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Abstract

We present a novel, GPU-optimized algorithm for particle-mesh interactions in grid-based hydro-
dynamics simulations, designed for massively parallel architectures. This approach overcomes the
inefficiency of particle neighbour searches or sorts across multiple GPU nodes by using a new “particle-
mesh-particle” interaction scheme, which extends the particle-mesh method for self-gravity. The al-
gorithm proceeds in two main stages: first, quantities exchanged between particles and the mesh —
such as mass, energy, and momentum added by stellar feedback or removed by accretion onto a sink
— are deposited into a buffer mesh equipped with ghost zones, where multiple contributions per cell
are accumulated using atomic additions and then communicated across distributed memory ranks. In
the second stage, the buffer states are applied to real mesh states, incorporating cell-wise limiters to
enforce physical constraints such as positive density. We implement this scheme in the GPU-native
radiation-magnetohydrodynamics code QUOKKA and validate it through a comprehensive suite of
tests, including Bondi and Bondi-Hoyle accretion, and single and multiple supernova remnant evolu-
tion at varying spatial resolutions. We show that the algorithm achieves &~ 50% weak-scaling efficiency
running on up to 8192 GPUs on the Frontier supercomputer. This scheme enables efficient, scalable
particle-mesh coupling for GPU-optimized simulations of star formation and feedback in galaxies.

Subject headings: accretion, accretion discs — hydrodynamics — methods: numerical — supernovae:

general

1. INTRODUCTION

Gravitational collapse is ubiquitous in gaseous astro-
physical systems, but following collapsing regions in hy-
drodynamic simulations demands ever-increasing spatial
and temporal resolution. It is therefore inevitable in
such calculations that one must define a maximum res-
olution beyond which one does not follow further col-
lapse. One standard approach to this problem is to re-
place unresolved high-density peaks with point masses
that approximate the behaviour and evolution of unre-
solved small-scale structures, which may represent indi-
vidual (proto-)stars, stellar populations, black holes, or
similar compact objects. Subsequent to the creation of
these particles, gas and particles are integrated simulta-
neously, including their mutual gravitational forces and
possibly also interaction via other mechanisms such as
radiation.

The integration of particles into hydrodynamic simu-
lations has emerged as a vital approach in understanding
complex astrophysical processes, from star formation and
stellar feedback to black hole accretion. Bate et al. (1995)
first introduced the technique of sink particles — parti-
cles that can accrete gas in addition to interacting with
it gravitationally — in smoothed particle hydrodynam-
ics (SPH) codes, while Krumholz et al. (2004) pioneered
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their use in grid-based codes. Over the past two decades,
similar implementations have appeared in various hydro-
dynamics codes, including GADGET (Jappsen et al. 2005),
FLASH (Federrath et al. 2010), ENzZO (Wang et al. 2010),
RAMSES (Dubois et al. 2010; Bleuler & Teyssier 2014),
and ATHENA (Gong & Ostriker 2013). Most of these au-
thors primarily focus on star formation simulations, but
some also employ sink particles to model supermassive
black holes in cosmological contexts.

In addition to accretion, particles are also frequently
used as sources of feedback in hydrodynamic simulations.
The oldest example of this is supernova feedback in sim-
ulations of galaxy formation, wherein gas above some
density threshold is converted to collisionless particles
that subsequently add energy back to the hydrodynamic
particles or grid; the literature contains numerous recipes
for treating this process (e.g., Katz 1992; Oppenheimer
& Davé 2006; Dalla Vecchia & Schaye 2012; Kimm &
Cen 2014; Kim & Ostriker 2017; Hopkins et al. 2018;
Hirashima et al. 2025). Other examples include parti-
cles representing stars that produce ionizing radiation
(e.g., Dale et al. 2005, 2007), thermal radiation (e.g.,
Krumbholz et al. 2007, 2009; Offner et al. 2009), proto-
stellar jets (e.g., Cunningham et al. 2011), and massive
stellar winds (e.g., Dale et al. 2014; Gatto et al. 2017), as
well as particles representing black holes that similarly
exert energetic and thermal feedback on the gas around
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them (e.g., Springel et al. 2005; Di Matteo et al. 2005).

All of the algorithms above have been implemented in
codes that run on CPU-based architectures, but these are
now giving way to more powerful GPU-based systems
that present particular programming challenges. Even
on CPUs, neighbour searches often represent a major
contributor to the computational cost in particle-based
hydrodynamics methods, and this problem is worse on
GPUs, where efficiency is limited by the data dependen-
cies and irregular memory access patterns inherent to
such methods. When running in parallel, the neighbour
list generation step requires exchanging particles across
all nodes, which becomes inefficient on multiple GPU
nodes due to complex synchronization and communica-
tion needs. For instance, in GPU-accelerated SPH codes
like that of Crespo et al. (2011), the calculation of in-
teractions between a target particle and its neighbours
represents the most computationally expensive step.

One might think that particle-mesh methods, in which
one follows the hydrodynamics on a mesh while allowing
particles to interact with that mesh, would avoid these
challenges and allow efficient computation on GPUs.
This is true to some extent. Meshes have the advan-
tage of eliminating the neighbour search, since it is triv-
ial to determine the computational cell in which a par-
ticular particle is located, and this in turn allows ef-
ficient deposition of particle information onto a grid,
and conversely interpolation of mesh data back to par-
ticles; GPU-accelerated codes such as Nyx (Almgren
et al. 2013) and WARPX (Fedeli et al. 2022) exploit
this capability to achieve high performance for particle-
mesh (PM) gravity and particle-in-cell (PIC) plasma sim-
ulations, respectively. However, in these applications
particle-mesh interactions are far simpler than is the case
for either sink accretion or stellar feedback; particle de-
position to the mesh in both PM and PIC simulations is
simply additive, but this is not the case for either accre-
tion or feedback, which usually involve complex particle-
mesh interaction rules that are problematic to implement
on GPU.

As one example of this difficulty, most recent imple-
mentations of supernova feedback (Kim & Ostriker 2017;
Hopkins et al. 2018; Hirashima et al. 2025) involve mod-
ifying the properties of cells or particles within some dis-
tance of the explosion site with recipes such that the
results when multiple supernovae occur are strongly de-
pendent on the order in which the particles contributing
supernovae are processed; that is, the results of adding
supernova feedback from particle A and then B are not
the same as the result of doing so from B and then A.
On a CPU one can resolve this issue simply by enforc-
ing an order in which the particles are processed, but
ensuring serially-ordered processing of particles that are
potentially distributed across multiple nodes in memory
is either impossible or prohibitively expensive on GPUs.
To make matters worse, if multiple GPUs need to process
the supernova feedback recipe (for example because the
supernovae are occurring at the edge of a domain decom-
position), there is no easy way to guarantee that they will
do so in the same order, and thus a naive implementation
of CPU-based supernova feedback recipes might yield in-
consistent results from one GPU to another. This is just
one example of the numerous rules for particle merging,
sorting, or prioritization invoked by the particle recipes

listed above that do not translate trivially to GPU ar-
chitectures.

To overcome these problems and allow efficient cal-
culation of more complex particle-mesh interactions on
modern GPU hardware, in this paper we introduce a
novel “particle-mesh-particle” algorithm. This method
specifically tackles the challenges of particle-particle and
particle-mesh interactions in a GPU-friendly framework.
The major advantages of this algorithm include avoid-
ing the need for hard-to-accelerate particle neighbour
searches across distributed GPU memory, producing
communication and computation in a predictable pat-
tern with no indirect memory referencing to enable ef-
ficient GPU acceleration, and requiring only a single
communication step per update cycle. We implement
this method in the QUOKKA GPU-accelerated radiation-
hydrodynamics code (Wibking & Krumholz 2022; He
et al. 2024a,b).

The remainder of this paper is organized as follows.
In Sec. 2, we describe the overall algorithm and commu-
nication protocols for particle-mesh and particle-particle
interactions. In Sec. 3, we detail our implementations
of sink particle formation and accretion (appropriate for
simulations of individual star formation) and stellar pop-
ulation formation and supernova feedback (appropriate
for galaxy-scale simulations) within this framework, and
in Sec. 4 we present a series of tests that demonstrate the
accuracy and efficiency of this approach. Finally, Sec. 5
summarizes our findings.

2. THE “PARTICLE-MESH-PARTICLE” ALGORITHM
2.1. Formulation of the problem

In this section, we outline the fundamental algorithm
that we use for particle-mesh interactions. We consider
a mesh consisting of quadrilateral cells with indices ijk,
each of which stores a vector of conserved quantities
U,jx. In a minimal hydrodynamics application Ujj
would contain the mass density, momentum density, and
total energy in each cell, but this can be straightfor-
wardly generalized to more complex methods where U,
might include, for example, mass densities of particular
chemical species or radiation energy densities and fluxes;
we require only that the quantities stored in U, ;1 be con-
served volumetric quantities. Similarly, the mesh might
be uniformly-spaced, or it could be an adaptive mesh
in which the cell volume Vjj, varies from cell to cell;
this too will not matter for our purposes. Finally, the
mesh may be domain-decomposed in memory, so that
any given GPU only has access to some fraction of the
cells making up the computational domain.

Within this mesh we also have a series of particles,
indexed by s; each particle is characterised by a position
X5, which lies within some host cell {ijk};. Particles
follow the same domain decomposition as the mesh, i.e.,
if cell {ijk}s lies within the domain of a given GPU,
then particle s will also be stored on that GPU. Particles
may also carry conserved quantities us that correspond
to the quantities stored in the state variable and obey
conservation laws; for example, sink particles typically
carry a total mass and momentum, and the accretion
interaction between particles and gas must conserve total
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mass and momentum SO

ZU”kak + ZUS = constant, (1)
ijk

where u = (m,mv) are the mass and momentum of a
particle with velocity v, and U = (p, p) are the cell mass
and momentum density.

