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Small-scale dynamos (SSDs) amplify magnetic fields in turbulent plasmas. Theory predicts nonlinear mag-
netic energy growth Emag ∝ t pnl , but this scaling has not been tested across flow regimes. Using a large ensemble
of SSD simulations spanning subsonic to supersonic turbulence, we measure linear growth (pnl = 1) in subsonic
flows and quadratic growth (pnl = 2) in supersonic flows. In all cases, the nonlinear dynamo converts a nearly
constant fraction approximately equal to 1/100 of the turbulent kinetic energy flux into magnetic energy, and the
nonlinear phase has a characteristic duration �t ≈ 20 t0, where t0 is the outer-scale turnover time. By isolating
the onset of magnetic backreaction in SSDs, our statistical ensemble approach identifies a robust efficiency and
duration for the nonlinear SSD that can be used to interpret more complex astrophysical and laboratory plasmas.
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I. INTRODUCTION

Small-scale dynamo (SSD) action describes the process
by which motions in a plasma with dynamically weak mag-
netic fields amplify and then maintain the magnetic energy
density Emag to levels comparable to the turbulent kinetic
energy density Ekin [1–3]. This process is ubiquitous across
astrophysical, geophysical, and laboratory environments, both
those where the plasma supports turbulent subsonic motions
(turbulent sonic Mach number M = u0/cs < 1, where u0 is
the rest-frame root-mean-square velocity and cs the sound
speed) and those where the motions are supersonic (M > 1).
The fields generated in this process magnetize the plasma
between galaxies [4,5], provide pressure support against col-
lapse in galaxy mergers [6], enable rapid spin down of stellar
merger remnants [7,8], and modify cosmic ray propagation
via curvature acceleration in the interstellar medium [9,10].
Direct evidence for SSD action comes both from in situ obser-
vations in the earth’s subsonic magnetosheath [11] and from
supersonic laboratory laser experiments [12–15].

Small-scale dynamos evolve through a number of distinct
phases [2,16–21]. At first the magnetic field is too weak to
exert significant forces on the plasma and thus the velocity
field is kinematic, which leads to exponential amplification of
the magnetic energy density Emag ∝ exp(γexpt ). Here γexp is
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the kinematic growth rate (with units of inverse time) and the
dimensionless product γexpt0 measures how efficiently kinetic
energy is converted into magnetic energy over one outer-scale
eddy turnover time t0 = �0/u0, where u0 is the flow velocity
on the outer scale �0 [16,18]. For magnetic Prandtl numbers
Pm � 1, the dimensionless growth rate is predicted to scale
as γexpt0 ∝ Re1/2 for M < 1 and γexpt0 ∝ Re1/3 for M > 1,
where Re ∼ u0�0/ν is the hydrodynamic Reynolds number
[22] and ν is the kinematic viscosity. Field amplification is
driven by chaotic stretching [2], which occurs on an eddy
turnover timescale t� ∼ �/u�, where u� is the flow speed on
size scale � and thus is fastest on the viscous scale �ν , which,
for Kolmogorov turbulence, is the scale on which eddies
evolve on the shortest timescales [23–28]. However, once the
kinematic dynamo amplifies the field such that Emag ≈ Ekin

on scale �ν , the magnetic field begins to back react on the
velocity, marking the end of the kinematic phase and the
start of the nonlinear phase. During this phase the dominant
stretching scale �s shifts to larger � with longer t�, driving
a slower, secular dynamo. As the field grows, it suppresses
stretching on ever-larger scales, until �s reaches a maximum
scale. At this point the dynamo reaches the saturated phase
and becomes statistically steady, driven MHD turbulence [29].

Both numerical simulations [20,26,27] and laboratory ex-
periments [13–15] confirm that the evolution of Emag during
the kinematic phase agrees well with both the SSD theory
of Kazanstev [30] and Kulsrud and Anderson [18] and nu-
merical works in the M > 1 regime [27,31,32]. However,
this well-understood phase likely ends almost immediately in
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real astrophysical plasmas. This is because the growth rate is
γexpt0 ∝ Re1/2, and many warm or cold astrophysical plasmas,
at least in our galaxy and its surrounding medium, often have
Re ∼ 103–1010, thus making the kinematic phase persist for
only a small fraction of the outer dynamical timescale. Hence,
almost any observable astrophysical system where the field
is growing will instead be in the nonlinear phase, which is a
regime that has not yet been explored with the same level of
numerical detail as the kinematic dynamo.

