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ABSTRACT
The total luminosity and spectral shape of the non-thermal emission produced by cosmic rays depends on their interstellar
environment, a dependence that gives rise to correlations between galaxies’ bulk properties – star formation rate, stellar mass,
and others – and their non-thermal spectra. Understanding the physical mechanisms of cosmic ray transport, loss, and emission
is key to understanding these correlations. Here, in the first paper of the series, we present a new method to compute the non-
thermal spectra of star-forming galaxies, and describe an open-source software package – COsmic-ray, Neutrino, Gamma-ray
and Radio Non-Thermal Spectra (CONGRuENTS) – that implements it. As a crucial innovation, our method requires as input
only a galaxy’s effective radius, star formation rate, stellar mass, and redshift, all quantities that are readily available for large
samples of galaxies and do not require expensive, spatially resolved gas measurements. From these inputs we derive individual,
galaxy-by-galaxy models for the background gas and radiation field through which cosmic rays propagate, from which we
compute steady state cosmic ray spectra for hadronic and leptonic particles in both the galactic disc and halo by solving the full
kinetic equation. We invoke modern models for cosmic ray transport and include all significant emission and loss mechanisms.
In this paper we describe the model and validate it against non-thermal emission measured in nearby star-forming galaxies that
span four orders of magnitude in star formation rate.

Key words: cosmic rays – galaxies: ISM – gamma rays: ISM – neutrinos – radio continuum: ISM – radiation mechanisms:
non-thermal

1 INTRODUCTION

Star-formation is a prolific and often dominant source of cosmic
rays (CRs), non-thermal particles believed to be predominantly ac-
celerated in the shock waves of supernova remnants. This acceler-
ation process yields a particle distribution in the form of a power
law in particle momentum (Bell 1978; Blandford & Eichler 1987)
𝑑𝑁/𝑑𝑝 ∝ 𝑝−𝑞 , where 𝑞 is the injection index. Subsequent to es-
cape from their acceleration region, the generally energy-dependent
processes of cooling and transport through the interstellar medium
set in to shape the CR distribution. While at low energies ionisation
losses significantly dominate the overall loss rate for CR electrons and
positrons (hereafter, ‘electrons’), at higher energies inverse Compton
and synchrotron losses become the important cooling channels. At in-
termediate energies, bremsstrahlung and diffusive losses also become
competitive in some systems. For hadrons the picture is somewhat
simpler, with only two relevant competing loss mechanisms in the
form of hadronic collisions that form pions and diffusive escape; ion-
isation losses only become significant at proton energies below the
pion production threshold, and therefore below the energy at which
protons produce observable non-thermal emission. The transition
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between these loss regimes is imprinted in the steady-state cosmic
ray spectrum and affects the non-thermal spectra derived from such
a population.

Accurate modelling of these cooling mechanisms is challenging
because they depend not just on the energies of individual CRs, but
also on properties of the galactic environment. Relevant properties
include the interstellar and circumgalactic gas density and magnetic
field strength, and the intensity and spectral shape of the interstellar
radiation field (ISRF).

Given this complication, detailed models of the non-thermal spec-
tra of galaxies have tended to adopt one of two strategies. The first
is a ‘single zone’ approach whereby one approximates the galaxy as
a single, uniform medium (e.g., Akyuz et al. 1991; Sreekumar et al.
1994; Völk et al. 1996; Paglione et al. 1996; Romero & Torres 2003;
Torres et al. 2004; Domingo-Santamaría & Torres 2005; de Cea del
Pozo et al. 2009; Rephaeli et al. 2010). Lacki et al. (2010) pioneered
the use of this approach in the context of a systematic study of
non-thermal emission across the star-forming main sequence. While
conceptually simple, a disadvantage of this method is that it typically
relies on a large suite of observational inputs to characterise mean
environmental parameters, for example gas density and interstellar
radiation field strength, important to shaping the non-thermal radia-
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tion (e.g., Yoast-Hull et al. 2013, 2016; Wang & Fields 2018; Sudoh
et al. 2018; Peretti et al. 2019; Krumholz et al. 2020).
The second approach is detailed 3D models or numerical sim-

ulations that follow both the CRs and the gas through which they
move (e.g., Ackermann et al. 2012; Jóhannesson et al. 2016; Wer-
hahn et al. 2021a,b,c; Hopkins et al. 2022a). In principle this latter
approach should provide a higher level of accuracy than the sin-
gle zone technique. For sufficiently nearby systems, moreover, these
detailed predictions can be then be compared against observation.
However, the detailed, 3D modelling approach is not easily scal-
able, at least for now, given that 3D simulations are computation-
ally expensive, and that direct observations of the 3D structure of
the gas density, magnetic field strength, and ISRF are extraordinar-
ily difficult even in nearby galaxies, and completely inaccessible in
large samples of galaxies beyond the local Universe. This practical
consideration means that accurate models capable of predicting CR
emission in terms of data that are more accessible – for example,
star formation rates and total stellar masses – are key to understand-
ing the population-level connections between non-thermal emission
in different spectral bands and other galaxy properties, as embod-
ied in empirical relations such as the FIR-radio correlation (Condon
1992; Bell 2003; Brown et al. 2017), the FIR-𝛾 correlation (Ajello
et al. 2020; Kornecki et al. 2020), While there have been fruitful
theoretical attempts to address these large-scale correlations (e.g.,
Thompson et al. 2006; Lacki et al. 2010; Lacki & Thompson 2010;
Schober et al. 2016), these generally adopted simple models for the
background galaxy state that have a limited range of applicability.
Here, extending previous single zone approaches, we present a new
method to predict the broad-band, non-thermal spectra of individual
star-forming galaxies and calculate CR and non-thermal spectra self-
consistently. Our model takes careful account of recent advances
in the understanding of cosmic ray transport and makes use only
of galactic star formation rates, stellar masses, sizes, and redshifts.
These quantities are all readily accessible observationally, even at
moderate to high redshift. There are, moreover, samples of tens of
thousands of individual objects for which these quantities are readily
available (e.g., van derWel et al. 2012, 2014).We use these quantities
as inputs to a detailed and accurate treatment of all microphysical loss
processes. This allows us to predict the full CR proton and electron
distributions – both within a galactic disc and in its circumgalactic
halo – and the emission they produce.
A preliminary version of our computational methodwas verified in