Now consider an interaction whereby particle s should
alter the conserved quantities in cell ijk by an amount
AU7; we refer to AUj, as the deposition function,
Wthh specifies the amount of each conserved quantity
that a particle deposits in each cell. Deposition can take
the form of a direct and permanent alteration to the con-
served quantities themselves (for example accretion of
mass by a sink particle), or to a temporary deposition
for the purposes of a subsequent calculation (for exam-
ple depositing particle mass into the gas density field for
the purposes of computing the gravitational potential as
in a PM gravity method), and can be both positive (for
example addition of energy by SN feedback) or negative
(for example reduction in density due to sink accretion).
Particles can affect cells other than their host cell, but
we require that AU?;, be non-zero only over a kernel of
radius rx centred on the particle position, so that AU ik
is zero for any cell whose central position x;;;, satisfies
|xijk — Xs| > Tk

Crucially, we allow multiple particles to impose alter-
ations on a single cell, i.e., we can have AU, # 0 and

AUl 1 7 0 for two distinct particles s and s', and we al-
low limiting, so that if > U7, is too large — for example
if the collective effect of multlple sink particles accreting
from a given cell would be to make its density negative,
or the collective effect of momentum addition from mul-
tiple supernovae would lead to a violation of the total
supernova energy budget — we can modify the sum be-
fore altering the conserved quantities. These two features
are important for GPU-based implementations, because
without them we would be forced to implement an al-
gorithm to find neighbouring particles whose deposition
zones overlap and implement logic for handling that case
(e.g., by merging particles), and it is precisely such an
operation that we wish to avoid because it is inefficient
on GPU.

2.2. Algorithm steps

With this general framework in place, we now describe
our algorithm, emphasizing the synchronization and
communication protocols critical for GPU optimiza-
tion. We defer specific details of how we implement
different particle types to Sec. 3, and we provide
additional technical details of our method to achieve
bitwise-reproducible results in Appendix A. The algo-
rithm comprises five steps, which we summarize in Fig. 1:

Step 1: Particle to buffer mesh. First, we allocate
a buffer of conserved quantities AUZ-“,Cf with the same
dimensions as the hydrodynamic mesh, with all cells ini-
tialized to zero. In a distributed-memory parallel cal-
culation this buffer is domain-decomposed exactly as is
the hydrodynamic mesh, but it includes enough ghost
zones (also known as guard cells) to fully contain the in-
teraction kernel radius rg, so if the host cell {ijk}s of

particle s is owned by a given GPU, then all the cells ijk
for which AU?,; is non-zero are included in the buffer
and its ghost zones. We then iterate over all particles
and evaluate the deposition function AUZ,, for all cells
and all particles in local memory, storing the result to
the buffer, i.e., we carry out the operation

E)jukf - Z AUz]kv (2)

where the sum runs over all particles s stored on a given
GPU. This deposition must be carried out with some
care to avoid race conditions on GPU, as we discuss
further in Appendix A.

Step 2: Inter-GPU summation of the buffer
mesh. We next sum the buffer mesh across distributed
memory ranks, i.e., we add the contents of the ghost
zones on each rank to the corresponding real zones on
other ranks, so that at the end of this procedure AUlD]“kf
contains the contributions from all particles s that de-
posit to a given cell, even if those particles are hosted
on a different rank. We denote these parallel-summed
quantities

j;lllcn = Z AUZ]IC’ (3)

where this expression differs from Eq. 2 in that this
summation is over all particles s anywhere in the
computational domain, not just those that reside on the
same GPU as the cell. Again, some care is required in
carrying out this step, as described in Appendix A.

Step 3: Apply limiter. As noted above, to avoid
unphysical states when multiple particles deposit to the
same hydrodynamic cell, it may be necessary to apply
limiters — for example limiting the amount of mass re-
moved from a given cell by sink accretion to avoid mak-
ing the density negative. We defer discussion of the spe-
cific forms of limiting we implement for different particle-
mesh interaction types to Sec. 3, and here simply abstract
the limiting process as a cell-wise operation of the form

AUhm — flim(U7AUsum), (4)

where fii, is some limiter. We store the ratio of the
limited and unlimited quantities n,;;, = AUZ“,; / AU
for use in the next steps. Note that n,;; is a vector that
can be different for each conserved quantity, though in

practice it is often the same for all quantities.

Step 4: Apply limited changes to particles. The
fourth step is to update particle properties to account
for particle-mesh interaction; note that for particles we
carry out this update here, rather than as part of step 1,
because limiting may affect the update to particle prop-
erties — again returning to the example of sink particles,
if we have limited the change in density Ap;;r in some
cell ijk, then the change in mass of the sink particles
that accrete from this cell must be similarly affected so
as to ensure conservation of total mass. Thus in this step
we repeat the calculation of AU}, for each particle from
step 1, summing over all the cells 15k, and we then up-
date the particle properties based on the limited changes
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Fic. 1.—: Summary of the particle-mesh-particle algorithm for particle-gas interactions on GPUs, illustrated for the

case of sink accretion. In the example, two sink particles (red stars) lie near the boundaries between two grid blocks
that reside on different GPUs; the thick black line indicates the block boundary. Cells with dashed edges are ghost
zones used for communication. For clarity we show only one layer of ghost zones and two-cell deposition kernel in this
schematic, but our production runs employ four or more ghost zones and three-cell deposition kernel. Blue shading
indicates gas density, while green shows the buffer quantity (here, the accretion rate). The annotated numbers show
example values at various steps: the initial density p = 1 at Step 0, the change in density Ap = —0.5 computed
independently over the accretion kernel for the two particle on each rank at Step 1, the inter-rank buffer sum that
increases the mass change to Ap = —1 in the overlapping cells at Step 2, the limiter that scales down this change to
Ap = —0.8 at Step 3, the increase in sink mass at Step 4, and the decrease in gas density to new, smaller values in

Step 5.

in each cell:

U; := ug — ZnijkAUfjkVijk~ (5)
ijk
Step 5: Apply limited changes to the mesh. The
final step is to deposit the limited quantities back onto
the mesh. Mathematically, this step amounts to carrying
out

Uik = Ui + AU = Uy + 1,5 Y AUS, (6)

over all cells. It is manifestly clear that this process
obeys the conservation constraint Eq. 1.

Before moving on to the details of how we implement
this approach for both sink particle accretion and super-
nova feedback in Sec. 3, we pause to make some observa-
tions. First, not all steps of this algorithm are required
for all types of particles. Simple particle-mesh interac-
tions of the type used by PM or PIC simulations only
require steps 1, 2, and 5, because there is no limiting
and because interactions do not modify particle proper-
ties, only mesh properties. Similarly, some of the particle

algorithms we describe in Sec. 3 will use only some of the
steps.

Second, the only step in the entire algorithm that is
not local to a single GPU is step 2, and the communica-
tion pattern associated with this step is exactly the same
as that used for ghost zone filling during the hydrody-
namic update. Thus as long as the interaction kernel
radius rg is small enough that interaction buffers do not
require more ghost zones than hydrodynamics, the com-
putational cost of this step is guaranteed to be no larger
than the computational cost of hydrodynamic ghost cell
filling. This cost is minimized by the usual approach of
using a space-filling curve to carry out domain decompo-
sition such that physically-adjacent parts of the domain
are whenever possible hosted on the same computational
node, and this strategy is sufficiently efficient that GPU-
optimized hydrodynamics codes such as QUOKKA and
ATHENAK (Stone et al. 2024) show near-linear weak scal-
ing even when running on tens of thousands of GPUs.

3. NUMERICAL IMPLEMENTATIONS: SINK AND
SUPERNOVA FEEDBACK PARTICLES
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Having outlined our general particle-mesh-particle in-
teraction framework, we now provide detailed example
implementations for two important use-cases: sink par-
ticles for star formation simulations (Sec. 3.1) and stellar
population particles with supernova feedback for galaxy
formation simulations (Sec. 3.2).

3.1. Sink particles

As described in Sec. 1, sink particles are commonly
used to represent accreting protostars in simulations of
star formation, and thus the key interaction between such
particles and the hydrodynamic mesh that we seek to
capture is accretion. Our implementation of sink parti-
cles in QUOKKA carries out the following steps during
every time step on the finest adaptive mesh refinement
level:

1. Integrate the motion of existing sink particles. We
carry out this step using the leapfrog method to
integrate the particle position and velocities in
time, including the effects of the gravitational in-
teractions between sink particles and gas; we com-
pute the gravitational accelerations using a stan-
dard PM gravity method, which we implement us-
ing steps 1, 2, and 5 of the algorithm described
in Sec. 2. We follow a “kick-drift-kick” strategy,
which is shown to work better than “drift-kick-
drift” approach for variable time step (Springel
2005).

2. Compute accretion onto existing sink particles us-
ing all steps of the algorithm in Sec. 2; we discuss
the implementation details in Sec. 3.1.1. We retain
the buffer mesh containing the cell-wise accretion
rates at the end of this step, for use in the subse-
quent step.

3. Create sink particles following the algorithm out-
lined in Sec. 3.1.2; this takes the buffer mesh con-
structed during the accretion stage as an auxiliary
input.

The details of the accretion and particle creation steps
are as follows.

3.1.1. Sink particle accretion

Accretion from sink particles uses all steps of the algo-
rithm outlined in Sec. 2; to fully specify our implementa-
tion, we must therefore define our kernel radius rx and
provide the functions AU, which describes the change
in conserved quantities in each cell due to accretion onto
each sink, and fi;, (U, AU), the limiter function.