While there is indication that the nonlinear phase yields
secular growth for the magnetic energy [27,33–36] Emag =
αnlt pnl , there are no simulations to date that have measured
the efficiency αnl and growth order pnl across a wide range
of plasma Reynolds number Re and Mach number M. For
incompressible Kolmogorov-like turbulence, where Ekin(�) ∝
�5/3, the prevailing expectation and hint from numerical sim-
ulations is that pnl = 1 [18,19,33,34,37] and αnl ∝ ε, where
ε ∼ ρ�u3

�/� is the turbulent energy flux through scale �,
with ρ� the density associated with motions on that scale
(which is constant in the incompressible limit). In contrast,
for highly compressible, shock-dominated turbulence, where
Ekin(�) ∝ �2 (as in Burgers-like turbulence [27,28,38,39]), the
outcome is debated: Some models [40,41] predict quadratic
growth (pnl = 2), while others suggest universal linear growth
(pnl = 1) [33].

This lack of consensus about the nonlinear growth order
pnl and efficiency αnl, particularly in highly compressible
turbulence, is largely due to a dearth of numerical and exper-
imental guidance, which is missing in large part because it
is extremely challenging to accurately measure the nonlinear
phase. At the modest values of Re accessible to numerical
simulations and laboratory experiments, the nonlinear phase
is hard to identify, due in part to the strong fluctuations of
integral quantities that can easily mask underlying trends,
especially in supersonic flows. Our goal in this study is to take
on these challenges by focusing on plasmas with Pm = 1 for
which the nonlinear phase we resolve can only be the backre-
action stage that begins once Emag ≈ Ekin on the viscous scale.
This choice also maximizes the computational dynamic range
over which the nonlinear backreaction can operate, because
the viscous and resistive dissipation scales for any choice
of Re or Rm coincide with one another (�ν ≈ �η). Within
this setting we directly measure αnl and pnl across a broad
range of plasma parameters (in Re and M), allowing us to
confront theoretical predictions for the backreaction during
the nonlinear phase with highly detailed measurements from
simulations. At the same time, our results provide a well-
controlled reference point for future studies of more realistic
hot astrophysical plasmas with Pm � 1, where this backreac-
tion stage may be preceded by an additional nonlinear, secular
growth phase in the subviscous range (see the discussion in the
Conclusion).

II. NUMERICAL METHODS

A. Numerical simulations

We used a modified version of the FLASH code [39,42–
44] to run a series of direct numerical simulations that solve
the compressible, nonideal MHD equations for an isothermal

plasma in a three-dimensional periodic box [27]; the full set
of equations we solve is provided in Appendixes A–C. We
work in dimensionless units where the box size L, mean
density ρ0, cs, and mean thermal energy ρ0c2

s are unity. The
natural unit of time for this system is the sound-crossing time
tsc = L/cs = 1 and the turbulent velocity u0 directly sets the
sonic Mach number M = u0/cs. By varying u0, we control
the speed of the flow relative to tsc and in turn can explore
subsonic (tsc < t0) and supersonic (t0 < tsc) regimes. We use
the TURBGEN [45] forcing module to drive purely solenoidal
(∇ · f = 0) turbulence with momentum source term f , fol-
lowing the standard protocol outlined in Ref. [26], allowing
us to set M ∈ [5 × 10−2, 5] (see the Appendixes for more
details).

By varying the (constant in space and time) kinematic
viscosity coefficient ν across different simulation configura-
tions, we explore a range of hydrodynamic Reynolds numbers
Re ∈ [103, 5 × 103], where we set the magnetic Prandtl num-
ber Pm ≡ ν/η = Rm/Re = 1; η is the magnetic resistivity
coefficient and Rm is the magnetic Reynolds number. We
quote Re and Rm using u0, which is the rest-frame root-mean-
square velocity measured in the statistically steady kinematic
phase. For convenience, we use these kinematic values to
label simulations and compare across the parameter space.
During the nonlinear and saturated phases, magnetic back-
reaction slightly suppresses the velocity amplitude, so the
instantaneous effective values of Re and Rm may be smaller
than their nominal kinematic values. This effect, however, is
minor for Pm = 1, becoming more prominent for Pm � 1
[46,47]. Because Re = Rm � Rmcrit ≈ 100, all simulations
are above the critical Rm required to undergo all phases of
the SSD [41,48,49]. In total we consider 12 distinct (but over
many different statistical realizations of f , detailed in the next
paragraph) combinations of M and Re; see the Appendixes
for a complete list of simulations. We also ran pilot sim-
ulations at lower Re, but found that the volume-integrated
kinetic and magnetic energies had relative fluctuations that
were too large for our analysis. When the viscous and resistive
dissipation scales �ν and �η lie close to the forcing scale
�0, the cascade is truncated and fluctuations remain confined
to large scales. The effective number of independent eddies
contributing to volume averages, Neddies ∼ (L/�ν )3, is then
small, so the fractional fluctuations proportional to N−1/2