(Roth et al. 2021)whereinwe demonstrated that star-forming galaxies
seem to explain the isotropic, diffuse 𝛾-ray flux observed from the
universe in theFermi-LAT band. In this paper, we verify our extended
method by direct comparison to a number of nearby star-forming
galaxies that have been observed from the radio to 𝛾-rays and whose
spectra do not appear to be significantly polluted by emission from
active galactic nuclei. We show that our model performs well over a
very wide range of absolute and specific star-formation rates (sSFR),
from Arp 220 (SFR ≈ 220M� yr−1, log sSFR/yr−1 ≈ −8.29) down
to M31 (SFR ≈ 0.26 M� yr−1, log sSFR/yr−1 ≈ −11.4). In the
second paper in this series (Roth et al., in prep.), we apply our model
to large galaxy catalogues in order to explain the origin of the various
population-level correlations mentioned above.
Our plan for the remainder of this paper is as follows. We first

discuss in Section 2 how we obtain the galaxy properties required
to calculate CR losses from easily observable data. We follow in
Section 3 with a description of our method for computing the steady-
state spectra for CR protons and electrons. In Section 4 we explain
how we compute non-thermal emission rates from the steady-state
spectra. We compare the results of our models to observations in

Section 5, and summarise and discuss future plans and prospects in
Section 6.

2 GALAXY PROPERTIES

We extend the model of Roth et al. (2021) to obtain a basic two zone
model for a galactic disc and halo. We take as input the stellar mass
𝑀∗, the star formation rate ¤𝑀∗, and the effective or half-light radius
𝑅e, supplemented by a redshift 𝑧. We purposefully limit ourselves to
this basic set of parameters as they can bemeasured for a large number
of galaxies out to high redshift. We model galaxies as plane-parallel
slabs consisting of a disc (Section 2.1) and a halo (Section 2.2), both
pervaded by an interstellar radiation field (ISRF; Section 2.3).

2.1 The disc

The first component in our model is a galactic disc, which we char-
acterise by midplane values of the number density of H nuclei 𝑛H,
ionisation fraction by mass 𝜒, gas velocity dispersion 𝜎g, gas scale
height ℎg, and magnetic field amplitude 𝐵; there is also an ISRF,
discussion of which we defer to Section 2.3. We derive these quan-
tities from our basic observables – 𝑀∗, ¤𝑀∗, and 𝑅e – using a mix of
empirical correlations and simple physical arguments.
The first step in our procedure is to derive the gas surface density

and velocity dispersion from two empirical correlations. For the first
of these we invert the Extended Schmidt Law obtained by Shi et al.
(2011).

Σg = 104.28
( ¤Σ∗
M�Myr−1 pc−2

) (
Σ∗

M� pc−2

)−0.48 M�
pc2

, (1)

where Σ∗ = 𝑀∗/2𝜋𝑅2e and ¤Σ∗ = ¤𝑀∗/2𝜋𝑅2e are the stellar mass and
star formation rate per unit area, respectively. For the second, we use
a linear fit to the correlation shown in Figure 7 of Yu et al. (2019),
which yields

𝜎g = 39.81
( ¤𝑀∗
M� yr−1

)0.2
km s−1. (2)

We next compute the gas scale height by assuming that the gas
is in hydrostatic equilibrium. This requires some care, because the
contribution of stars to the gravitational potential felt by the gas
depends on the ratio of gas and stellar scale heights. We therefore
adopt the approximation proposed by Forbes et al. (2012),

ℎg ≈
𝜎2g

𝜋𝐺
[
Σg +

(
𝜎g/𝜎∗

)
Σ∗

] (3)

where 𝐺 is the gravitational constant and 𝜎∗ is the stellar velocity
dispersion. If the gas and stars are well-mixed, as we expect to be
approximately the case in starburst and high-redshift galaxies where
the gas velocity dispersion is large, then we have 𝜎g/𝜎∗ ∼ 1, but
if the stellar scale height is much larger than the gas scale height,
as is the case for most gas-poor, low velocity dispersion modern
galaxies, 𝜎∗ is expected to be much larger than 𝜎g and hence the
contribution of Σ∗ to maintaining the equilibrium is likewise much
smaller, since any parcel of gas is confined only by the gravity of stars
closer to the midplane than it (i.e. 𝜎g/𝜎∗ � 1). We take our values
of 𝜎∗ from the empirical correlation obtained by Bezanson et al.
(2012),who derive an inferred (stellar) velocity dispersion of the form
𝜎∗ =

√︁
𝐺𝑀∗/[0.557𝐾a (𝑛) 𝑅e], where 𝐾a (𝑛) = 73.32/[10.465 +

(𝑛 − 0.94)2] + 0.954 is a virial constant (Bertin et al. 2002) that
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depends on the Sérsic index 𝑛. We set 𝑛 = 1 as appropriate for spiral
galaxies.
Once we have determined the scale height, we compute the ISM

hydrogen number density as

𝑛H =
Σg

2`H𝑚Hℎg
(4)

where `H = 1.4 is the mean mass per hydrogen nucleus in units of
the hydrogen mass 𝑚H for the usual cosmic mix of 74% H, 25%
He by mass. We assume that the ionisation fraction by mass in
this gas is 𝜒 = 10−4; this value is expected in rapidly star-forming
galaxies based on astrochemical modelling (Krumholz et al. 2020),
and is also intermediate between the ionisation fractions ≈ 10−2 and
≈ 10−6 found in the atomic and molecular phases of more slowly
star-forming galaxies like the Milky Way. We do not attempt a more
accurate estimate of 𝜒 because Roth et al. (2021) show that its effects
are minimal.
Finally, we also estimate the magnetic field strength following

Roth et al. (2021), who note that dynamo processes tend to force
magnetic field strengths in galaxies to lie in a fairly narrow range
of Alfvén Mach number M𝐴 (also see the discussion in Beattie
et al. 2022). For CONGRuENTS we adopt a fiducial valueM𝐴 = 2.
Assuming equipartition between turbulent modes on large scales (see
simulations by e.g. Federrath 2016), the velocity dispersion in Alfvén
modes is M𝐴𝑣𝐴 = 𝜎g/

√
2 as adopted by Krumholz et al. (2020),

where 𝑣𝐴 = 𝐵/
√︁
4𝜋𝑛H`H𝑚H is the Alfvén speed, and therefore

𝐵 = 3.84M−1
𝐴

(
𝜎g

10 km s−1

) (
𝑛H
1 cm−3

)1/2
`G. (5)

This completes specification of all the midplane quantities in the
disc.