Our default choice is rx = 3Az, where Az is the cell
spacing, but this is adjustable at compile time, and our
tests below show similar results for rx = 2Ax or 4Ax
(see Sec. 4.2). We take our model for the accretion func-
tion AU7, from Krumholz et al. (2004), who use the
Bondi-Hoyle accretion formula to approximate the accre-
tion rate. In this approach, we first compute the Bondi-
Hoyle radius for each particle

Gmyg
- @

where my is the sink mass, and v, and ¢, are the mass-
weighted mean relative velocity and mass-weighted mean

TBH

sound speed over cells within the accretion kernel, re-
spectively. Next, we compute the Bondi-Hoyle-Lyttleton
accretion rate (Hoyle & Lyttleton 1939), using the ap-
proximation provided by Ruffert (1994) to interpolate
between the limits of vy, K oo and Vs > oot

1/2

A2+ 2,
(cZ +02,)"
1/2

2

mBH = 47rpOOG2mS

(8)
= 47rpoor]23H ()\2020 + vgo)

where ) is a constant of order unity that depends on the
gas equation of state; we adopt the value for isothermal
gas, A = €3/2/4 ~ 1.120, throughout this work. Third,
we apply an accretion kernel to distribute the accretion
rate across the accretion zone, weighting each cell by

W = exp (77’2/1"503) , 9)

where r = |x; — X;;&| is the distance from the particle to
the cell centre, and

Ax/4, rpu < Az/4
Tacc = § T"BH, A{E/4 <rpu < TK/2 . (1())
7‘}(/2, TBH > ’I"K/Q

Thus the normalised weight for each cell inside the ac-
cretion kernel is

Wijk
Z Wik ’
where the sum runs over all cells inside the accretion
kernel. Fourth, we increase the accretion rate in any cell
where the density is high enough to violate the Truelove

et al. (1997) condition for stability against artificial frag-
mentation, which requires that the density not exceed

biji = (11)

2
2 TCg

GAz?’

Here J = 0.25 is the Jeans number required for stability,
s is the sound speed in the cell, and Az is the cell size. In
cells for which p;; > prv, we increase the accretion rate
enough to ensure that the density falls to pty, thereby
ensuring that the calculation does not undergo artificial
fragmentation. Putting these conditions together, our
final expression for the accretion function for minimal
hydrodynamics (for which the conserved quantities are
density, momentum, and total energy) is

pre = J (12)

1
ik At
AU?jk = Imax (T.YLBH7 mTr) ¢ gk ( v > s
ijk

Vijk esp +v%/2
(13)
where ¢;;1, is the kernel weight (Eq. 11) and
riory = (pijk — pTr)Vijk, (14)

Pijr At
is the accretion rate required to enforce the Truelove et al.
condition, At is the time step, V;;, is the cell volume, and
v and eg, are the cell velocity and specific internal energy.
Extensions beyond minimal hydrodynamics are straight-
forward. QUOKKA includes a dual-energy formalism to
follow high-Mach number flows, and so we also follow
the internal energy as an additional, auxiliary conserved
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quantity; the accretion formula for this quantity is the
same as for total energy, but with e, +v?/2 replaced by
€int,sp> WheTe eing ¢p is the internal energy per unit mass.
In calculations including chemistry or passive scalars, we
set the changes in their densities to keep their concentra-
tions invariant, i.e., we choose Apgp, = (psp/p)Ap, where
psp 1s the density of a given species. Finally, in magneto-
hydrodynamic calculations, we follow Myers et al. (2013)
by not altering magnetic fields or magnetic energy den-
sities to avoid artificially creating magnetic divergence.

Our limiter function is chosen to ensure stability by
ensuring that the mass in a given cell is reduced by no
more than 25% per time step (Krumholz et al. 2004) un-
less doing so is necessary to enforce the Truelove et al.
condition. If the mass accreted is limited, then the mo-
mentum and energy changes are limited by the same fac-
tor. Thus our limiting function is

A lim
Fiim (U, AUS™™) = (gp) AU, (15)
where
Api™ = max [min (Ap, g) P — pTr} . (16)

Equivalently, the ratio of the limited to unlimited
changes is 1, ;;, = Apti™ /Ap for all quantities.

3.1.2. Sink particle creation

We also follow a slightly-modified version of the
Krumbholz et al. (2004) criterion for sink particle cre-
ation, which is to insert a sink particle in cells that vi-
olate the Truelove et al. (1997) condition for artificial
self-gravitating fragmentation. This condition amounts
to requiring that the ratio of the cell size to the local
Jeans length remain below a threshold J = 0.25, which
in turn yields the density threshold given by Eq. 12. We
therefore mark cells within which p;;r > pre as candi-
dates for sink particle creation. However, we only create
sink particles in cells that satisfy two additional crite-
ria that were not present in the original Krumholz et al.
formulation: we require that a sink particle is only cre-
ated if: (1) the cell is a local density maximum within
a sphere of radius rx; (2) no other sink particle exists
within rx.!

We enforce the latter condition by forbidding sink par-
ticle creation in any cell within which AU,y is non-zero.
We add these two additional criteria due to a subtle
change required in the Krumholz et al. approach to make
it GPU-friendly. In the original approach, sink parti-
cles could be created in multiple adjacent cells, but were

L We do not add the further restrictions on sink particle forma-
tion (e.g., requiring V - v < 0) advocated by some authors (e.g.,
Federrath et al. 2010; Haugbglle et al. 2018). We do not do so
because these criteria substantially affect the outcome of fragmen-
tation only when the gas remains isothermal or close to it up to
the sink particle creation density; if the effective equation of state
stiffens at lower densities, either due to artificial stiffening (e.g.,
Jappsen et al. 2005; Kratter et al. 2010) or inclusion of physical
processes such as radiative transfer (e.g., Krumholz et al. 2007,
2009), fragmentation occurs on resolved scales and the results be-
come relatively insensitive to the details of the sink particle pre-
scription. In the isothermal limit where details of the sink particle
creation criteria do matter, it is far from clear that it is possible
or meaningful to obtain a converged result for fragmentation (e.g.,
Guszejnov et al. 2018). For this reason, we do not attempt to
implement more involved sink particle creation recipes.

then immediately merged, which prevented the creation
of large numbers of sink particles in close proximity. We
do not use this approach here because selecting particles
to merge requires constructing particle trees across dis-
tributed GPU memory, an inefficient operation that we
wish to avoid. Our approach of only allowing sink cre-
ation at local maxima and not within the accretion kernel
of another sink particle, but then increasing the accretion
rate itself enough to enforce the Truelove et al. condi-
tion, achieves the same effect as the original Krumholz
et al. prescription without the additional computational
overhead of constructing parallel particle trees on GPU.

If a cell does satisfy the sink creation conditions, we
set the initial sink mass to ms = (p — pmv)Vijk, and re-
duce the cell density to pr,. We leave the cell velocity
and specific internal and kinetic energies unchanged, and
set the initial momentum of the sink particle to mv;j,
where v;;i is the velocity of the cell in which the sink
particle is created.

3.2. Massive stellar particles and supernova feedback

In simulations of entire galaxies, the resolution is gen-
erally too low to capture individual accreting protostars,
which begin their accretion upon second collapse after
reaching masses of only ~ 1073 M. Instead, the par-
ticles used in galaxy-scale simulations are intended to
represent stellar populations. Depending on the resolu-
tion, such populations can be either integrated, repre-
senting a collection of stars large enough to treat super-
novae as a continuous wind, or stochastic, representing
stellar populations small enough to treat each supernova
individually. The implementation for GPU we present
here is an example of the latter, and thus is similar in
spirit to the stochastic stellar population models imple-
mented by, for example, Gatto et al. (2017), Fujimoto
et al. (2018), Armillotta et al. (2019), Applebaum et al.
(2020), and Jeffreson et al. (2021) for the FLASH, ENZO,
GIZMO, CHANGA, and AREPO codes, respectively.

Our basic steps for supernova feedback particles are
much the same as for sink particles. During each time
step, we

1. Integrate the motion of existing particles under the
influence of gravity using a “kick-drift-kick” inte-
gration, with the potential computed using a PM
method.

2. Inject supernova feedback from stars at the ends of
their lives (Sec. 3.2.1).

3. Create new particles in cells where the density has
risen past our ability to resolve (Sec. 3.2.2).

We describe the second and third steps in this algorithm
in detail in the next two sections.