eddies
remain large in the nonlinear phase. For this reason we adopt
moderately turbulent flows with Re � 103 as our practical
lower bound. Finally, we caution readers that there are two
different conventions in use in the literature to define the
Reynolds number; our definition Re ∼ u0�0/ν is a factor of
2π larger than that used by some authors (see, e.g., [36,50]),
so in the convention used by these authors, our simulations
span Re ∈ [1.5 × 102, 8 × 102].

In all our simulations we initialize a weak seed mag-
netic field Emag,0 ≡ Emag(t = 0) = 10−10Ekin, where Ekin is
the kinetic energy once turbulence is fully established in the
kinematic phase. We evolve each simulation instance long
enough to unambiguously identify the onset and transition out
of the nonlinear phase (see the next section). To reduce the
impact of fluctuations during the nonlinear phase on our fit
parameters, we repeat each configuration at least five times
with different random seeds for f . We perform runs at three
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(a)

(b)

FIG. 1. Time evolution of the volume-averaged magnetic energy
Emag, normalized by the final saturated value Emag,sat , for a subset of
SSD simulations with Re = 1500 and the energy in (a) logarithmic
scale and (b) (and inset) linear scale. Each simulation configuration is
repeated five times with independent random seeds for the turbulent
forcing; we plot the median trend across realizations as a solid line,
with the 16th to 84th percentile range indicated by a shaded band.
Colors indicate the average sonic Mach number M of each config-
uration. Time is shown in units of the turbulent turnover time on the
outer scale t0 on the main axes and rescaled to the sound-crossing
time tsc in the inset.

resolutions Nres ∈ {2883, 5763, 11523} and run a total of 89
independent simulation instances. We plot the time evolution
for the integral magnetic field energy of a representative sub-
set of our simulations (M varied with Re = 1500) in Fig. 1,
where the classical SSD phases are clear to see. The main pan-
els use t0 to emphasize the evolution in outer-scale turnover
times, while the inset renormalizes the same curves in units of
the sound-crossing time tsc, highlighting how the ordering of
the nonlinear phase onset changes when measured against tsc

rather than t0.

B. Fitting procedure

To constrain growth timescales during the nonlinear phase,
we begin by binning the raw time series of volume-averaged
magnetic energy density Emag, for each of our simulations,
into intervals of t0. Within each time bin ti, we compute the
mean μi and standard deviation σi of both Emag and ln(Emag)
in bin i; μ

(ln)
i and σ

(ln)
i indicate the mean and standard de-

viation of ln(Emag) in bin i. This yields, for each simulation
j, a dataset D j ≡ (ti, μi, μ

(ln)
i , σi, σ

(ln)
i ), where data points

are (approximately) uncorrelated, given that the turbulence
correlation time is t0.

Using a hierarchical two-stage strategy, we then employ a
Bayesian approach to fit each D j to models for the time evolu-
tion of magnetic energy. In the first stage we only constrain the
exponential and saturated behavior, and in the second stage
we fit the full three-phase model with priors informed by
the first. This ensures that the more complex nonlinear-phase
dynamics remains stable and well constrained, especially in
our supersonic simulations, where large fluctuations can make
the nonlinear phase difficult to identify. Anchoring in this way
also improves the sampling efficiency.

Our first stage models only the kinematic and saturated
phases, approximating the transition between these phases as
instantaneous,

f1(t | θ1) =
{

E0 exp(γexpt ), t < tsat

E0 exp(γexptsat ), t � tsat,
(1)

with θ1 = (E0, γexp, tsat ), and the second stage models all
dynamo phases self-consistently as

f2(t | θ2) =

⎧⎪⎪⎨
⎪⎪⎩

E0 exp(γexpt ), t < tnl

E0 exp(γexptnl ) + αnl(t − tnl )pnl , tnl � t < tsat

Esat, t � tsat,

(2)

where θ2 = (E0, Esat, γexp, tnl, tsat, pnl ). Here αnl is not a fit
parameter in the second stage, because it is implicitly set by
the requirement that f2 must remain continuous at t = tsat.