2.2 The halo

The second environment treated in our model is a low-density halo
that exists outside the disc; this component is required because, while
losses from cosmic ray protons occur primarily in the disc (simply
because the disc dominates the total gas mass and thus the set of
available targets for hadronic interactions), electron losses can also
be driven by magnetic and radiation fields present in regions of very
low matter density. Indeed, observations of edge-on galaxies show
that synchrotron emission has a substantially larger scale height than
gas (Krause et al. 2018). On the other hand, the scale heights of
synchrotron emission are still significantly smaller than galactic scale
lengths, and thus it is reasonable to continue to use a plane-parallel
geometry even in the halo.
We set the density of gas in the halo to 10−3 of the disc value,

and the scale height of the halo to 50ℎ𝑔. In practice, both these
choices make almost no difference to the final result, as we now ex-
plain: Our choice of density is motivated by simulations by Wibking
& Krumholz (2021). For any reasonable choice of density in the
halo away from the inner disc, however, losses due to collisional
interactions with matter (hadronic interactions, bremsstrahlung, and
ionisation or Compton losses) are only relevant at the very low-
est energies where they have negligible impact on the non-thermal
emission. Similarly, we adopt a scale height because one is required
in our numerical method (see below), but our choice is essentially
a placeholder, as the scale height matters only for diffusive losses,
which are always negligible for CR electrons in the halo.We therefore
only require a value of ℎ𝑔 large enough to guarantee this condition.
We emphasise that these obviously oversimplified choices are justi-
fied only because we are interested only in the integrated non-thermal

emission, not in actually computing the spatial distribution of emis-
sion; doing would require a more detailed model that accounts for
the decay of the matter density with height. However, as we will
discuss now, we are essentially only interested in the balancing of
synchrotron (approximately ∝ 𝑢mag) and inverse Compton losses
(approximately ∝ 𝑢rad), which are the dominant loss processes that
produce non-thermal emission.
We set the halo magnetic field amplitude to one third the disc

value, 𝐵/3, based on simulations (Wibking & Krumholz 2021) for
vigorously star-forming systems. For more quiescent systems we set
it to 𝐵/1.5 based on observational results that show the decay of
the magnetic field amplitude to be less pronounced in weakly star-
forming galaxies (Mora & Krause 2013; Mulcahy et al. 2018); we
place the cut between these two regimes at a specific star-formation
rate of log(sSFR/yr−1) = −10. We also adopt a plane parallel ap-
proximation whereby the ISRF in the halo (Section 2.3) is the same
as that in the plane. Note that, under our assumption that collisional
losses and diffusive escape are unimportant, these choices for the
halo matter only to the extent that they specify what fraction of halo
losses will be into synchrotron versus inverse Compton radiation,
and thus the balance between halo radio and 𝛾-ray emission.

2.3 Interstellar radiation field

Both the electron energy loss rate and the spectrum of photons emit-
ted in the inverse Compton process depend on the spectrum of the
ISRF that provides the target photons for the scattering interactions.
While some authors approximate the spectrum as monochromatic
(e.g., Peretti et al. 2019) or single-component (e.g., Yoast-Hull et al.
2013) for this purpose, this approach cannot be applied over a broad
range of galaxy properties, and adopting it may hide important fea-
tures in the derived inverse Compton spectrum. In particular, the
ISRF energy density in dust-poor galaxies is dominated by a direct
starlight component with an effective temperature of thousands of K,
while in dust-rich starbursts it is dominated by an infrared component
with an effective temperature of tens of K. This shift in the peak fre-
quency of the ISRF has important consequences for the frequencies
at which inverse Compton emission from these galaxies emerges,
and, thanks to the energy-dependence of the inverse Compton loss
rate in the Klein-Nishina regime, the partition of electron losses be-
tween synchrotron and inverse Compton channels. We thus use a
more realistic model for the ISRF that is individually determined for
each galaxy. Our model consists of six components: a black body
spectrum for the cosmic microwave background at a temperature of
𝑇CMB = (1+𝑧) 2.725 K, a dilute modified black body for far-infrared
dust emission, and three dilute black bodies at 3000 K, 4000 K and
7500 K plus a broken power law model for the FUV radiation with
the shape given by Mathis et al. (1983, see also Draine 2011) to
represent the starlight field. The photon number density distribution
for the black body components has the usual functional form

𝑑𝑛ph
𝑑𝐸ph

����
BB,𝑇

=
8𝜋𝐸2ph
(ℎ𝑐)3

1

exp
(
𝐸ph/𝑘B𝑇

)
− 1

, (6)

where 𝑇 is the black body temperature, ℎ the Planck constant, 𝑘B the
Boltzmann constant, and 𝑐 the speed of light, while for the modified
black body we use the functional form proposed by Yun & Carilli
(2002) and Persic et al. (2008),

𝑑𝑛ph
𝑑𝐸ph

����
modBB,𝑇

=

(
𝐸ph
𝐸0

)
𝑑𝑛ph
𝑑𝐸ph

����
BB,𝑇

, (7)
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where 𝐸0/ℎ = 2000 GHz. We set the temperature 𝑇 of the modified
black body using the empirical scaling relation for dust effective
temperature obtained by Magnelli et al. (2014),

𝑇dust =

[
98 (1 + 𝑧)−0.065 + 6.9 log10

( ¤𝑀∗
𝑀∗
yr

)]
K . (8)

Thus our total expression for the ISRF photon number density takes
the form
𝑑𝑛ph
𝑑𝐸ph