3.2.1. Supernova feedback

As we discuss further in Sec. 3.2.2, each of our parti-
cles represents a single massive star, which has a known
formation time and an initial mass assigned at birth. We
determine the lifetime of each such star by interpolating
on the MIST tracks for rotating, Solar-metallicity stars
(Choi et al. 2016), and we determine which stars end
their lives in core collapse supernovae from the tabula-
tion of Sukhbold et al. (2016). For each time step we
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first find all the stars whose lives end during that time
step, and then inject supernova back from those stars.
Feedback injection follows the general scheme laid out in
Sec. 2, with the exception that we skip step 4 because
there is no feedback from the computational grid to the
properties of the stellar particles. The remaining steps
can be fully specified by the choice of accretion kernel
radius rx (as with sink particles, we use rx = 3Ax by
default), the deposition function AU?,, | and the limiter

flim(Ua AU)

ijk>

The deposition function.— We calculate the deposition
function using a variant of the TIGRESS prescription
(Kim & Ostriker 2017) adapted to be GPU-friendly. Fol-
lowing the TIGRESS approach, we first calculate the to-
tal gas mass within the kernel radius rx, which we take
to be Mg, = Zwijkpijk‘/}jk + M,;, where the sum runs
over all cells within the stencil and w;j; is the fraction
of the grid cell that is covered by the stencil, and M,; is
the mass ejected by the supernova itself. In a produc-
tion simulation we obtain M; by interpolating on the
tabulated values provided by Sukhbold et al. (2016) in
the same way we determine which stars end their lives
as supernovae, but for the purposes of comparing with
the results of Kim & Ostriker we follow them in set-
ting Mej = 10 M for all stars in the tests presented
below. We then compute the ratio of this mass to the
shell-formation mass, defined as the approximate swept-
up mass at the point when the interior of a supernova
remnant transitions from adiabatic to radiative and thus
forms a dense shell. This ratio is Ry = Mgn,/Mst, where
Mgt = 1679(ng/cm=3)7%26 Mg and nyg is the ambient
number density of H nuclei (Kim & Ostriker 2015). We
estimate the latter quantity as ng = Mgny /i Vanr, where
pp is the mass per H nucleus (= 1.4my for standard He
abundances) and Vi, = Y AV, i is the total volume of
the accretion kernel; here the sum again goes over cells
satisfying |x;x — Xs| < rx.

We then calculate the deposition function using three
different prescriptions depending on the value of Ry;
following Kim & Ostriker, we refer to these as the EJ
(Ejecta), ST (Sedov-Taylor), and MC (Momentum Con-
serving) regimes, depending on whether the resolution is
sufficient to capture the transition between free expan-
sion of the ejecta and the adiabatic Sedov-Taylor phase
(the EJ case), the transition between the Sedov-Taylor
phase and the momentum-conserving snowplow phase
(the ST case), or neither of these transitions (the MC case).
We describe our deposition function with the state array
(with mass, momentum, and total energy as conserved
quantities)

wz]kMeJ/‘/@nr

AUZSJ}C = ( pnchCOM pljkvl]k‘ +prad1al ) 5
Wijk (Esn + Ekm) /‘/snr + YcoM * Pradial )

(17

where ppew = pijk + WijkMej/Vinr is the updated cell
density, E, = 10°! erg is the supernova energy, Eyi, =
%mejvg is the kinetic energy of the supernova ejecta,
Dradial = |Pradial|” 18 the supernova momentum injection
in the radial direction in a coordinate system centred on
the exploding particle, and vcom is the centre-of-mass

velocity of the supernova remnant,

> WijkPijk VijkVijk + MejUej
M

The cross term Ucom *Pradial @ccounts for the work done
by the radial expansion against the bulk motion of the
remnant. This formulation effectively smooths the veloc-
ity field (but not the density) before deposition. Because
Dradial 18 isotropic, the cross term cancels when summing
over all cells in the stencil, and thus the work done on
all cells by the radial expansion sums to zero, ensuring
global energy conservation. This also guarantees the su-
pernova deposition is Galilean invariant, i.e., the out-
come of a SN event is independent of the velocity of the
frame in which it is computed.

To motivate this procedure, it is helpful to evaluate
what occurs if we do not smooth the background veloc-
ity and only add the radial component, i.e. Ap = Pradial-
In this case, the cross term in the energy update be-
comes T * Pradial, Which, when summed over the stencil,
becomes vak pradlal - Z('UCOM + 5Ul]k) pradlal =
> 0Uijk - Dradial, Where %51, is the cell velocity relative
to the centre of mass. This introduces spurious energy
into the system, which can be significant when a super-
nova event occurs shortly after another at the same lo-
cation, such that 07, is parallel to 7 and thus pradial
in all cells. We note that, by smoothing the background
velocity, the kinetic energy in the centre-of-mass frame
before deposition is lost. However, because we update
the total energy and the internal energy is derived from
the other conserved quantities, this lost energy effectively
becomes internal energy, which is subsequently handled
by radiative cooling.

The magnitude of the momentum deposition |pradiall
changes between regimes as

Py Ry > l(MC)

,/2MEJ6KESH, 0.027 < Ry < 1(ST)(19)
Ras < 0.027 (EJ)

Tcom = (18)

|ﬁradial l =

Here ex = 0.28 is the fraction of energy in kinetic form
during the Sedov-Taylor phase and Py, is the terminal
momentum we expect at the end of the Sedov-Taylor
phase. These expressions amount to assuming that in the
MC case the supernova adds only kinetic energy and mo-
mentum and so the internal energy per unit mass stays
constant, while in the ST regime the changes in kinetic
and internal energy match those expected for the Sedov-
Taylor solution, and in the EJ case the supernova adds
only thermal energy. Note that, because we are always
depositing an energy of Eg, into the gas total energy,
in the MC case the supernova adds a small amount of
thermal energy to the gas because the total kinetic en-
ergy deposited is P3,,/2Me; = 4.6 x 10° erg = 0.46E.
The remaining 54 per cent of the energy is deposited as
thermal energy. This assignment of thermal and kinetic
energy is handled with the limiter step discussed below.
We adopt a numerical value

niH)—O.l’? (20)

Pane = 2.8 x 10° Mg ks~ (2
cm—

for the terminal momentum directly from the Kim & Os-
triker prescription. This is a fit to results from the simu-
lations of Kim & Ostriker (2015); however, this numerical
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value is roughly consistent with those produced by other
studies of the remnants of single, isolated supernovae in
both one dimension (Blondin et al. 1998; Thornton et al.
1998) and three dimensions (Iffrig & Hennebelle 2015;
Martizzi et al. 2015).2

The limiter.— Our remaining task is to specify the lim-
iter f1im(U, AU). Limiting is required because Eq. 17
does not guarantee that the state produced after deposi-
tion obeys the constraint that e — |p|?/2p > eéint.0, Where
e and p are the total energy and momentum per unit
volume, and ejn o is the internal energy in the initial
state. Indeed, in rare cases the prescriptions above can
cause the kinetic energy to exceed the total energy. For
example, consider a region where the mass inside the
deposition zone is large enough that we are in the MC
regime, but where there is a particular cell with very low
density, such that the change in its kinetic energy den-
sity, Aex = (p+Ap)?/[2(p+ Ap)] —p?/2p, is larger than
the change in its total energy density. To ensure that
the states we produce after deposition are valid, we ap-
ply a limiter to rescale the momentum update vector to
enforce consistency. The state is consistent if

Ip + A\Ap)|?
2(p+ Ap)

where Cy is the gas specific heat capacity, and we deter-
mine the value of the limiter A by solving the resulting
equation for A and choosing the largest root in the range
[0,1]. The internal energy is then obtained by subtract-
ing the kinetic energy from the total energy. In cases
where the maximum solution for A equals 1, this proce-
dure effectively heats up the gas. This can be necessary,
for example, in regions between two SN explosions, where
the momentum vectors from two depositions cancel each
other and thus |Ap| is close to zero; in this case our
prescription correctly deposits the SN energy as heat.

Cv(p+Ap)T+ < e+ Ae, (21)

Comparison to the original TIGRESS model.— Compared
to the standard TIGRESS prescription outlined in Kim
& Ostriker (2017), the primary changes to our approach
are that we do not homogenise conditions inside the su-
pernova deposition kernel, and we apply limiting only to
the collective action of all supernovae rather than one
supernova at a time. These changes lead to an algorithm
that does not depend on the order in which supernova
injection is processed, and that can cope with multiple
supernovae depositing material in a single cell even if
those particles reside on different parts of a decomposed
domain — both crucial features for the algorithm to oper-
ate smoothly on GPU. An added benefit of our approach
even on CPU is that the TIGRESS prescription, which
involves homogenising the material inside the supernova
deposition zone prior to adding energy or momentum,
produces a result that depends on the order in which
particles are processed. This means either that one must
adopt an arbitrary rule for which particle is processed

2 The terminal momentum of the remnants produced by multiple
supernova clustered closely enough in time that several explosions
contribute to the expansion remains significantly uncertain, and
may well depend on the degree of inhomogeneity or other properties
of the background into which those remnants expand; see Gentry
et al. (2017, 2019, 2020), Kim et al. (2017), and El-Badry et al.
(2019) for further discussion.

first, or that the results are non-repeatable because the
particles are processed in whatever order they happen
to be stored in memory, which may vary depending on
details such as the number of MPI ranks used in the sim-
ulation. Our prescription does not depend on arbitrary
ordering choices, avoiding these undesirable features.

Another difference from the TIGRESS prescription
is that we employ a fixed kernel size for all prescrip-
tions, whereas TIGRESS varies the kernel size from
Ranr min = 3Az to a model-dependent R,y max (typically
128 pc). TIGRESS adopts this variable approach to mit-
igate overcooling issues when the Sedov-Taylor phase is
unresolved. In contrast, we observe no such overcooling
issue in our code, even with a fixed Ry, in the unre-
solved regime (see the test in Sec. 3.2). We attribute
this to our use of a more accurate solver for tempera-
ture evolution: unlike TIGRESS, which relies on a single
backward Euler step, we implement an ODE solver with
adaptive time stepping to compute precise temperature
updates. This enhancement avoids overcooling without
requiring more than three ghost cells, thereby eliminating
the need for additional communication beyond standard
ghost-cell exchanges — a critical advantage for efficient
GPU implementation.