For our fits in both stages, we assume that each data point
di in the time series is an independent sample from a Gaussian
distribution around a mean trend, so for any given time series
of simulation data D j , the log-likelihood function is

lnL(θs | D j ) = −1

2

∑
i

(
[di − fs(ti | θs)]2

e2
i

)
, (3)

where we fit (di, ei ) = (μ(ln)
i , σ

(ln)
i ) in stage 1 (s = 1) and

we fit (di, ei ) = (μi, σi ) in stage 2 (s = 2). This is because,
as is apparent from Fig. 1, it is much easier to identify the
kinematic (exponential growing) phase in logarithmic space
and the nonlinear (backreaction) phase in linear space.

We fit using a Markov chain Monte Carlo method (MCMC)
[51]; see Appendix B for details on our sampling parame-
ters. In the first stage we adopt uniform (unbiased) priors on
γexp ∈ (0, 10] and tsat ∈ (0, tend ), where tend is the final time
bin, and a log-uniform prior on E0 ∈ [10−30, 10−5] (due to its
wide dynamic range). In the second stage, the priors for E0,
γexp, and Esat are taken to be the posteriors from stage 1. We
assign a uniform prior pnl ∈ [1, 2], consistent with existing
theories, while for tnl and tsat we use priors that are uniform
on the intervals [0, tnl,max] and [tnl, tsat,max], where tnl,max is the
time bin where dEmag/dt is its maximum, and tsat,max is the
earliest time ti for which dEmag/dt < 0.

After fitting each individual simulation, we aggregate pos-
teriors across runs with the same resolution and plasma
parameters. This is the key step in our procedure, where we
average out the inevitably large fluctuations in any single
realization. For a given configuration, all realizations are sta-
tistically equivalent and differ only in their random driving,
so we combine their posterior samples with equal weighting.
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TABLE I. Summary of simulation configurations. Columns 1–3 list key plasma parameters, column 4 lists the number of instances at a
particular resolution, and columns 5–8 list the dimensionless parameters inferred from our MCMC fitting routine for the ensemble-averaged
runs at the respective resolution. Note that we report columns 5–8 in dimensionless units.