=
𝑑𝑛ph
𝑑𝐸ph

����
BB,𝑇CMB

+ 𝐶dil,dust
𝑑𝑛ph
𝑑𝐸ph

����
modBB,𝑇dust

+

𝐶dil,3K
𝑑𝑛ph
𝑑𝐸ph

����
BB,3000K

+ 𝐶dil,4K
𝑑𝑛ph
𝑑𝐸ph

����
BB,4000K

+

𝐶dil,7.5K
𝑑𝑛ph
𝑑𝐸ph

����
BB,7500K

+ 𝐶dil,FUV
𝑑𝑛ph
𝑑𝐸ph

����
FUV

, (9)

where the factors 𝐶dil are the dilution factors of the various compo-
nents, and 𝑑𝑛ph/𝑑𝐸ph |FUV is the photon number density distribution
corresponding to the energy distribution given by equation 12.7 of
Draine (2011). To obtain the dilution factors, we associate each term
in equation 9 with a particular source of radiant luminosity 𝐿 for the
galaxy. If we assume that this radiates from the mid-plane over a re-
gion of effective radius 𝑅e, we then have 𝐶dil = 𝐿/𝑢rad2𝜋𝑅2e𝑐. Here
𝑢rad is the radiation energy density corresponding to the undiluted
field, which is 𝑢rad,BB = 𝑎rad𝑇

4 for the black body, where 𝑎rad is the
radiation constant, and

𝑢rad,modBB = 24.89
8𝜋

(ℎ𝑐)3
(𝑘B𝑇)5
𝐸0

(10)

for the modified black body. Thus our final step is to associate a
luminosity to each component, and express that luminosity in terms
of our input quantities, 𝑀∗ and ¤𝑀∗.
To obtain the luminosities for each spectral component we follow

the approach ofDustPedia (Nersesian et al. 2019) by dividing galactic
luminosities into four components: light from old (age & 200 Myr)
and young stars, each of which contains a part that is absorbed by
dust and a part that is unattenuated and thus can be observed directly;
we refer to these components as 𝐿abs,young, 𝐿abs,old, 𝐿obs,young, and
𝐿obs,old, respectively.
We assume that the 3000 and 4000 K dilute black bodies are

powered by the unattenuated old stellar population 𝐿obs,old, with
𝐿3000K = 0.57𝐿obs,old and 𝐿4000K = 0.43𝐿obs,old; the factors of
0.57 and 0.43 are set to be equal to the ratio of these two components
in the fit provided by Draine (2011) for the Mikly Way’s ISRF.
Similarly, we assume that the 7500 K dilute black body and the FUV
field are supplied by the unattenuated young stars, 𝐿obs,young, with
𝐿7500K = 0.76𝐿obs,young and 𝐿FUV = 0.24𝐿obs,young; again, the
numerical factors are the same as those provided by Draine for the
Milky Way. Finally, the dust emission consists of the portion of the
(old and young) luminosity that is absorbed and subsequently re-
emitted in the FIR by dust grains, i.e. 𝐿dust = 𝐿abs,tot = 𝐿abs,old +
𝐿abs,young. To obtain the various luminosities in terms of 𝑀∗ and
¤𝑀∗, we perform simple power law fits to the DustPedia data set
(Nersesian et al. 2019), which provides estimates of each luminosity
component derived by fitting the observed optical plus IR spectral
energy distributions using the CIGALE code (Boquien et al. 2019);
we exclude elliptical and lenticular (S0) galaxies from our sample,
leaving spiral and irregular galaxies to obtain our relations. For the
FIR emission (which we fit using the sum of the old and young
absorbed components), we find a best fit

𝐿abs,tot

109 L�
= 5.13

( ¤𝑀∗
M� yr−1

)1.10
. (11)
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Figure 1. Total dust-absorbed luminosities estimated for spiral and irregular
galaxies in DustPedia (blue and green points; Nersesian et al. 2019), together
with our power law fit (red line; equation 11).
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Figure 2. Observed luminosity of the old stellar population in spiral and
irregular galaxies in DustPedia (blue and green points; Nersesian et al. 2019),
together with our power law fit (red line; equation 12).

We show this fit together with the data in Figure 1. For the unattenu-
ated old stellar population, our fit is

𝐿obs,old

109 L�
= 1.48

(
𝑀∗

109M�

)0.85
, (12)

and we show the fit and data together in Figure 2. Finally, for the
young component, we observe that the data are better fit by a two-
component power law than a single one, with the low-luminosity
portion of the power law likely representing galaxies with so little
dust content that absorption is negligible. Our fit for this quantity is

𝐿obs,young

109 L�
=


1.02

( ¤𝑀∗
M�yr−1

)0.797
, if log

( ¤𝑀∗
M� yr−1

)
> −2.6

2.30
( ¤𝑀∗
M�yr−1

)0.987
, otherwise.

(13)

We show the fit and data in Figure 3.
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Figure 3. Observed luminosity of the young stellar population in spiral and
irregular galaxies in DustPedia (blue and green points; Nersesian et al. 2019),
together with our broken power law fit (solid red line; equation 13). The
break accounts for the saturation of 𝐿obs,young to a maximum possible value
in quiescent, dust-poor systems where none of the starlight is absorbed by
dust; the dashed red line illustrates this upper envelope, and is obtained simply
by extending our fit for log( ¤𝑀∗/M� yr−1) < −2.6 to higher SFR.

3 CR SPECTRA

Now that we have specified our model for the background galaxy, the
next step in CONGRuENTS is to calculate steady-state CR spectra
by balancing CR injection and loss. We describe our treatment of CR
injection in Section 3.1, our method for calculating proton spectra in
Section 3.2, and our method for electron spectra in Section 3.3.

3.1 CR injection

Our treatment of CR injection follows the approach described in
Roth et al. (2021). We refer readers to that paper for full details, but
to summarise here, we assume that a fraction of the kinetic energy
injected into the interstellar medium by supernovae is ultimately
deposited in non-thermal particles in a process of diffusive shock
acceleration, yielding a particle distribution in the form of a power
law in particle momentum 𝑑 ¤𝑁CR/𝑑𝑝 ∝ 𝑝−𝑞 , where 𝑞 is the injection
index. Test particle analytical calculations for this process yield a
spectrum with 𝑞 = 2.0, whereas observational results suggest a CR
injection index between ≈ 2.1 to ≈ 2.5. We adopt 𝑞 = 2.2 as our
fiducial choice (Caprioli 2011, 2012).We normalise the injection rate
by assuming that 10% of supernova kinetic energy is deposited in CR
protons, equivalent to 1050 erg per SN (Woosley & Weaver 1995;
Dermer & Powale 2013), ignoring the smaller fraction of heavier
ions, and a further 2% (1×1049 erg) in primary cosmic ray electrons
(Lacki et al. 2010). Under these assumptions, Roth et al. (2021) shows
that the particle injection rate per unit energy is