3.2.2. Formation of supernova feedback particles

Our method of depositing supernovae on the grid is
independent of our choice for how to generate the parti-
cles that eventually produce those supernovae. However,
for completeness here we also describe our default par-
ticle creation prescription in QUOKKA. Since our target
resolution regime is one where individual massive stars
can be resolved but the process of fragmentation that
determines the initial mass function (IMF) cannot (typ-
ical cell mass at maximum resolution ~ 1 —10% Mg,), we
implement a stochastic stellar population model to em-
ulate the formation and evolution of individual massive
stars. In this model, the star formation rate is controlled
through two parameters: efficiency per free-fall time, eg,
and the fraction of gas cell mass that is converted into
stars when star formation does occur, €,. The first of
these is a physical parameter describing an underlying
theory for star formation on unresolved scales, which we
set to eg = 0.01 based on high-resolution observations
of individual star-forming clouds (e.g., Krumholz et al.
2019; Pokhrel et al. 2021; Hu et al. 2022), while the latter
is a numerical parameter that we set to €, = 0.5, a choice
that balances efficiency (favouring larger e,, so that we
avoid having to spawn stars repeatedly from the same
cell) against stability (favouring smaller €., so that we
perturb the hydrodynamic state minimally).

Given these parameters, our procedure is as follows:
first, during each time step of size At, we identify cells on
the finest adaptive mesh level where the density is above
the Truelove et al. (1997) threshold given by Eq. 12. For
this purpose we take J = 0.5 to be conservative; this
leaves us vulnerable to artificial fragmentation, but since
in this regime we are prescribing the mass distribution of
stars rather than attempting to calculate it directly, this
is not a major concern. However, we do not place a star
particle in every cell above the threshold density, since
doing so would be computationally expensive. Instead,
following the common approach in cosmological galaxy
formation simulations, we treat star formation stochas-



GPU-accelerated particle-mesh algorithm 9

tically by assigning a probability P of forming stars in
any eligible cell. To determine P, note that the expected
stellar mass formed from a cell of gas mass Mceq

<M*> = PE*MCCH . (22)

We then demand that (M.,) match the value predicted by
the star formation efficiency per free-fall time eg, which
requires

At
<M*> = efcheHT ) (23)
ff

where tg = /37/32Gp. Inverting the above two equa-
tions, the probability that a star that is eligible to do so
forms a star during a time step is

P =min Kiﬁ) (i:) ,1] . (24)

In each time step we therefore randomly assign each cell
that is eligible to form star to be star-forming or non-
star-forming with probability P.?

After identifying a cell for star formation, we spawn
a stellar population drawn from a Chabrier (2005)
IMF, following the “Poisson” sampling strategy imple-
mented by the SLUG stochastic stellar populations code
(Krumholz et al. 2015). In our implementation, ev-
ery stellar population comprises one particle represent-
ing the low-mass end of the IMF and a random num-
ber of individual high-mass stars; we draw the boundary
between “low-mass” and “high-mass” at 9 Mg because
this is the minimum initial stellar mass (at Solar metal-
licity) predicted to produce a SNe in the Sukhbold et al.
(2016) tables on which we rely. We draw the number
of high-mass stars, Npigh, from a Poisson distribution
with an expectation value fi high€+ Mcel1/ (M high), Where
[ nigh = 0.20055 is the fraction of stellar mass contained
in stars with masses > 9 Mg, and (m.) = 19.39 Mg, is
the mean mass per star for stars with masses > 9 Mg;
the numerical values given here are for our chosen IMF,
but can be adjusted for different IMFs as desired. We
then draw the masses of individual high-mass star parti-
cles from the high-mass end of the IMF, and set the mass
of the low-mass star particle! to e, Mcen(1 — fi nigh)-

3 We note here that Eq. 23 implicitly assumes that eg de-
scribes the star formation rate averaged over At. In princi-
ple one could also calculate the mass of stars formed by treat-
ing eg as describing an instantaneous star formation rate, and
integrating the ordinary differential equation describing the gas
mass, dMcen/dt = —egMcen/tg, for a time At; one can then
set My = Mcen(0) — Mcen(At). For fixed tg, this would yield
My = Mo (1 — e <88/t corresponding to P = 1 — e~ €t At/ ter
the expression often adopted in cosmological star formation pre-
scriptions. This choice and Eq. 23 obviously yield very similar re-
sults if At < tg/eg, but the difference is non-negligible for larger
time steps. That said, there is no good reason to assume that tg
remains constant over such larger time steps, so there is no reason
to believe that the exponential form is more accurate. In prac-
tice, however, the difference between the exponential form of (M)
and Eq. 23 is unimportant, both because the CFL condition al-
most always guarantees that At < tg < tg/eg, and because if
At > tg then we should not expect to obtain precisely the correct
star formation rate from any prescription based on an operator-
split treatment of star formation and hydrodynamics.

4 We reiterate that this “low-mass” particle represents a collec-
tion of stars inhabiting the low-mass end of the IMF, unlike the
“high-mass” particle(s) which represent a single high-mass (> 9
M) star.

It is important to note that in this implementation the
mass of stars we produce will not exactly equal the gas
mass converted to stars on a cell-by-cell basis; instead the
gas mass converted to stars is equal to the expectation
value of the stellar mass produced. Thus our star for-
mation prescription guarantees mass conservation only
in a statistical sense, not to machine precision. While
this behaviour might seem undesirable, the alternative
is worse: as discussed in Krumholz et al. (2015, see also
Haas & Anders 2010), there is no way to sample the dis-
tribution of stellar masses produced in events of finite
total mass that simultaneously respects exact mass con-
servation within each event (i.e., that guarantees that the
mass of stars drawn is exactly equal to the mass assigned
to that event) and that also produces an IMF integrated
over all star formation events that is independent of the
mass assigned to each event. Nor is this a small effect: if
the typical mass of a star-forming event is 100 Mg, then
over many such events a prescription that requires the
masses of stars formed in each event total exactly 100
Mg could easily produce fewer than half as many super-
novae as one would have obtained if the event size were
1000 or 10* M. Thus if we were to enforce exact mass
conservation, the result would be that simulations car-
ried out at different resolutions (which determines the
characteristic mass of cells that can form stars) would
effectively have very different IMFs. Given a choice be-
tween this and reducing mass conservation from exact to
statistical, we choose the latter as the lesser evil.

Once we have drawn high-mass star particles, we follow
Andersson et al. (2021) and Steinwandel et al. (2023) by
giving them initial velocities equal to the velocity of the
cell which spawned them plus an additional component
whose direction is random and whose magnitude is drawn
from a power-law distribution oc v~18 with v € [3, 385]
km s~!. This distribution of velocities is motivated by
simulations of dynamical ejections from young clusters
(Oh & Kroupa 2016), and ensures creation of runaway
stars with an incidence rate of ~ 14%, matching empir-
ical estimates — see Andersson et al. (2021) and Stein-
wandel et al. (2023) for full details. To ensure no net
momentum is added just by star particle creation, we set
the velocity of the low-mass star particle such that, in
the frame comoving with the cell that spawns the par-
ticles, its momentum is equal and opposite to the total
high-mass momentum.

4. TESTS

We now present a series of tests of our implementa-
tions of sink and supernova feedback particles. While
the isothermal sphere test (Sec. 4.1), the Bondi/Bondi-
Hoyle accretion tests (Sec. 4.2, Sec. 4.3), and single SN
feedback test (Sec. 4.4) are not new, they demonstrate
the correctness of multi-rank communication, as in all the
tests we use multiple MPI ranks and place the particle
at block boundaries.

4.1. Self-similar collapse of an isothermal sphere

Our first test of sink accretion is the classic self-similar
collapse of a singular isotehrmal sphere, which represents
the inside-out gravitational collapse of a cold, nearly
isothermal molecular cloud core forming a central proto-
star and infalling envelope (Shu 1977). In this problem,
the initial state is a spherically symmetric, isothermal



10 He, Wibking, Vijayan, Krumholz, & Li

Analytical |

1
10 ==+ Simulation
<
~
S
100
0.1

relative error
o
o

10! T T
0 4
g 10
= 1071 N
1072 1 1 1
O.]. T T T
. L
o
fart
3 [
g 00f
=
I
—0.1
—2
o0 = Analytical
S 20r * Simulation ]
2 )
= ]
2 15F 1
2 1 1
0.005 — T T T T T
o i
g \ i
g ]
.GZ) 0.000 R
=
&
—0.005 - ; ; ;

0.0 0.2 0.4 0.6 0.8 1.0
Time (10'? )

Fic. 2.—: Isothermal sphere test. The top two panels
show the mean density and radial velocity as a function
of radius in the simulation (dashed green line) compared
to the analytic solution (blue solid line). The lower panel
shows the sink particle mass versus time, again compar-
ing the simulation and exact analytic solutions.

gas cloud in unstable hydrostatic equilibrium, and the
subsequent evolution describes Shu’s famous “expansion-
wave” solution: the outer part retains a static singular
isothermal equilibrium profile before the expansion wave
arrives, and the inner part is free-falling toward the cen-
ter, with the entire structure evolving self-similarly.

The density profile for the outer, hydrostatic part of a
generalized singular isothermal sphere is

Ac?
o) = e

wGr
where ¢ is the isothermal sound speed and A is a di-
mensionless parameter that measure the degree of over-
density relative to the marginally stable equilibrium.
The special case A = 2 corresponds to an isothermal
sphere that is in unstable hydrostatic equilibrium every-
where outside the expansion wave.