M Re νt0/�
2
0 Runs γexpt0 αnl pnl (tsat − tnl )/t0

0.05 1500 1.7 × 10−5 5 × 288 1.1+0.1
−0.1 (1.8+0.7

−0.4) × 10−6 1.1+0.8
−0.1 16.2+3.1

−7.7

0.05 1500 1.7 × 10−5 5 × 576 1.2+0.1
−0.1 (1.7+0.6

−0.5) × 10−6 1.4+0.4
−0.4 16.0+6.1

−5.4
0.1 1500 3.3 × 10−5 5 × 576 1.26+0.05

−0.07 (1.0+0.5
−0.3 ) × 10−5 1.0+0.7

−0.1 18.5+5.5
−5.9

0.3 1500 1 × 10−4 1 × 288 1.3+0.1
−0.1 (2.22+0.02

−0.02 ) × 10−4 1.22+0.03
−0.03 16.5+0.3

−0.2

0.3 1500 1 × 10−4 1 × 576 1.2+0.1
−0.1 (1.82+0.01

−0.01 ) × 10−4 1.0+0.1
−0.1 19.0+0.1

−0.1

0.3 1500 1 × 10−4 3 × 1152 1.30+0.01
−0.02 (2.6+0.4

−0.4) × 10−4 1.00+0.01
−0.10 14.3+5.1

−0.3

0.5 1000 2.5 × 10−4 9 × 576 (9.5+0.3
−0.4)×10−1 (9+5

−2) × 10−4 1.1+0.9
−0.1 24.3+8.5

−11.8

0.5 1500 1.7 × 10−4 6 × 576 1.3+0.2
−0.1 (0.7+0.2

−0.6) × 10−3 1.1+0.5
−0.1 14.9+5.4

−4.5
0.5 1500 1.7 × 10−4 3 × 1152 1.26+0.06

−0.04 (1.3+0.4
−0.1) × 10−3 1.3+0.6

−0.3 12.7+2.3
−2.8

0.5 3000 8.3 × 10−5 9 × 576 1.8+0.1
−0.2 (1.3+0.2

−0.1) × 10−3 1.0+0.2
−0.1 16.6+3.6

−2.2

0.5 3000 8.3 × 10−5 3 × 1152 1.9+0.2
−0.1 (1.0+0.2

−0.1 ) × 10−3 1.08+0.10
−0.08 17.3+0.9

−3.0

0.5 5000 5 × 10−5 1 × 576 2.42+0.01
−0.01 (1.73+0.02

−0.01) × 10−3 1.22+0.03
−0.03 16.5+0.2

−0.2

0.5 5000 5 × 10−5 5 × 1152 2.4+0.2
−0.3 (1.7+0.4

−0.3) × 10−3 1.1+0.2
−0.1 16.7+1.3

−4.3

0.8 1500 2.7 × 10−4 1 × 288 1.1+0.1
−0.1 (3.06+0.05

−0.04) × 10−3 1.22+0.02
−0.02 14.0+0.2

−0.3

0.8 1500 2.7 × 10−4 1 × 576 (9.9+0.1
−0.1)×10−1 (2.40+0.01

−0.01 ) × 10−3 1.03+0.01
−0.01 23.6+0.1

−0.1

0.8 1500 2.7 × 10−4 3 × 1152 1.1+0.1
−0.1 (4+1

−1) × 10−3 1.5+0.4
−0.5 17.0+0.3

−1.0

2.0 1500 6.7 × 10−4 5 × 576 (5.1+0.8
−0.6)×10−1 (2.3+0.2

−0.4) × 10−2 1.8+0.2
−0.8 25.9+2.2

−2.6

2.0 3000 3.3 × 10−4 5 × 288 (7+1
−1)×10−1 (2+2

−1 ) × 10−2 1.6+0.3
−0.5 28.7+9.3

−13.8

5.0 1500 1.7 × 10−3 5 × 576 (5.3+0.3
−0.5)×10−1 (1.1+0.5

−0.3) × 10−1 1.8+0.2
−0.6 21.5+18.4

−1.5
5.0 3000 8.3 × 10−4 5 × 576 (6.7+0.2

−0.3)×10−1 (2+1
−1 ) × 10−1 1.9+0.1

−0.8 17.0+10.4
−5.7

5.0 5000 5 × 10−4 5 × 576 (7.3+0.7
−0.3)×10−1 (2+2

−1 ) × 10−1 1.6+0.4
−0.4 22.3+12.8

−6.8

Fitting each simulation separately preserves the phase struc-
ture of each realization while still averaging over ensemble
variability. This is crucial, because identical realizations may
enter the nonlinear and saturated phases at slightly different
times relative to one another. Accurately constraining these
transition times is essential for robustly measuring the non-
linear growth dynamics, which would be averaged out if all
instances of a configuration were fit simultaneously. All the
results we present in the remainder of this study are derived
from these aggregated samples; percentiles of these derived
quantities are reported in Table I, and the raw data, along
with our implementation of the routines discussed here, are
publicly available online [52].

III. RESULTS

A. Kinematic dynamo growth

In Fig. 2 we show our inferred kinematic-phase growth
rates γexpt0 for each plasma configuration. Consistent with
both theoretical expectation and prior work, we find that the
data follow γexp ∝ Re1/2 for M � 1 and γexp ∝ Re1/3 for
M > 1 simulations. Both scalings align with the expectation
that magnetic growth is regulated by the stretching on the
viscous scale of the hydrodynamical cascade, γexp ∼ uν/�ν ∼
Re(1−ϑ )/(1+ϑ ), with ϑ = 1/2 for Kolmogorov-like and
ϑ = 1/3 for Burgers-like turbulence [18,19,22]. We find that
the growth rate transitions sharply between the two regimes,
i.e., as soon as the turbulence becomes even mildly supersonic
the growth rate follows γexp ∝ Re1/3.

While the scaling of γexp with Re in our simulations is
in agreement with theoretical expectations, the proportion-
ality constants we measure, of order of approxiately 1/100,

are systematically smaller than expected. A simple least-
squares fit of the dimensionless kinematic growth rate γexpt0
as a function of Re gives (3.22 ± 0.06) × 10−2 Re1/2 for our
M � 1 simulations and (4.48 ± 0.06) × 10−2 Re1/3 for our

FIG. 2. Kinematic growth rate γexp as a function of plasma
Reynolds number Re, with markers indicating different Nres and
colors showing M. Each data point shows the median marginal
posterior probability for γexp derived by fitting Eq. (2) to each plasma
combination (Nres,M, Re). The vertical error bars show the 16th
to 84th percentile range from the fits and the horizontal error bars
show the same for the fluctuation measure in Re = u0�0/ν over time.
Lines show fits of γexp ∝ Re1/2 to subsonic points (solid line) and
γexp ∝ Re1/3 to supersonic points (dashed line), which match predic-
tions from [22,53], indicating that the viscous scale is the engine for
growth in the kinematic regime.
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FIG. 3. Secular dynamo growth exponent pnl, measured during
the nonlinear phase, as a function of M and Re for each plasma
configuration. For M � 1 simulations we unanimously recover lin-
ear growth [pnl ≈ 1 (purple)], and quadratic growth [pnl ≈ 2 (green)]
for all M > 1 simulations.