𝑑 ¤𝑁CR
𝑑𝐸CR

= Φ ¤𝑀∗

(
𝑝

𝑝0

)−𝑞
𝑑𝑝

𝑑𝐸CR
e−𝐸CR/𝐸cut (14)

For cosmic ray protons, the normalisation Φ = 6.22 ×
1042 s−1 GeV−1M−1

� yr with 𝑝0 = 1 GeV/𝑐, and we adopt a cutoff
energy 𝐸cut = 100 PeV; only the ultra-high energy neutrino spec-
trum is sensitive to 𝐸cut, due to the effects of 𝛾𝛾 opacity on 𝛾-rays of
similar energy (Roth et al. 2021). For cosmic ray electrons, we have

Φ = 2.98×1034 s−1 GeV−1M−1
� yrwith 𝑝0 = 1 MeV/𝑐, and a lower

cutoff energy 𝐸cut = 100 TeV.

3.2 Cosmic ray protons

Loss processes for CR electrons are varied and strongly dependent
on the galactic environment. On the other hand, as discussed in more
detail in the following sections, CR protons predominantly suffer two
fates: a) they survive long enough to diffusively escape into the halo,
where loss times become of order the Hubble time or longer, or b)
they suffer hadronic collisions and lose energy by producing mesons.
Other loss mechanisms are insignificant for CRs with energies above
the pion production threshold, which are the only protons of interest
here, since only they produce observable non-thermal emission. To
determine the fraction of cosmic ray protons that lose their energy in
these hadronic collisions rather than escaping, we adopt the model
for CR transport proposed by Krumholz et al. (2020). We choose
this model because it is physically-motivated rather than purely phe-
nomenological, and has been shown to provide good predictions for
the 𝛾-ray spectral shapes of nearby starburst galaxies (Krumholz
et al. 2020) and of the integrated cosmological gamma-ray back-
ground (Roth et al. 2021). However, we caution that no CR transport
model to date successfully reproduces all the CR phenomenology of
the Milky Way – see Kempski & Quataert (2022) and Hopkins et al.
(2022b) for more discussion.
The Krumholz et al. (2020) model suggests that within the

predominantly-neutral disc of the galaxy, CR transport is governed
by the balance of the growth rate of the streaming instability excited
by cosmic rays and ion-neutral damping. This leads to diffusion by
streaming along magnetic field lines and field line random walk pro-
cesses, which can be approximated, at sufficiently large scales, by an
energy dependent diffusion coefficient in the form of

𝐷
(
𝐸p

)
≈ 𝑉st

ℎg

M3
A
, (15)

where the streaming velocity 𝑉st is given by1

𝑉st ≈ min
𝑐,𝑉Ai ©«1 +

𝛾𝑑 𝜒 MA 𝑐 `
3/2
H 𝑚

3/2
H 𝑛

3/2
H

4 𝜋1/2 𝐶 𝑒 𝑢LA `i 𝛾−𝑞+1
ª®¬
 . (16)

Here, 𝑉Ai is the ion Alfvén speed given by 𝑉Ai = 𝑢LA/
(
𝜒1/2MA

)
,

𝑢LA = 𝜎g/
√
2 is the velocity dispersion in Alfvén modes at the outer

scale of the turbulence, 𝛾𝑑 = 4.9 × 1013 cm3g−1 is the ion-neutral
drag coefficient, 𝐶 is the cosmic ray proton number density in the
midplane, `i is the atomic mass of the dominant ion species (here
C+, so `i = 12), 𝑒 is the elementary charge and 𝛾 = 𝐸p/𝑚p𝑐2 is the
proton Lorentz factor. The energy dependent calorimetry fraction
𝑓cal

(
𝐸p

)
, which is the fraction of cosmic rays that lose their energy

in hadronic collisions, in a disc geometry can bewritten as (Krumholz
et al. 2020)

𝑓cal
(
𝐸p

)
= 1 −

[
0𝐹1

(
1
5
,
16
25
𝜏eff

)
+ 3 𝜏eff
4M3

A
0𝐹1

(
9
5
,
16
25
𝜏eff

)]−1
,

(17)

1 The halo gas is fully ionised, hence damping by ion neutral damping is
not applicable. However, the value of the diffusion coefficient in the halo is
unimportant, since diffusive escape is subdominant at all energies and entirely
negligible at high energies.
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where 0𝐹1 is the generalised hypergeometric function and 𝜏eff the
dimensionless effective optical depth of the ISM, in turn, is given by

𝜏eff =
𝜎pp [pp Σg ℎg 𝑐

2 𝐷 `p 𝑚H
, (18)

where 𝜎pp = 40mbarn is the mean inelastic cross-section for proton-
proton collisions, [pp = 0.5 is the elasticity of proton-proton colli-
sions and `p = 1.17 is the number density of nucleons per proton.
For a more detailed description we direct the reader to Krumholz
et al. (2020) and to Roth et al. (2021) for the implementation used
to compute the results presented here. The steady state spectrum for
protons within the disc can be obtained approximately by taking

𝑞p = 𝜏loss
𝑑 ¤𝑁p
𝑑𝐸p

, (19)

where 1/𝜏loss = 1/𝜏col + 1/𝜏diff with 𝜏col = 𝑛H𝜎pp[pp𝑐 and 𝜏diff =

ℎ2g/𝐷. We use this to to obtain 𝐶 by integrating 𝑞p over all energies,
using the midplane diffusion coefficient 𝐷0 = 𝑉Aiℎg/M3

A
2.

The relationship between calorimetry fraction and surface gas
density has been studied previously by a number of authors (e.g.,
Thompson et al. 2007), and it is therefore interesting to see how our
prescription compares to theirs. This is not entirely trivial since in
ourmodel 𝑓cal depends indirectly on galaxy properties such as ℎg and
𝜎g (through the diffusion coefficient 𝐷) as well as Σg, so the 𝑓cal−Σg
relationship is not one-to-one as it was in some earlier models. We
can nonetheless get a sense of the relationship by evaluating both Σg
and 𝑓cal for the sample of galaxies we analyse below (see Section 5).
We show this relationship for low 𝐸p (i.e., 𝐸p small enough that
𝑉st ≈ 𝑉Ai in Figure 4. We see that, while the relationship is not
one-to-one, there is nevertheless a very strong correlation between
𝑓cal and Σg, which is similar to that obtained by earlier authors, i.e.,
normal star-forming galaxies like the M31, M33, and the Magellanic
Clouds are typically ≈ 10% calorimetric, while the most extreme
starbursts such as Arp 220 approach full calorimetry. A detailed
discussion of proton calorimetry and results for some of the systems
we investigate here can be found in Lacki et al. (2011), summarised
in Figure 2 of that paper.

