Lower panel: The optical depth within the
radiative precursor τrec, and effective temperatures at the photosphere Tph and
accretion shock front Tsh ≡ (L∗/4πR2

∗σ )1/4. The temperatures are normalized
as T4 = (T/104 K). The shaded background shows the four evolutionary phases,
as in Figure 2.

20 M⊙ the maximum temperature reaches 107K and the nu-
clear fusion of hydrogen begins (Figure 2). Although the hy-
drogen burning is initially dominated by the pp-chain reactions,
energy generation by the CN-cycle reactions immediately over-
come this. The energy production by the CN-cycle compensates
radiative loss from the surface at M∗ ≃ 30 M⊙ (Figure 4, mid-
dle), where the KH contraction terminates. A convective core
emerges owing to the rapid entropy generation near the center.
The stellar radius increase after that, obeying the mass–radius
relation of main-sequence stars.

Evolution of the Radiative Precursor. Figure 6 shows the evolu-
tion of protostellar (R∗) and photospheric (Rph) radii. Except in a
short duration, the photosphere is formed outside the stellar sur-
face: the radiative precursor persists throughout most of the evo-
lution. In the adiabatic accretion phase, the photospheric radius
is slightly outside the protostellar radius and increases gradu-
ally with the relation Rph ≃ 1.4 R∗, which is derived analytically
by SPS86. Although the precursor temporarily disappears in the
swelling phase around M∗ ≃ 10 M⊙, it emerges again in the sub-
sequent KH contraction phase. In the KH contraction phase, the
precursor extends spatially and becomes more optically thick.
Due to the extreme temperature sensitivity of H− bound-free
absorption opacity, the region in the accreting envelope with
temperature & 6000 K becomes optically thick. Thus, the pho-
tospheric temperature Tph remains at 6000–7000 K throughout
the evolution (Figure 6, lower panel). Since the photospheric

Figure 7. Same as Figure 2 but for the lower accretion rate of Ṁ∗ =
10−5 M⊙ yr−1 (run MD5). In the lower panel, deuterium concentration in the
convective layer fd,cv is also presented. In both upper and lower panels, the
shaded background shows the four evolutionary phases: (I) convection, (II)
swelling, (III) Kelvin–Helmholtz contraction, and (IV) main-sequence accretion
phases.

radius is related to the total luminosity by

Rph =
(
Ltot

/
4πσT 4

ph

)1/2
, (18)

for the constant Tph, the rapid increase in the luminosity in the
contraction phase causes the expansion of the photosphere.

3.2. Case with Low Accretion Rate Ṁ∗ = 10−5 M⊙ yr−1

Next, we revisit the evolution of an accreting protostar under
the lower accretion rate of Ṁ∗ = 10−5 M⊙ yr−1 (run MD5).
Although this case has been extensively studied by previous
authors, a brief presentation should be helpful to underline
the effects of different accretion rates on protostellar evolution.
Different properties of the protostar even at the same accretion
rate owing to updates from the previous works, e.g, initial
models and opacity tables, will also be described. For a thorough
comparison between our and some previous calculations, see
Appendix B.

The lower accretion rate means the longer accretion timescale
tacc ∝ 1/Ṁ∗: even at the same protostellar mass M∗, the evolu-
tionary timescale is longer in the case of low Ṁ∗. Therefore, the
protostar has ample time to lose heat before gaining more mass.
This results in the lower entropy and thus a smaller radius at the
same protostellar mass in the low Ṁ∗ case as shown in the upper
panel of Figure 7. Although with the smaller value, the overall
evolutionary features of the high and low Ṁ∗ radii are similar.

Again, the protostellar evolution can be divided into four
characteristic stages, i.e., (I) convection (M∗ . 3 M⊙), (II)
swelling (3 M⊙ . M∗ . 4 M⊙), (III) KH contraction (4 M⊙ .
M∗ . 7 M⊙), and (IV) main-sequence accretion (M∗ & 7 M⊙)
phases. Note that the first phase is now the convection phase

Figure 17.1: Kippenhahn and composi-
tion diagrams for a protostar accreting
at 10�5 M� yr�1. In the top panel,
the thick curve shows the protostellar
radius as a function of mass, and gray
and white bands show convective and
radiative regions, respectively. Hatched
areas show regions of D and H burning,
as indicated. Thin dotted lines show
the radii containing 0.1, 0.3, 1, 3, and 10
M�, as indicated. Shaded regions show
four evolutionary phases: (I) convec-
tion, (II) swelling, (III) KH-contraction,
and (IV) the main sequence. In the
lower panel, the solid line shows the
mean deuterium fraction in the star,
normalized to the starting value, while
the dashed line shows the D fraction
only considering the convective parts
of the star. The dot-dashed line shows
the maximum temperature. Credit:
Hosokawa & Omukai (2009), ©AAS.
Reproduced with permission.