We consider a sphere of isothermal gas with sound
speed ¢; = 0.2 km/s. To avoid the singular initial con-
figuration of the Shu solution, we do not start from the
t = 0 state with a formal p oc 72 divergence at the ori-
gin. Instead, we initialize our density and velocity profile
to the analytic solution at a finite time ¢y = 102 s, by
which point a central point mass has already formed an
the expansion wave has propagated outward; the choice
of initial time is essentially arbitrary, since the analytic
solution is self-similar — the structure is the same at all
times > 0, and the choice of ¢y simply serves to set the
initial position of the expansion wave. For z € [0,1],
where x = r/cst is the similarity variable, we use the
asymptotic solution of the expansion-wave collapse prob-
lem, taking the case A = 2.0001 as an approximation to
the A = 2% limit; for x > 1, we adopt the isothermal
solution v = 0, a = 2/x%. We run the simulation in cgs
units; to convert the dimensionless variables in the initial
condition to dimensional quantities, we use the following
definitions of the unit length, mass, velocity, and density:

(25)

u = csto = 2 x 101° em (26)
Uy = Coto/G = 1.198627571 x 10*? g (27)
Uy = ¢ = 0.2 km/s (28)
1
= 1.192296893 x 107 ¥ g em™3.  (29)

e = 47 Gt3

Initially, we place a sink particle with mass mg =
0.975 u,, = 1.168661882 x 1032 g at the domain centre.
The computational domain is a box with size 8u;, and we
use a base grid of 1283 cells with two refinement levels
to achieve a maximum resolution Az = w;/64 within 2u;
of the origin.

In the top two panels of Fig. 2, we plot the density
and velocity profiles at ¢ = 102 s, enough time for the
expansion wave to have expanded in radius by a factor
of two; we plot the sink particle mass versus time in the
lower panel. The numerical results agree with the ana-
lytic solution extremely well: the relative error in both
density and velocity remains within 2% across radii in-
side the expansion wave front, with larger deviations only
in the innermost region where spatial resolution is poor.
The temporal evolution of the sink particle mass is in
excellent agreement with theoretical expectations.

4.2. Bondi accretion



GPU-accelerated particle-mesh algorithm 11

x10713 x10712
T LN L | L L LA LA R
rg/Az=0.1 8 rg/Az=0.316
6 r 1 1.00
—_ i e ———— e i 4
‘;} 6 -Xr _____ e et 075 L
Zaf — ! Ve 177
= == Pxac r ]
z ' 1 aE\ ]
=5 [ —— T =2AT [ b // i 0.50:
=27 —— rx=3Az7 ol 1 oasf :
rg=4Azr 1 r ]
O...I...I...I...I...- [ ) IR R | 0.00-“"“"“"“"“‘.
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

Mbtar (M ®© yrgl)

t/ty

Fia. 3.

t/ty

: Comparison of simulated accretion rates over time with theoretical values for the Bondi accretion tests

presented in Sec. 4.2. The ratios of the Bondi radius to spatial resolution are, from left to right and top to bottom,
0.1, 0.32, 1.0, 3.16, and 10. The dashed horizontal line denotes the theoretical accretion rate, and the solid lines show
the accretion rate measured in the simulations. The horizontal axis gives time in units of the Bondi time.

Our second test of the sink particle algorithm is against
the Bondi (1952) solution for accretion onto a point
mass by an infinite, uniform medium with negligible self-
gravity. Since we have built the Bondi accretion formula
into our method (Eq. 8), we expect it to reproduce the
exact analytic accretion rate in the unresolved regime
rg < Az, where rp is the Bondi radius given by Eq. 7
with v, = 0. In the opposite regime, rg > Az, the
accretion rate should depend primarily on the hydrody-
namics and gravity solver, so most reasonable schemes for
accretion by a point mass should yield an accurate solu-
tion, but the marginally resolved case (rg ~ Ax) is more
challenging. To assess the performance of our scheme,
we conduct a suite of simulations with largely identical
initial conditions but a range of values for rg/Az, follow-
ing the setup of Krumholz et al. (2004). We initialize a
gaseous sphere of radius rgpn = 1.21 X 10! cm at a con-
stant temperature of 10 K with mean molecular weight
i = 2.33 m,, with a sink particle of mass m, at its centre.
The gas sphere is centred in a box of size 16 rs,n. The
mesh comprises a coarse level of 128 cells, with level-
1 refinement covering a box of size 8 r¢pn, and level-2
refinement covering 4 repn. With mg = 1 Mg, this con-
figuration yields Az = rp at the finest level. We then
vary mg so that rg/Ax ranges from 0.1 to 10 in steps of
0.5 dex. In all cases we initialize the density and veloc-
ity profiles of the sphere to the analytic Bondi solution,
which is given implicitly by the solutions to the system
of coupled ordinary differential equations

r?av = A (30)

(31)

where xz = 7/rg,v = |u|/¢s0, @ = p/pso, and X is the mass
accretion rate in units of the fiducial mass flux pooCoo
through area 4mr%,

v,
I (GM)P ],

We allow the simulation to evolve until the accretion rate
reaches a steady state; the natural unit of time for this
system is tg = rg/cs, and the time to reach equilibrum
is generally ~ 5 .

The results are summarized in Fig. 3. We obtain high
accuracy (error < 2%) in the steady-state accretion rate
when the Bondi radius rg is 10 times smaller than the
cell spacing Ax. When rp and Ax are comparable, the
error increases to ~ 20%. As argued by Krumholz et al.
(2004), the larger error for rg ~ Ax is expected because
the transition from subsonic to supersonic accretion flow
is poorly resolved, leading to substantial errors in the
density and velocity in cells near the sink particle. For
rg = 10Ax the error at t = 10ty drops to a few percent.

We also use this test to explore kernel sizes from
rg = 2Ax to 4Ax and find that the choice of 7 makes
only minor differences when rg/Ax ~ 1; in particular, at
rg/Ax = 1, larger rk yields slightly improved accuracy.
However, for rg/Az > 1 or rg/Ax < 1, the difference
is negligible. This behaviour is consistent with the ar-
guments above regarding the scheme’s accuracy in the
well-resolved and unresolved limits.

A=

(32)

4.3. Bondi-Hoyle accretion

We evaluate our sink particle scheme’s ability to model
accretion onto a moving particle by simulating the classi-
cal Bondi-Hoyle accretion problem. For this test, we ini-
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Fic. 4.—: Top: Accretion rate versus time for the Bondi-
Hoyle accretion test described in Sec. 4.3. The accretion
rate is normalized to the Bondi-Hoyle accretion rate, and
the time is normalized to Bondi-Hoyle time. Bottom:
Snapshot of the density field in the zy-plane at t ~ 6tgy.
White squares indicate the borders of the AMR levels.

tialize the system in the regime rgg/Az > 1. We use the
same grid hierarchy as in Sec. 4.2, but reduce the domain
size — and thus the grid spacing — by a factor of 5. The gas
has a uniform density p = 1072° g cm™2 and an initial
velocity with Mach number M = 3. The velocity lies in
the x — y plane, forming a 30° angle with the z-axis. We
place a 100 Mg sink particle at the domain center. Using
Eq. 7, we obtain the Bondi-Hoyle radius rgy = 0.1 rg,
which in turn yields rgg/Az = 100 x 0.1 x 5 = 50 (see
calculations in Sec. 4.2).

Fig. 4 shows the accretion rate versus time. It takes
several Bondi-Hoyle times, tgg = 7B /Veo, for the sys-
tem to reach a quasi-steady value. As discussed by
Krumbholz et al. (2004), this setup is in a regime where
the interpolation formula is not particularly accurate.
Ruffert (1996) and Krumholz et al. (2004) performed
similar simulations and found a steady-state accretion
rate close to M ~ 1.17Mpgy, where Mpy is defined
in Eq. 8. Our results agree well with these studies:
the difference in the steady-state mean accretion rate
is smaller than the intrinsic fluctuations. Both works
also reported temporal variability in the accretion rate
and flow morphology, and suggested Rayleigh-Taylor and
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Fic. 5.—: Tests of SN feedback prescriptions using sim-
ulations of radiative SNR evolution in a uniform medium
with spatial resolution Ax = 4 pc, both using our fiducial
prescription (orange) and a scheme that deposits thermal
energy only (blue). The top panel shows the final radial
momentum, while the bottom shows the maximum tem-
perature attained during the simulation, both shown as
functions of the ambient hydrogen number density. The
grey stripe in the upper panel indicates the empirical
Pr.max — NH,amb relation with 25% tolerance. The upper
axis shows the ratio of kernel radius (= 3Ax) to the shell-
formation radius, and the background shading indicates
which case of our fiducial SN deposition scheme is used
for each simulation given that ratio.

Kelvin-Helmholtz instabilities as plausible causes.

4.4. Single SN feedback

We assess the accuracy of our SN feedback implementa-
tion by simulating SNR evolution with radiative cooling
in a uniform medium at fixed spatial resolution Ax = 4
pc in a domain of size 256 pc and no adaptivity, follow-
ing Kim & Ostriker (2017). We vary the ambient density
from namp = 0.1 cm™3 to 100 cm~3. We initialize each
simulation with a SN particle that explodes at ¢ = 0, and
we evolve the problem to the point where the total radial
momentum in the domain, defined as p, = [ pv-tdV,
reaches steady-state. Fig. 5 presents the final radial mo-
mentum (top) and the maximum temperature achieved
in any cell over the full simulation time (bottom) as a
function of namp; the corresponding ratios of rx = 3Azx
to shell-formation radius rg = 22.6 pc(namp/cm—3) =042
are indicated on the top axis. Results for our QUOKKA
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prescription are shown in orange. For comparison, we
also show the result of the “pure thermal” model in blue,
which injects thermal energy at all resolutions.

In the EJ regime, where R s < 0.027 (roughly rx /rsf <
0.3), our fiducial model applies pure kinetic energy depo-
sition. In this regime the ST stage is fully resolved, and
Kim & Ostriker (2015) find that both thermal and kinetic
deposition recover the correct final radial momentum.
Consistent with this expectation, our fiducial model coin-
cides with the pure-thermal model in the top panel. The
maximum temperature reached with kinetic deposition
is only slightly lower than with pure-thermal deposition
because in kinetic mode the gas is shock-heated shortly
after SN ejection.