3.3 Cosmic ray electrons

We next describe our method for computing steady-state CR electron
spectra, beginning with the overall framework (Section 3.3.1) and
then describing our implementation of the various source and loss
processes to which electrons are subject (Section 3.3.2).

3.3.1 Solution method

To obtain the steady-state spectra for the cosmic ray electron com-
ponents (primary and secondary) in the disc and the halo, 𝑞e =

2 Note that it is a reasonable approximation to adopt 𝑉st = 𝑉Ai across
all energies in calculating 𝐶 because, for physically-plausible CR spectra,
the number density of CRs in the midplane is vastly dominated by CRs at
lower energies where this assumption is true. CONGRuENTS reports the
approximate steady spectrum as part of its output. However, we compute
the 𝛾-ray spectrum directly from the injection spectrum in combination with
the calorimetry fraction, as described in Section 4. The steady state proton
spectrum is not used in any further calculations. Nor do we require a solution
for the protons in the halo, since we assume that CR protons in the halo do not
produce any significant number of 𝛾-rays due to the very low matter density.

1 2 3 4
log ( g/[M pc 2])
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Figure 4. Sample galaxies in the Σg - 𝑓cal plane, where 𝑓cal is taken at the low
energy limit. The starred galaxies are the ‘corrected’ versions as discussed in
Section 5.2

𝑑𝑁e/𝑑𝐸e, we solve the kinetic equation

𝜕𝑞e (𝐸, 𝑡)
𝜕𝑡

= 𝐷∇2𝑞e (𝐸, 𝑡) +𝑄(𝐸, 𝑡) − 𝜕

𝜕𝐸

( ¤𝐸𝑞e (𝐸, 𝑡)) (20)

− 𝑞e (𝐸, 𝑡)
∫ 𝐸

𝑚e𝑐2

𝑑Γ

𝑑𝑘
(𝐸) 𝑑𝑘 +

∫ ∞

𝐸
𝑞e (𝑘, 𝑡)

𝑑Γ

𝑑𝐸
(𝑘) 𝑑𝑘

The terms appearing on the right hand side here are, from first to last,
the rate of electron diffusion in space (characterised by a spatially-
independent diffusion coefficient 𝐷), the rate per unit time per unit
energy at which sources inject CR electrons 𝑄, the rate of electron
transport in energy by continuous processes (where ¤𝐸 is the rate of
continuous energy loss), the rate per unit energy at which catastrophic
processes cause electrons to jump from energy 𝐸 to a lower energy
(where 𝑑Γ/𝑑𝑘 (𝐸) is the differential transition rate from initial energy
𝐸 to final energies in the range 𝑘 to 𝑘 + 𝑑𝑘), and the rate at which
catastrophic processes cause electrons to jump from some higher
energy down to energy 𝐸 . We discuss the terms that contribute to 𝑄,
¤𝐸 , and 𝑑Γ/𝑑𝑘 below.
Our goal is to find a steady-state solution, one for which the left-

hand side is zero. As in the rest of our model, we divide the problem
into a disc region and a halo region, and we solve the equation
separately in each. We assume that the diffusion coefficient 𝐷 is the
same for electrons as for protons of equal rigidity, andwe approximate
the diffusion term 𝐷∇2𝑞e (𝐸, 𝑡) as constant across the disc so that
it can be written as 𝐷∇2𝑞e = 𝑞e𝐷/ℎ2g. With this approximation, to
obtain the final equation we must solve,

0 =
𝜕

𝜕𝐸

( ¤𝐸𝑞e) + 𝑞e 𝐷
ℎ2g

+𝑄 (21)

+ 𝑞e
∫ 𝐸

𝑚e𝑐2

𝑑Γ

𝑑𝑘
(𝐸) 𝑑𝑘 −

∫ ∞

𝐸
𝑞e (𝑘)

𝑑Γ

𝑑𝐸
(𝑘) 𝑑𝑘,

where for brevity we have omitted the explicit dependence of 𝑞e,
¤𝐸 , 𝐷 and 𝑄 on energy 𝐸 . Solving equation 21 requires some care,
because it is an integro-differential equation: the final term involves
an integral of 𝑞e over all energies from 𝐸 to infinity. We describe our
solution algorithm in Appendix A.
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3.3.2 Source and loss processes for cosmic ray electrons

We next describe each of the processes and terms that contribute to
𝑄, ¤𝐸 , and 𝑑Γ/𝑑𝐸f in equation 21.

3.3.2.1 Electron sources In the disc, the source term 𝑄 contains
two contributions:𝑄1, representing primary electrons directly accel-
erated by SNe, and 𝑄2, representing secondary electrons produced
when primary protons produce charged pions, which subsequently
decay. We neglect the contribution from tertiary electrons produced
in 𝛾𝛾 pair-production within the galaxy, since these are significantly
subdominant compared to primaries and secondaries (Peretti et al.
2019). For primary electrons, we have 𝑄1 = 𝑑 ¤𝑁CR/𝑑𝐸CR from
equation 14 evaluated using the values ofΦ and 𝐸cut appropriate for
electrons. For secondary electrons, we adopt the spectrum of pions
from Kelner et al. (2006, 2009), giving

𝑑 ¤𝑁𝜋

𝑑𝐸𝜋
=
𝑛H 𝑐

𝐾𝜋
𝛽 𝜎pp (𝐸p)

𝑑 ¤𝑁p
𝑑𝐸p

𝑓cal
(
𝐸p

)
, (22)

and then compute the resulting electron injection spectrum as

𝑄2 =
𝑑 ¤𝑁e
𝑑𝐸e

=

∫ 1

𝐸e/𝐸𝜋

𝑓 (𝑥) 𝑑
¤𝑁𝜋

𝑑𝐸𝜋

(
𝐸e
𝑥

)
𝑑𝑥

𝑥
. (23)