Swelling



Final contraction
Evolutionary phase V

• Once entropy wave reaches surface, star 
rapidly shrinks


• D burning in a shell continues, but energy 
limited by rate at which new D falls onto 
star; not enough to hold up interior


• Contraction only halts once Tc ~107 K 
and H ignites; at this point star is on the 
main sequence
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Figure 6. Upper panel: Positions of the accretion shock front (solid line), and
photosphere (dotted line) of a growing protostar with Ṁ∗ = 10−3M⊙ yr−1

(run MD3). The layer between the accretion shock front and photosphere
corresponds to the radiative precursor. Lower panel: The optical depth within the
radiative precursor τrec, and effective temperatures at the photosphere Tph and
accretion shock front Tsh ≡ (L∗/4πR2

∗σ )1/4. The temperatures are normalized
as T4 = (T/104 K). The shaded background shows the four evolutionary phases,
as in Figure 2.

20 M⊙ the maximum temperature reaches 107K and the nu-
clear fusion of hydrogen begins (Figure 2). Although the hy-
drogen burning is initially dominated by the pp-chain reactions,
energy generation by the CN-cycle reactions immediately over-
come this. The energy production by the CN-cycle compensates
radiative loss from the surface at M∗ ≃ 30 M⊙ (Figure 4, mid-
dle), where the KH contraction terminates. A convective core
emerges owing to the rapid entropy generation near the center.
The stellar radius increase after that, obeying the mass–radius
relation of main-sequence stars.

Evolution of the Radiative Precursor. Figure 6 shows the evolu-
tion of protostellar (R∗) and photospheric (Rph) radii. Except in a
short duration, the photosphere is formed outside the stellar sur-
face: the radiative precursor persists throughout most of the evo-
lution. In the adiabatic accretion phase, the photospheric radius
is slightly outside the protostellar radius and increases gradu-
ally with the relation Rph ≃ 1.4 R∗, which is derived analytically
by SPS86. Although the precursor temporarily disappears in the
swelling phase around M∗ ≃ 10 M⊙, it emerges again in the sub-
sequent KH contraction phase. In the KH contraction phase, the
precursor extends spatially and becomes more optically thick.
Due to the extreme temperature sensitivity of H− bound-free
absorption opacity, the region in the accreting envelope with
temperature & 6000 K becomes optically thick. Thus, the pho-
tospheric temperature Tph remains at 6000–7000 K throughout
the evolution (Figure 6, lower panel). Since the photospheric

Figure 7. Same as Figure 2 but for the lower accretion rate of Ṁ∗ =
10−5 M⊙ yr−1 (run MD5). In the lower panel, deuterium concentration in the
convective layer fd,cv is also presented. In both upper and lower panels, the
shaded background shows the four evolutionary phases: (I) convection, (II)
swelling, (III) Kelvin–Helmholtz contraction, and (IV) main-sequence accretion
phases.

radius is related to the total luminosity by

Rph =
(
Ltot

/
4πσT 4

ph

)1/2
, (18)

for the constant Tph, the rapid increase in the luminosity in the
contraction phase causes the expansion of the photosphere.

3.2. Case with Low Accretion Rate Ṁ∗ = 10−5 M⊙ yr−1

Next, we revisit the evolution of an accreting protostar under
the lower accretion rate of Ṁ∗ = 10−5 M⊙ yr−1 (run MD5).
Although this case has been extensively studied by previous
authors, a brief presentation should be helpful to underline
the effects of different accretion rates on protostellar evolution.
Different properties of the protostar even at the same accretion
rate owing to updates from the previous works, e.g, initial
models and opacity tables, will also be described. For a thorough
comparison between our and some previous calculations, see
Appendix B.

The lower accretion rate means the longer accretion timescale
tacc ∝ 1/Ṁ∗: even at the same protostellar mass M∗, the evolu-
tionary timescale is longer in the case of low Ṁ∗. Therefore, the
protostar has ample time to lose heat before gaining more mass.
This results in the lower entropy and thus a smaller radius at the
same protostellar mass in the low Ṁ∗ case as shown in the upper
panel of Figure 7. Although with the smaller value, the overall
evolutionary features of the high and low Ṁ∗ radii are similar.