M > 1 simulations. These fits indicate that the kinematic
dynamo only converts approximately 1/100 of the hydrody-
namical energy flux ε into magnetic energy. We show in the
next section that this same conversion efficiency also holds
in the nonlinear dynamo phase. These values are signifi-
cantly smaller than predicted for Pm � 1 flows (37/36 for
Kolmogorov flows and 11/60 for Burgers [22,53]) and in-
stead align more closely with predictions for Pm � 1 flows,
where 0.03 is expected for Kolmogorov flows and 5 × 10−3

for Burgers [22,53,54].

B. Nonlinear dynamo growth

Figure 3 shows our measured growth exponent pnl for
Emag during the nonlinear phase, and Fig. 4 shows both
the growth-efficiency coefficient αnl[Fig. 4(a)] and duration
tsat − tnl of the nonlinear phase [Fig. 4(b)]. For our M � 1
simulations, we find that growth is close to linear in time,
pnl ≈ 1, and a least-squares fit to the median results shows
that the growth coefficient is αnl = (9.4 ± 0.7) × 10−3M3 ≈
5 × 10−3ε, where ε ∼ u3

0/�0 = 2M3 is the hydrodynamic en-
ergy flux in our simulations. Critically, the growth rate is
independent of Re, suggesting that, even though we have
explored only a finite range Re ∈ [103, 5 × 103], the results
are likely to be valid for all turbulent flows (where Re >

Recrit ≈ 100; see Ref. [26]). This is qualitatively consistent
with previous works that have shown only a small fixed frac-
tion of ε is converted into magnetic energy [33,34], but it has
never been measured with this accuracy and precision across a
broad range of plasma parameters. By comparison, Beresnyak
[33] measured αnl/ε ≈ 0.05 [compared to our (9.4 ± 0.7) ×
10−3–10−2] from ensemble averaged M � 1, Pm = 1 simu-
lations, and Xu and Lazarian [37] predicted αnl/ε = 3/38 for
M � 1, Pm � 1 SSDs. We show both of these predictions in
Fig. 4, and while our measured efficiency is a factor of approx-
imately 10 lower than both predictions, as was also the case
for the growth rate measured during the kinematic phase, the

(a)

(b)

FIG. 4. (a) Nonlinear growth coefficient αnl and (b) duration of
the nonlinear phase normalized by t0, as a function of M, and colored
by Re. Points show median posterior values as derived from the
MCMC, while error bars show the 16th to 84th percentile range,
although in some cases the error bars are not visible because they are
smaller than the plot markers. For M � 1 we find αnl ∝ M3 (black
solid line), consistent with turbulent energy-flux-regulated models
of nonlinear growth: 0.05u3

0/�0 from [33] (orange dot-dashed line)
and (3/38)u3

0/�0 from [37] (orange dotted line). By contrast, for
M > 1, we find αnl ∝ M2 (black dashed line), which is shallower
than the flux-regulated prediction. Critically, αnl in both M regimes
becomes independent of Re, and the cascade itself becomes the
dynamo engine, where we find that only a roughly constant fraction
of the turbulent kinetic energy flux is converted into magnetic energy,
viz., (dEmag/dt )/ε ≈ 1/100. Across all simulations the nonlinear
phase persists for a universal tsat − tnl ≈ 20t0 [black solid line in (b)]
duration, invariant to all plasma parameters explored in this study.

difference, at least compared with Xu and Lazarian [37], can
be explained by our finite Pm = 1 simulations. Regardless,
the overall results are consistent with the phenomenology of
inefficient conversion of turbulent to magnetic energy in the
nonlinear phase.

All of our M > 1 simulations yield pnl ≈ 2, consistent
with quadratic-in-time growth [55] of Emag, aligned with the
model of Schleicher et al. [40], which predicts that Emag(t ) ∼
E1/2

kin (t/t0)2 for Burgers-like turbulence. Indeed, as predicted
by Schleicher et al. [40], this breaks the universality of pnl

across different M regimes. Moreover, unlike the subsonic
case, ε no longer scales with M3, but instead follows a
shallower trend αnl ∝ ε ∝ M2. Empirically, the trends we
measure can be understood if the conversion of Ekin into Emag

is modified by the presence of acoustic modes and shocks,
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i.e., if the flux is transferred on tsc timescales, due to a fraction
of the energy being directly deposited into shock heating,
ε ∼ u2/tsc ∼ u2cs/� ∼ M2, which acts to reduce the available
hydrodynamical flux by a factor of M−1. This is consistent
with the idea that in the compressible regime, some frac-
tion of the Ekin fills compressible mode degrees of freedom,
which do not contribute to irreversible field amplification
[28,31,32,46,56].