Here 𝑑 ¤𝑁p/𝑑𝐸𝑝 and 𝑓cal (𝐸p) are the CR proton injection rate
and calorimetry fraction evaluated as described in Section 3.2,
𝑥 = 𝐸𝑒/𝐸𝜋 (so 𝑑 ¤𝑁𝜋/𝑑𝐸𝜋 is evaluated at pion energy 𝐸𝜋 = 𝐸𝑒/𝑥),
and 𝑓 (𝑥) = 2 𝑓

a
(2)
`
is the fitting function for secondary electron injec-

tion taken from Kelner et al. (2006, 2009). Thus our total injection
rate in the disc is 𝑄disc = 𝑄1 +𝑄2. By contrast, in the halo we have
no local sources of CR electrons; instead, the only source is electrons
diffusing out of the disc. The rate at which this process provides elec-
trons simply follows from our adopted form of the diffusion term,

𝑄halo =
𝐷

ℎ2g
𝑞e,disc, (24)

where 𝑞e,disc is the solution we obtain for equation 21 in the disc.

3.3.2.2 Continuous losses: synchrotron emission and ionisation.
The term ¤𝐸 in equation 21 represents continuous losses – thosewhere
the change in electron energy per interaction is small enough that
it can be approximated as infinitesimal. The two loss mechanisms
to which this approximation applies are synchrotron emission and
ionisation / Coulomb losses. For the former, we adopt the standard
expression from Blumenthal & Gould (1970),

¤𝐸sync = −4
3
𝜎T𝑐

(
𝐸e𝛽

𝑚e𝑐2

)2
𝐵2

8𝜋
(25)

where 𝜎T is the Thomson cross section and 𝛽 the reduced velocity of
the electron. For the latter, we adopt the model by Schlickeiser (2002)
for an ISM composed of 91% H and 9% He by number with average
electronic excitation energies Δ𝐸H = 15 eV and Δ𝐸He = 41.5 eV.
For the disc, which is predominantly neutral, we have

¤𝐸ion = − 9
4
𝑐𝜎T𝑚e𝑐

2𝑛H`ISM

[
ln

(
𝐸e
𝑚e𝑐2

)
+ 0.912

3
ln

(
𝑚e𝑐2

Δ𝐸H

)
+ 0.094

3
ln

(
𝑚e𝑐2

Δ𝐸He

)]
,

(26)

where `ISM is the ratio of the total to the hydrogen number density
of ISM constituents and 𝑛H is the midplane density of H nuclei. For

the halo, where the gas is ionised and Coulomb losses dominate, we
have instead

¤𝐸Coul = −3
4
𝑐𝜎T𝑚e𝑐

2𝑛H`ISM

[
ln

(
𝐸e
𝑚e𝑐2

)
+ 2 ln

(
𝑚e𝑐2

ℎap

)]
, (27)

where ap = 𝑒
√︁
𝑛H`ISM/𝜋𝑚e is the plasma frequency. Thus our

final continuous loss rates are ¤𝐸 = ¤𝐸sync + ¤𝐸ion in the disc, and
¤𝐸 = ¤𝐸sync + ¤𝐸Coul in the halo.

3.3.2.3 Catastrophic losses: inverse Compton and
bremsstrahlung. Our terms 𝑑Γ/𝑑𝐸f in equation 21 repre-
sent processes that can cause large jumps in the electron energy.
The two processes of this type that we include are inverse Compton
scattering and bremsstrahlung. For the latter, if we ignore recoil of
the nucleus, the final electron energy 𝑘 and initial electron energy 𝐸
are related by 𝑘 = 𝐸 − 𝐸𝛾 , where 𝐸𝛾 is the energy of the emitted
photon. We therefore have

𝑑Γ

𝑑𝑘
(𝐸) =

𝑑 ¤𝑁𝛾

𝑑𝐸𝛾

�����
𝐸𝛾=𝐸−𝑘

, (28)

where 𝑑 ¤𝑁𝛾/𝑑𝐸𝛾 is the rate per unit time per unit photon energy at
which photons are emitted, evaluated at photon energy 𝐸𝛾 = 𝐸 − 𝑘 .
We compute the distribution of photon energies from the differential
cross section given by Blumenthal & Gould (1970)

𝑑𝜎bs
𝑑𝐸𝛾

=
3
8𝜋
𝜎T𝛼𝐸

−1
𝛾

{[
1 +

(
1 −

𝐸𝛾

𝐸i

)2]
Φ1 −

2
3

(
1 −

𝐸𝛾

𝐸i

)
Φ2

}
,

(29)

where 𝛼 is the fine structure constant and the functionsΦ1 andΦ2 for
hydrogen in the shielded regime are given in Table II in Blumenthal
& Gould (1970). For an ISM that is mostly in the form of atomic
hydrogen the shielded regime is the appropriate choice. Thus our final
expression for the photon production rate (and thus the catastrophic
loss rate) due to bremsstrahlung is

𝑑 ¤𝑁𝛾

𝑑𝐸𝛾
= 𝑐𝑛H

𝑑𝜎bs
𝑑𝐸𝛾

(30)

where 𝑛H is the hydrogen number density of the medium through
which the CRs propagate. In principle we should use the unshielded
bremsstrahlung cross section in place of equation 29 in the halo, since
the gas is fully ionised, but in practice the halo density is so low that
bremsstrahlung is unimportant compared to synchrotron and inverse
Compton losses, and thus we do not bother to make this correction.
For inverse Compton scattering the relationship between 𝐸i, 𝐸f ,

and 𝐸𝛾 is somewhat more complex, since the initial photon that is
upscattered by the electron also carries a non-zero energy 𝐸ph that
cannot be neglected because, in the Thomson limit, weak scattering
events for which 𝐸𝛾/𝐸ph − 1 � 1 contribute significantly to the
total energy loss rate. By conservation of energy we have 𝐸i + 𝐸ph =
𝐸f +𝐸𝛾 . Consider CR electrons of energy 𝐸i scattering photons with
energies in the range 𝐸ph to 𝐸ph + 𝑑𝐸ph, and let 𝑑𝑛ph be the number
density of such photons. In this case we can write the rate per unit
time per unit energy at which electrons are scattered to energy 𝐸f as