Again, the protostellar evolution can be divided into four
characteristic stages, i.e., (I) convection (M∗ . 3 M⊙), (II)
swelling (3 M⊙ . M∗ . 4 M⊙), (III) KH contraction (4 M⊙ .
M∗ . 7 M⊙), and (IV) main-sequence accretion (M∗ & 7 M⊙)
phases. Note that the first phase is now the convection phase

Figure 17.1: Kippenhahn and composi-
tion diagrams for a protostar accreting
at 10�5 M� yr�1. In the top panel,
the thick curve shows the protostellar
radius as a function of mass, and gray
and white bands show convective and
radiative regions, respectively. Hatched
areas show regions of D and H burning,
as indicated. Thin dotted lines show
the radii containing 0.1, 0.3, 1, 3, and 10
M�, as indicated. Shaded regions show
four evolutionary phases: (I) convec-
tion, (II) swelling, (III) KH-contraction,
and (IV) the main sequence. In the
lower panel, the solid line shows the
mean deuterium fraction in the star,
normalized to the starting value, while
the dashed line shows the D fraction
only considering the convective parts
of the star. The dot-dashed line shows
the maximum temperature. Credit:
Hosokawa & Omukai (2009), ©AAS.
Reproduced with permission.
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Protostars in the HR diagram
The birth line

• Protostars have larger radii → lower temperature and/or higher luminosity 
than main sequence stars of same mass, so they lie above the main 
sequence in the HR diagram


• Zone protostars occupy limited on low L side by main sequence, on high L 
side because stars not optically visible while accreting rapidly → can’t be 
placed on HR diagram until accretion almost over, so not visible when L is at 
its highest


• Locus where stars stop accreting and become visible is called the “birth line”; 
thus zone on HR diagram occupied by protostars is region between birth line 
and main sequence
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3. Pre-Main sequence computations

3.1. Initial models

Our initial models are polytropic stars that have already con-
verged once with the code. The central temperature of all our
initial models is below 106 K so deuterium burning has not
yet taken place. The stars are completely convective except for
M � 6M� where a radiative core is already present. For solar
metallicity (Z = 0.02), we use the Grevesse and Noels (1993)
metal distribution. For different Z, we scale the abundances of
the heavy elements in such a way that their relative abundances
are the same as in the solar mixture.

3.2. The grids

Our extended grids of models includes 29 mass tracks spanning
the mass range 0.1 to 7.0M�. Five grids were computed for
four different metallicities encompassing most of the observed
galactic clusters (Z = 0.01, 0.02, 0.03 and 0.04) and, for the
solar composition (Z = 0.02), we also computed a grid with
overshooting, characterized by d = 0.2Hp, where d represents
the distance (in units of the pressure scale height Hp measured
at the boundary of the convective region) over which the con-
vective region is artificially extended. An illustration of these
grids is presented in Fig. 2. Our computations are standard in
the sense that they include neither rotation nor accretion. The
Schwarzschild criterion for convection is used to delimit the
convective boundaries and we assume instantaneous mixing in-
side each convective zone at each iteration during the conver-
gence process.

During the PMS phase, the completely convective star con-
tracts along its Hayashi track until it develops a radiative core
and finally, at central temperatures of the order of 107 K,Hburn-
ing ignites in its center. The destruction of light elements such
as 2H, 7Li and 9Be also occurs during this evolutionary phase.
Deuterium is the first element to be destroyed at temperatures
of the order of 106 K. The nuclear energy release through the
reaction 2H(p,�)3He temporarily slows down the contraction of
the star. Then, 7Li is burnt at ⇠ 3 ⇥ 106 K shortly followed by
9Be. For a solar mixture, our models indicate that stars with
mass 0.4M� remain completely convective throughout their
evolution. We also report that in the absence of mixing mech-
anisms, stars with M > 1.1M� never burn more than 30% of
their initial 7Li.

The account of a moderate overshooting characterized by
d = 0.20Hp, significantly increases the duration of the main se-
quence (MS) for stars possessing a convective core and provides
additional Li depletion during the PMS phase. More quantita-
tively, theMS lifetime of a 1.2M� star is increased by 25%, this
percentage then decreases to level off at around a 15% increase
forM >⇠ 3M�. Surface depletion of Li occurs only in stars with
0.4 < M <⇠ 1.3 for which the temperature at the base of the
convective envelope can reach 3⇥106 K. Our models including
overshooting indicates that Li is much more efficiently depleted
around 0.8M�, where its abundance is ⇠ 3 ⇥ 105 smaller than
in a standard evolution.

Fig. 2. Evolutionary tracks from 7.0 to 0.1M� for a solar metallicity
(Z=0.02 and Y =0.28). Isochrones corresponding to 106, 107 and 108

(dashed lines) are also represented. This figure has been generated
using our internet server

3.3. Our fitted solar model

With the above physics, we have fitted the solar radius, luminos-
ity and effective temperature to better than 0.1% with the MLT
parameter� = 1.605 and an initial composition Y = 0.279 and
Z/X = 0.0249 that is compatible with observations. The val-
ues used for this fit are quite similar to those obtained by other
modern stellar evolution codes (see e.g. Brun et al. 1998). Our
sun, computed in the standard way, i.e. without the inclusion of
any diffusion processes, has the following internal features

– at the center: Tc = 1.552 ⇥ 107 K, �c = 145.7 g cm�3,
Yc = 0.6187 and the degeneracy parameter �c = �1.527;

– at the base of the convective envelope: Mbase =
0.981999M�, Rbase = 0.73322R�, Tbase = 1.999 ⇥
106 K and �base = 1.39610�2 g cm�3.