As the Sedov-Taylor stage becomes marginally re-
solved, 0.3 < rg /rss < 1, the prescriptions diverge at the
level up to a few tens of percent; in the unresolved regime
(ri/rse > 1), the discrepancies are even larger. In these
regimes our fiducial model (orange) remains within 25%
of the empirical p; max — n1,amb relation (shaded area),
demonstrating the the scheme is robust. By contrast,
the pure-thermal model deviates substantially from the
empirical relation owing to overcooling, consistent with
previous studies (e.g. Kim & Ostriker 2015, 2017). Inter-
estingly, while still incorrect, our pure thermal calcula-
tions yield a curve of p; max VErsus ng amb that lies closer
to the empirical relation than reported by Kim & Os-
triker (2017), which we attribute to improvements in our
cooling solver (see Sec. 3.2.1.0).

4.5. Multiple SN feedback

One advantage of our algorithm with a limiter is its ro-
bust treatment of multiple SNe depositing into a single
cell. To test numerical convergence in overlapping SNR
regions, we simulate the evolution of two SNe explod-
ing simultaneously at ¢ = 0. We consider two ambient
densities, 0.1 cm ™2 and 10 cm ™3, corresponding to shell-
formation radii of 59 pc and 8.6 pc, respectively. We
place the exploding particles symmetrically about the
domain centre, separated by ds, = 30 pc, which lies
between the two values of rg: for the two lower and
higher initial densities, r/dsep ~ 2.0 and 0.3, respec-
tively. Consequently, for the higher ambient density the
SNRs should form shells before they begin to interact,
while for the lower ambient density interaction will be-
gin during the Sedov-Taylor phase.

We simulate each of our two configurations at spatial
resolutions Az = 2,4, 8 and 16 pc in a domain of size 256
pc, again with no adaptivity. Given the particle separa-
tion of 30 pc and our fiducial kernel size of rx = 3Ax, the
deposition kernels of the two particles are well-separated
in the higher-resolution runs, but overlap in the lower-
resolution runs. Comparing the low- and high-resolution
cases therefore allows us to test the performance of our
scheme for handling multiple SNe in cases where the de-
position regions for those SNe overlap, in both the well-
resolved, 74 /rx > 1, and poorly-resolved, r«/rx < 1,
regimes. We summarise the full set of configurations we
have tested in Table 1.

Fig. 6 and Fig. 7 illustrate the momentum-density evo-
lution across resolutions and initial densities. Consistent
with our expectations, we see shell formation prior to in-
teraction between the two SNRs at higher density and
when the resolution is sufficient for the deposition ker-
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Fic. 6.—: Slices showing radial momentum density in
the double-SN test with rs/dsep =~ 2.0 (corresponding
to ambient density ny amb = 0.1 cm™?3), so shell forma-
tion occurs only after the two SNRs begin to interact.
Red circles mark the locations of the two SNe. The left
column shows the configuration after the first time step,
immediately after SN deposition, while the right column
shows the state at the end of the simulation when the
radial momentum has ceased increasing, at the time in-
dicated. Spatial resolutions are 2 pc, 4 pc, 8 pc, and 16
pc, from top to bottom. Our numerical method demon-
strates converging results for the terminal radial momen-
tum (see labels at bottom-right corner of the second col-
umn) as we vary the spatial resolution.

nels not to overlap, while for lower density the two SNRs
merge before forming shells.

Because there is no empirical p; snr —71t,amb relation for
the dual-SNR problem, we take the 2 pc-resolution run as
the reference solution for each ambient density. We mea-
sure the terminal radial momentum in that simulation,
and report the fractional deviation from that value in Ta-
ble 1 as our error estimate. For ny amp = 10 cm ™3, the
reference solution lies in the regime where the ST phase is
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NHamb Tsf Ax Ax/dsep 2rg/dsep TK/Tst Dr,max €p

[cm=3]  [pc] [pc] Mo kms™'] %]
0.1 59 2 0.067 0.40 0.1 6.92 x 10° -
0.1 59 0.13 0.80 0.2 6.96 x 10° 0.6
0.1 59 0.27 1.60 0.4 6.73 x 10° —2.7
0.1 59 16 0.53 3.20 0.8 6.69 x 10° —-3.3
10 8.6 2 0.067 0.40 0.7 3.00 x 10° -
10 8.6 4 0.13 0.80 1.4 3.42 x 10° 14
10 8.6 0.27 1.60 2.8 3.05 x 10° 1.7
10 8.6 16 0.53 3.20 5.6 3.59 x 10° 20

TABLE 1: Parameters and results of the numerical convergence tests for the evolution of two SNRs separated by
dgep = 30 pc. Symbols: ng amb — ambient gas number density; rs — shell-formation radius, Az — spatial resolution;
Drmax — total terminal radial momentum; €, — error relative to the value at the best resolution for a given ny amp. In
all tests, the SN separation is 30 pc. The strength of SN feedback, characterized by pr max, matches the high-resolution

case to within 20 % for all cases and resolutions.

Level Az [pc] Nclc/lf V1/3 [kpc]
0 1171.9 1024 1200
1 585.9 1024 600
2 293.0 1024 300
3 146.5 1024 150
4 73.2 1024 75
5 36.6 1342 49
6 18.3 1886 35
7 9.2 2954 27
8 4.6 4721 22

TABLE 2: Parameters of the weak-scaling benchmark
at the highest node count of 1024. For each AMR level
we list the cell size Ax, the cube root of the total cell

count N 36/113, and the cube root of the simulated volume

V1/3. The numbers given are for the highest node count
of 1024; for smaller node counts the volume V remains
unchanged, but the cell size Ax increases in factor of 2
steps, and the cell and particle counts decrease in factor
of 23 steps. The total number of particles in the simula-
tion is 1.088 x 10% = 10292, and about half of them are
star particles at the finest level.

resolved and the initial injection regions do not overlap.
For n amp = 0.1 cm™3, the shells of the two SNRs over-
lap, but the reference solution still resolves the ST phase
and avoids overlap at the moment of injection. Across
all resolutions and both ambient densities, the terminal
radial momentum p, y,.x matches the high-resolution re-
sult to within 20%, demonstrating the effectiveness of the
limiter.

4.6. Parallel performance

We evaluate the parallel performance of the QUOKKA
particle module using weak-scaling benchmarks on the
Frontier supercomputer at Oak Ridge National Labora-
tory. Each node of this system has 8 AMD MI-250X
logical GPUs. In a weak-scaling experiment the total
problem size is increased in proportion to the number of
compute nodes so that the workload per node remains
approximately fixed; ideal weak scaling therefore corre-
sponds to constant wall-clock time per step as the node
count increases.

We consider an isolated Milky Way analogue initial

condition from the AGORA project (Kim et al. 2016), a
standardised equilibrium disk galaxy model comprising
a gas disk, a stellar disk and bulge, and a dark matter
halo with masses Mgas ~ 9 X 107 Mg, M, disk+bulge =
4x10' Mg, and Mya1 ~ 102 M. The stellar and dark
matter components are represented by live collisionless
particles that interact gravitationally with the gas and
with one another, and are initialised in equilibrium using
a numerical solution of the Jeans equations.

This benchmark uses the full physics stack adopted in
our production galaxy simulations: piecewise parabolic
method hydrodynamics with an RK2 update that is
second-order accurate in time and space, multigrid self-
gravity, radiative cooling using a GPU Runge-Kutta
ODE integrator with the GRACKLE tabulated cooling
and heating rates (Smith et al. 2017) with temperature
evolution integrated to a relative tolerance of 107, and
the star-formation and supernova feedback prescriptions
described in Sec. 3. We enable AMR and construct a
sequence of problem sizes that preserves the refinement
pattern while increasing the total problem size with node
count.

For this test all runs use the same nine-level AMR hi-
erarchy (levels 0-8). We generate the 2-; 16-, 256-, and
1024-node cases (corresponding to 8 to 8192 GPUs) by
resampling a checkpoint so that the refinement geometry
is preserved but the resolution is increased uniformly at
all AMR levels. Across this sequence, the linear resolu-
tion increases by factors of 2, 4, and 8 relative to the
two-node case (and the number of cells correspondingly
increases by factors of 23, 43, and 82), yielding finest-level
cell sizes of Az = 36.6, 18.3, 9.2, and 4.6 pc, respec-
tively. We similarly scale the particle load by increasing
the particle number and decreasing the particle masses
by factors of 23, 43, and 8> across the three resolution
increases. We report counts for the numbers of cells on
each AMR level for the 1024-node case in Table 2. The
total number of particles in the simulation domain for
this node count is 1.088 x 10”; about half of these are
star particles located in the disk that overlap with cells
refined to the maximum level, and the other half are dark
matter particles distributed among all levels.