Despite the differences in scaling and M dependence be-
tween the M � 1 and M > 1 regimes, we find two aspects of
the nonlinear SSD that are universal across plasma parameters
and M regimes. First, the proportionality coefficient, which
is associated with the nonlinear SSD efficiency, is universal
across all M and Re, with ε/100 efficiency consistent with
what was found previously [33], even though pnl is not always
unity. Second, across the full parameter space, we find that the
nonlinear phase persists for tsat − tnl ≈ (20 ± 1)t0, indepen-
dent of M or Re [see Fig. 4(b)], making the duration in the
nonlinear dynamo also universal. This suggests that once the
nonlinear phase begins, Emag ≈ Ekin(�ν ), the system saturates
after approximately 20t0, regardless of flow compressibility.
This universal nonlinear window is visually apparent in both
Fig. 1(b) and the inset in Fig. 1(a), where the nonlinear phase
occupies a comparable interval when time is expressed as
t/t0 or log10(t/tsc). This is likely because, although ε and αnl

have different M dependences, their ratio remains αnl/ε ≈
1/100 for all dynamo (both kinematic and nonlinear) and flow
regimes (sub- and supersonic) [Fig. 4(a)]. The implication is
that while the algebraic order and M dependence of Emag

growth depend on the turbulent regime, the path to saturation
is set by a robust and universal dynamical clock.

IV. CONCLUSION

In this study we presented a detailed statistical analysis
of small-scale dynamo growth across a range of hydrody-
namic Reynolds Re and sonic Mach numbers M, focusing
on the poorly explored nonlinear phase of field growth. In
order to access this regime, we (i) simulated many statisti-
cal realizations of each set of plasma parameters, allowing
our measurements to become less sensitive to large statistical
fluctuations that make this phase challenging to explore, and
(ii) used a hierarchical Bayesian model fitting technique that
allowed us to precisely model the dynamo phase transitions.
We found that in this regime the growth rate depends on
M, but is liberated from any viscoresistive dynamics. The
M < 1 nonlinear SSDs grow proportionally to t with an
efficiency of order of approximately 1/100 of the hydrody-
namic energy flux from the turbulence cascade, consistent
with the phenomenological models with the incompressible
nonlinear SSD [19,37]. Further, M > 1 dynamos grow pro-
portionally to t2, predicted by existing theories [22,40], and
with the same SSD efficiency approximately equal to 1/100,
making both the sub- and supersonic nonlinear dynamos uni-
versally inefficient in their parasitism of the hydrodynamical
cascade [33].

Following from the universal efficiency, we found that
the nonlinear phase has an approximately universal duration
of approximately 20t0, where t0 is the outer-scale turbu-
lence turnover time, independent of both the Re and M.

Consequently, the time it takes systems to evolve through the
nonlinear phase and reach Emag saturation is always roughly
an order of magnitude longer than the time it takes systems
to reach mechanical equilibrium approximately equal to t0,
but no more. This implies that most observed astrophysical
systems, which persist for many t0, are likely to have reached
SSD saturation; only those that have undergone large pertur-
bations very recently or that are very dynamically young are
likely to be in the nonlinear phase. Why the efficiency of the
nonlinear SSD is approxiately 1/100 and the characteristic
duration of the phase approximately equal to 20t0, rather than
any other values, remains an open theoretical question.

We note that our study has focused on Pm = 1 plasmas,
while many hot astrophysical plasmas are Pm � 1 (Pm ∝
T 4/ne, where T is the plasma temperature and ne is the elec-
tron number density). Our choice of Pm = 1 was motivated
by the fact that in this study we targeted the nonlinear phase
that begins once Emag ≈ Ekin on the viscous scale and the
backreaction that operates on dynamically important (viscous
and larger) scales. In Pm � 1 systems, theory predicts that
the nonlinear phase studied here may be preceded by another
nonlinear, secular dynamo phase, where the magnetic field
traverses the subviscous range of scales before reaching the
viscous scale [19]. Our results therefore provide a useful
anchor for future studies that explore this earlier stage of
nonlinear evolution.