These numbers are in very close agreement with other recently
published standard models (see e.g. Brun et al. 1998, Morel et
al. 1999, Bahcall & Pinsonneault 1996).

In our grid computed with overshooting, we found that
the 1 M� model maintains a small convective core of ⇠
0.05M�during the central H burning phase. This would conse-
quently be the case for the fitted sun but present day helioseismic
observations cannot exclude this possibility (e.g. Provost et al.
2000).

4. Comparison with other studies

In this section we compare our PMS tracks with the compu-
tations made available by the groups listed in Table 1. These
comparisons show the accuracy of the EOS and the pertinence
of our models in the domain of VLMS.

Pre-main sequence tracks differ from one group to another
due to differences in the constitutive physics (EOS, convection),
but also in the treatment of the surface boundary conditions. In
the last decade, a tremendous amount of work has been done to

Figure 17.3: Solid lines show tracks
taken by stars of varying masses, from
0.1 M� (rightmost line) to 7.0 M�
(leftmost line) in the theoretical HR
diagram of luminosity versus effective
temperature. Stars begin at the upper
right of the tracks and evolve to the
lower left; tracks end at the main
sequence. Dashed lines represent
isochrones corresponding to 106, 107,
and 108 yr, from top right to bottom left.
Credit: Siess et al., A&A, 358, 593, 2000,
reproduced with permission © ESO.

thus not generally optically-observable as protostars, and those that
are in this post-accretion phase as pre-main sequence stars.

For stars below ⇠ 1 M�, examining Figure 17.1, we see that the
transition from protostar to pre-main sequence star will occur some
time after the onset of deuterium burning, either during the core or
shell burning phases depending on the mass and accretion history.
More massive stars will become visible only during KH contraction,
or even after the onset of hydrogen burning. The lowest mass stars
might be observable even before the start of deuterium burning.
However, for the majority of the pre-main sequence stars that we can
observe, they first become visible during the D burning phase.
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Figure 17.4: Thin lines show tracks
taken by stars of varying masses
(indicated by the annotation, in M�)
in the theoretical HR diagram of
luminosity versus effective temperature.
Stars begin at the upper right of the
tracks and evolve to the lower left;
tracks end at the main sequence. The
thick line crossing the tracks is the
birthline, the point at which the stars
stop accreting and become optically
visible. Squares and circles represent
the properties of observed young stars.
Credit: Palla & Stahler (1990), ©AAS.
Reproduced with permission.

Since there is a strict mass-radius relation during core deuterium
burning (with some variation due to varying accretion rates), there
must be a corresponding relationship between L and T, just like
the main sequence. We call this line in the HR diagram, on which
protostars first appear, the birthline; it was first described by Stahler
(1983) (Figure 17.4). Since young stars are larger and more luminous
that main sequence stars of the same mass, this line lies at higher L
and lower T than the main sequence.

17.3.2 The Hayashi Track

Now that we understand what is observable, let us turn to the tracks
themselves. The tracks shown in Figures 17.3 and 17.4 have several
distinct features. One is that, for low mass stars, the initial phases
of evolution in the HR diagram are nearly vertically, i.e., at constant

Siess et al. 2000

Tracks

Isochrones: 1, 10, 100 Myr

Hayashi track

Heyney track

Main sequence



The Hayashi limit
Dominant effect for low-mass protostars

• At T ≲ 5000 K, H is almost entirely neutral; almost no free electrons, so very 
low opacity


• Dominant remaining source of opacity is H−, produced by free electrons 
released by metal atoms with very low ionisation potentials


• Since this depends on thermal ionisation of metals, opacity incredibly 
sensitive to temperature, 𝜅R ~ Tb with b ~ 4 - 9


• This effectively sets a minimum surface temperature ~3000 - 3500 K for stars: 
if temperature is below this, gas not heated enough by stellar radiation to be 
able to hold itself up against gravity



Consequences of the Hayashi limit
The Hayashi and Henyey tracks

• Low-mass protostars run up against the Hayashi limit, so the evolve toward 
the main sequence at nearly constant T = TH


• Temperatures slightly different for different masses, due to different strengths 
of gravity setting different minimum opacities for hydrostatic balance


• Consequence: series of parallel tracks in HR diagram that are nearly vertical 
— constant T, decreasing L — as stars evolve


• Once stars are above TH, can start to evolve increase in effective temperature, 
luminosity changes much more gradually — nearly horizontal evolution in HR 
diagram, called Heyney track