To test the performance of the particle code, we mea-
sure the wall-clock time of the particle update per step,
which we obtain from an inline profiler in our code that
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Fic. 7—: Same as Fig. 6 but for a setup where
Rghel/dsep = 0.3 (corresponding to an ambient density
NH.amb = 10 cm™3). The full simulation box is 256 pc in
length, but for improved visibility the first three rows are
cropped to a 128 pc region. In this configuration, shell
formation occurs before SNRs begin to interact. Our nu-
merical method demonstrates convergent terminal radial
momentum across spatial resolutions, with discrepancies
within 20%.

isolates the particles routines, by averaging over 100 steps
with I/O disabled. The results are shown in Fig. 8; the
blue line shows the absolute update time per step, while
the orange line shows the ratio of the time spent updat-
ing particles to the time spent updating hydrodynamics.
Since in this test the numbers of particles and cells per
GPU are fixed, perfect weak scaling corresponds to a hor-
izontal line. We measure a weak scaling efficiency of 50%
from 2 to 1024 nodes for the particle code, but even at
the largest node count the particle update requires less
than 10% of the hydrodynamic update time. This good
scaling is achieved because the star-formation and feed-
back modules introduced in this work execute natively
on GPUs without GPU-CPU transfers of memory, and

QUOKKA Particle Update Scaling Test

0.04 . I ,
=—@®— particle
g particle / hydro
& 0.03| / —
:  u
3
v 0.02F
g
g 0.01F
0.00 = ; ! !
2 16 128 1024
]Vnodes
Fic. 8.—: Weak-scaling test of the particle update in

QUOKKA for a Milky Way-like disk galaxy simulation.
The left y axis shows the wall-clock time for the particle
update per coarse step, and the right y axis shows this
time expressed as a fraction of the hydrodynamic update
time, both as a function of the number of Frontier nodes.
We find 50% weak scaling efficiency from 2 to 1024 nodes.

because the particle module avoids all-to-all communica-
tion by restricting communication to the same nearest-
neighbour ghost-zone exchanges required by the hydro-
dynamic update.

5. SUMMARY

We present a new algorithm, particle-mesh-particle,
to provide a robust and efficient solution to the chal-
lenges inherent in particle-mesh and particle-particle in-
teractions on modern GPU architectures. By avoid-
ing expensive neighbour searches through the use of a
deposition-buffer mesh with ghost zones and using ef-
ficient space-filling communication of these zones, our
method achieves both high numerical accuracy and ex-
cellent performance. We provide implementations of two
types of particle-mesh interaction — sink particles and
SN feedback particles — built around this algorithm, and
show that these implementations pass multiple tests,
including accretion from a singular isothermal sphere,
Bondi and Bondi-Hoyle flows, and expansion of SNRs
driven by single and multiple SNe at a range of reso-
lutions. To our knowledge, this approach enables, for
the first time, simulations of star formation and stellar
feedback on massively parallel, GPU-based architectures.
The algorithm is also readily extensible to other feedback
processes, such as stellar winds and protostellar outflows,
and more generally to any linear or nonlinear particle-
particle or particle-mesh interactions.

Our particle-mesh-particle strategy represents a
paradigm shift by rethinking how particle contributions
are aggregated and updated on GPUs. It requires only
one extra communication per hydrodynamic step and
reuses the communication pattern of the hydrodynamic
update, which is already well-optimized for GPUs. We
demonstrate the computational efficiency of this ap-
proach through weak-scaling benchmarks on the Frontier
supercomputer using full-physics galaxy simulations with
adaptive mesh refinement, self-gravity, radiative cooling,
star formation, and supernova feedback. We find that
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the particle module demonstrates ~ 50% weak scaling
from 2 to 1024 nodes (8192 GPUs). This performance
demonstrates that our method scales comparably to pure
hydrodynamics and can run efficiently on thousands of
GPUs.

Despite these promising results, several limitations re-
main. First, the interaction distance is constrained by
the number of hydrodynamic ghost cells. For complex
stellar-feedback prescriptions that combine multiple feed-
back mechanisms (e.g., sink accretion, stellar wind, and
outflows), additional ghost cells may be required to main-
tain accuracy. While increasing the number of ghost cells
beyond what is required for the hydrodynamic solver can
improve the accuracy of particle feedback, it incurs addi-
tional memory and compute costs. Second, although we
have minimized inter-GPU communications to a single
ghost-zone synchronization per hydrodynamic step, this
constitutes an additional synchronization beyond that
needed for the hydrodynamic update. This ghost zone
update must be applied on levels that host particles and
across all domains, regardless of the number of particles,
and there is no obvious way to merge this synchroniza-
tion with that of the hydrodynamic solver.

Future work will focus on extending QUOKKA'’s particle

module to include additional feedback processes such as
stellar winds and protostellar outflows. GPU-optimized
methods for particle-particle-particle-mesh N-body cal-
culations will also be explored.
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APPENDIX
BITWISE-REPRODUCIBILITY

We define software as bitwise-reproducible if it has the
property that running it multiple times using the same
inputs (including seeds for any random number genera-
tors) on the same hardware (i.e., using the same number
and configuration of GPUs) is guaranteed to produce
outputs that are bit-by-bit identical. This property is
desirable for numerical software because it greatly aids
in debugging and correctness testing — for example, if
software is reproducible then we can verify that code
changes that should not affect the outcomes of particu-
lar tests indeed do not affect them by performing bitwise
differences between results produced before and after the
change. However, bitwise reproducibility is very difficult
to guarantee for GPU-based software, and strategies for
maintaining it are an active area of research in the com-
puter science community (e.g. Defour & Collange 2015;
Ahrens et al. 2020).

Bitwise-reproducibility is challenging on GPU due to
the interaction between the unpredictable order of execu-
tion of different GPU threads and the non-associativity
of floating point arithmetic. The latter property means
that, when we sum a list of floating point numbers, the
sum is not guaranteed to be bitwise-invariant under a
re-ordering of the list, while the former means that if the
sum is being computed by multiple GPU threads, or if
insertion of numbers into the list is carried out by mul-
tiple threads, we cannot guarantee that the list will be
summed in the same order every time the program is run.
This means that a naive program that runs reproducibil-
ity on a single CPU thread will not be reproducible when
run on GPU if it involves any summations of lists of float-
ing point numbers or analogous operations. The first two
steps of the algorithm described in Sec. 2.2 both involve
summations that, if not carried out carefully, would lead
to non-reproducibility. We limit this problem as follows.

Particle to buffer mesh

The first step in our algorithm is to sum the contribu-
tions AU, for all particles s to the buffer mesh, which
is exactly the type of list summation operation for which
a naive implementation will not be reproducible on GPU.
To improve reproducibility, we modify our deposition al-

gorithm as follows:
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1. In addition to creating a buffer to hold the amount
of conserved quantity we are depositing in each cell
AUE’;}f , we also create a second temporary buffer
E;j1 covering the same cells, which we will use to
accumulate an upper bound on the error due to
non-associativity.

2. When we update AUZT}f by depositing the contri-
bution from a given particle to it, we also update
the value of E for the corresponding cell by carry-
ing out the operations

AUM =AU + AU,

Eijk = Ez‘jk +e |AUZukf s
where ¢ is the machine precision. The amount we
are adding to E represents an upper limit on the
amount by which the sum could be changed by re-
ordering the additions.

3. After we have completed summing over all particles
s, we compute an upper bound on the relative error
in each cell as r;j; = Eijk/|AU';j”,f .

4. We then round AU‘Z?;‘,;C in every cell by setting the

least significant Ny bits of the floating point man-
tissa to zero, with Nyi; = 1ogy 11 + Nmantissa + M,
where Npantissa = 92 1s the number of bits in the
mantissa and the extra +M is a safety margin.

The choice of M requires some thought, and involves a
trade-off between reproducibility and accuracy. Naively
one might expect that choosing any M 2 1 would be
sufficient to ensure reproducibility, since in this case the
amount by which the results could differ between succes-
sive runs the program as a result of re-ordering of summa-
tions is much smaller than the amount by which we are
rounding. However, rounding involves mapping all the
bit values within a certain interval to a single value, and
there is always a chance that, when the code is run twice,
the result from the first run will be so close to the bound-
ary between rounding intervals that the small amount by
which the results differ in the second run pushes the sum
into a different rounding interval. The probability of this
happening is roughly the amount by which the results can
change between runs divided by the size of the rounding
interval, and thus the probability is p ~ 2=™. We can
therefore choose M large enough that, for a particular
application, it is very unlikely that a non-reproducible
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result will occur within a specified run duration. The
value of M required for this purpose depends on the typ-
ical number of cells in which there are contributions from
multiple particles and on the number of time steps for
which the simulation is expected to run. For example
the choice M = 28, which for cases where at most a
few particles contribute to each cell is roughly equivalent
to rounding the results from double precision to single
precision, is sufficient to make a non-reproducible result
improbable as long as the number of cell-advances dur-
ing which multiple particles deposit to the same cell is
< 10°. In future work we will also explore the option of
using superaccumulators, as suggested by Defour & Col-
lange (2015) and Collange et al. (2015), to guarantee full
bitwise-reproducibility for an arbitrary number of steps.

Summation of the buffer mesh

The second location in our algorithm where poten-
tial non-reproducibility arises is in the summation of the
buffer mesh, where we add the buffer meshes that con-
tain the contributions from all particles that can influ-
ence a given cell. As shown in Fig. 1, for most buffer cells
there are at most two contributions, and thus there is no

problem with associativity, but for cells that lie near the
corner (in 2D) or edge (in 3D) of a cubical domain, there
may be more than two buffers that contribute to that
cell, in which case the potential for non-reproducibility
appears.

To handle this problem we flag cells in the overlapping
region over which the sum is taking place to which more
than two different buffers contribute. We sum the ma-
jority cells with only two contributors immediately, and
for the remaining cells we accumulate the contributions
from all buffers in memory, sorting them based on the
(z,y, z) position of the contributing grid, and then sum
only once all the contributions have been transferred.
Since the ordering of the summation is then uniquely de-
termined and guaranteed to be the same every time the
program is run, the result is bitwise-reproducible.

This paper was built using the Open Journal of As-
trophysics IWTEX template. The OJA is a journal which
provides fast and easy peer review for new papers in the
astro-ph section of the arXiv, making the reviewing pro-
cess simpler for authors and referees alike. Learn more
at http://astro.theoj.org.
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