Finally, we note that our M > 1 simulations do not resolve
a u�s = cs sonic scale, where the velocity spectrum transi-
tions between a subsonic and supersonic cascade [29,39].
It may be that the nonlinear SSD transitions smoothly be-
tween the Emag ∼ M3t and Emag ∼ M2t2 growth phase, as
in Fig. 4, which may be relevant for M � 1, Re � 1 astro-
physical plasmas. We leave the study of this regime for future,
extremely high-resolution nonlinear SSD investigations.
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APPENDIX A: SIMULATION SETUP

For all simulations we solve the compressible set of non-
ideal (viscoresistive) magnetohydrodynamical fluid equations

∂ρ

∂t
+ ∇ · (ρu) = 0, (A1)

∂ρu
∂t

+ ∇ ·
[
ρu ⊗ u − 1

4π
b ⊗ b

+
(

c2
s ρ + b2

8π

)←→
I − 2νρ

←→
S

]
= ρ f , (A2)

∂b
∂t

+ ∇ · (u ⊗ b − b ⊗ u) = η∇2b, (A3)

∇ · b = 0, (A4)

where ρ is gas density, u is the gas velocity, b is the magnetic
field, cs is sound speed, ν is the kinematic viscosity, η is the
magnetic resistivity, and

←→
I = δi

j is the identity tensor. We
model our viscosity via the traceless strain rate tensor

←→
S = 1

2 [∇ ⊗ u + (∇ ⊗ u)T ] − 1
3 (∇ · u)

←→
I , (A5)

where ⊗ is the tensor product ∇ ⊗ u ≡ ∂ iu j . Our simulations
span a broad range of M and Re and are run at a range of
resolutions; see Sec. II A for details and Table I for a full list.
The forcing function f is Gaussian random and the phases are
evolved in time using the TURBGEN implementation [45] of an
Ornstein-Uhlenbeck process, where the correlation time sets
to the outer scale of the turbulence t0. We set the injection to
peak on �0 = L/2 and tune the forcing amplitude so that the
velocity field on �0 stays within 5% of a chosen target value
during the kinematic phase; we explore M ∈ [5 × 10−2, 5].

APPENDIX B: MCMC PARAMETERS

We carried out all fits using the emcee ensemble sampler
[51]. For each parameter vector we employed ten walkers per
free parameter, each evolved for 104 steps, where the first 3 ×
103 steps were discarded as burn-in, with no thinning applied.
In the first stage, walkers were initialized with small, 1%
Gaussian scatter around the prior ranges, while in the second
stage we initialized them with a 1% Gaussian scatter relative
to the median parameters inferred from stage 1. Convergence

was verified by monitoring the integrated autocorrelation time
of the chains, by inspecting the stability of the posterior distri-
butions, and by checking that the median acceptance fraction
across walkers lies within the recommended range of 0.2–0.5.
As discussed in the main text, all posteriors are based on
the combined post-burn-in samples, and the measurements
reported are of percentiles over the combined ensembles.

APPENDIX C: MODEL COMPARISON WITH AKAIKE
INFORMATION CRITERION

To further test the robustness of our inference, we em-
ployed the Akaike information criterion (AIC). For each
dataset i and candidate model j ∈ N ≡ {pnl = 1, pnl = 2},
we calculate

AICi j = 2k − 2 lnL(di | θ̂ j ), (C1)

where di denotes a unique plasma configuration instance,
θ̂ j are the maximum-likelihood parameters for model j, and
k = 5 is the number of free parameters (which is the same for
both models). Model comparison is then based on the relative
AIC weights

wi j = exp
( − 1

2�i j
)

∑
n∈N exp

( − 1
2�in

) , (C2)

with

�i j = AICi j − min
n∈N

AICin. (C3)

The weights wi j quantify the probability that model j is pre-
ferred for dataset i. In practice, for many datasets the weight of
the favored model is numerically w ≈ 1, while the alternative
has w ≈ 0 (to machine precision). This outcome is expected
when the number of independent data points is large and gives
us confidence that the nonlinear phase has been sufficiently
resolved to independently constrain the dynamics in this tran-
sitionary regime.

Among the M � 1 simulations we find that most cases
(19/30 ≈ 63%) favor the linear model (pnl = 1), while the
quadratic model (pnl = 2) is preferred (29/40 ≈ 73%) by
the M > 1 simulations. These findings independently con-
firm the dichotomy in nonlinear growth behavior shown in
Figs. 3 and 4, and the relative fractions are consistent with
those inferred from our MCMC fits within their statistical
uncertainties.
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