𝑑Γ

𝑑𝑘
(𝐸) = 𝑑𝑛ph

𝑑 ¤𝑁𝛾

𝑑𝐸𝛾

�����
𝐸,𝐸ph ,𝐸𝛾=𝐸+𝐸ph−𝑘

, (31)

where the term on the right hand side is the rate per unit time per unit
scattered photon energy that an electron of energy 𝐸 scatters photons
of initial energy 𝐸ph to final photon energy 𝐸𝛾 = 𝐸 +𝐸ph − 𝑘 . For an
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isotropic field of photons to be scattered, we can write this scattering
rate as (Jones 1968; Blumenthal & Gould 1970):

𝑑 ¤𝑁𝛾

𝑑𝐸𝛾
=
3
4
𝜎T𝑐

𝑚2e𝑐
4

𝐸2i 𝐸ph
𝐺 (𝑞, Γe) , (32)

where 𝑞 = 𝐸𝛾/Γe
(
𝐸i − 𝐸𝛾

)
and Γe = 4𝐸ph𝐸i/𝑚2e𝑐4. The function

𝐺 (𝑞, Γe) encodes the Klein-Nishina cross-section and is given as

𝐺 (𝑞, Γe) = 2𝑞 ln 𝑞 (1 + 2𝑞) (1 − 𝑞) +
1
2
(Γe𝑞)2
1 + Γe𝑞

(1 − 𝑞) . (33)

To evaluate the total catastrophic transition rate that appears on the
left hand side of equation 31, we must integrate over the distribution
of photon energy 𝑑𝑛ph/𝑑𝐸ph present in the ISRF being scattered,
evaluating the cross section at photon energy 𝐸𝛾 such that the final
electron energy 𝑘 is held constant. Doing so gives

𝑑Γ

𝑑𝑘
(𝐸) = 3

4
𝜎T𝑐

𝑚2𝑒𝑐
4

𝐸2
× (34)∫ 𝐸ph,max

𝐸ph,min

𝑑𝑛ph
𝑑𝐸ph

𝐺 (𝑞, Γ𝑒) |𝐸𝛾=𝐸+𝐸ph−𝑘
𝐸ph

𝑑𝐸ph.

Here the function 𝐺 (𝑞, Γ𝑒) is evaluated at the initial photon energy
𝐸ph and final photon energy 𝐸𝛾 as indicated, and the limits of inte-
gration 𝐸ph,min and 𝐸ph,max correspond to the kinematic limits on
the minimum and maximum photon energies that can give rise to a
scattering in which the electron energy changes from 𝐸 to 𝑘 . These
limits correspond to 𝑞 being in the range𝑚2e𝑐4/(4𝐸) < 𝑞 ≤ 1, which
from the definition of 𝑞 implies

𝐸ph,min =
(𝐸 − 𝑘) 𝑚2e𝑐4

4𝐸𝑘 − 𝑚2e𝑐4

𝐸ph,max =
1
2


(
𝑘 −

𝑚2e𝑐
4

4𝐸

)
+

√√√(
𝑘 + 𝑚

2
e𝑐
4

4𝐸

)2
− 𝑚2e𝑐4

 .
(35)

Belowwe shall also require the spectrum of scattered photons, which
we can again obtain by integrating equation 31 over 𝐸ph, but this time
at constant 𝐸𝛾 rather than constant 𝑘 as in equation 34; the resulting
expression is

𝑑 ¤𝑁𝛾

𝑑𝐸𝛾

�����
𝐸

=
3
4
𝜎T𝑐

𝑚2e𝑐
4

𝐸2

∫ 𝐸ph,max

𝐸ph,min

𝑑𝑛ph
𝑑𝐸ph

𝐺 (𝑞, Γe)
𝐸ph

𝑑𝐸ph, (36)

with limits

𝐸ph,min =
𝐸𝛾𝑚

2
e𝑐
4

4𝐸
(
𝐸 − 𝐸𝛾

) ,
𝐸ph,max =

𝐸𝛾𝐸

𝐸 − 𝐸𝛾
.

(37)

4 NON-THERMAL EMISSION

Once we have determined the steady-state CR spectra, the next step
in our modeling procedure is to calculate the non-thermal emission
they produce. Ourmodel includes both hadronic 𝛾-rays and neutrinos
(Section 4.1) and leptonic 𝛾-rays and radio emission (Section 4.2),
and also includes the effects of free-free emission and absorption
(Section 4.3), which are important for the radio spectra in some
systems.

4.1 Hadronic emission

We calculate the hadronic 𝛾-ray spectrum using the same simple
model we use for the steady state proton spectrum, whereby we as-
sume that the only two loss mechanisms of relevance are diffusive
escape and collisional pion production. Making the same assump-
tions as in Section 3.2, the 𝛾-ray emission rate per unit time per unit
energy is

𝜙𝛾 ≡
𝑑 ¤𝑁𝛾

𝑑𝐸𝛾
=

∫ ∞

𝑚p𝑐2

[
1
𝜎pp

𝑑𝜎𝛾

𝑑𝐸𝛾

]
𝑓cal

𝑑 ¤𝑁p
𝑑𝐸p

𝑑𝐸p. (38)

Here 𝑓cal is the calorimetry fraction as a function of proton energy 𝐸p
(c.f. Section 3.2), 𝑑 ¤𝑁p/𝑑𝐸p is the energy-dependent proton injection
rate by SNe, 𝑑𝜎𝛾/𝑑𝐸𝛾 is the differential 𝛾-ray production cross-
section as a function of proton energy taken from Kafexhiu et al.
(2014), and 𝜎pp ≈ 40 mbarn is the mean inelastic cross-section for
proton-proton collisions.
We calculate hadronic neutrino emission following the approach

of Kelner et al. (2006, 2009). Once initial CR proton collisions
produce charged pions (at a rate per unit energy 𝑑 ¤𝑁𝜋/𝑑𝐸𝜋 given
by equation 22), neutrinos are emitted in a two stage process. In the
first stage, the pions decay to muons and muon neutrinos, and in
the second the muon decays to an electron, a muon neutrino, and an
electron neutrino (where we do not distinguish neutrino from anti-
neutrino). The neutrino production rates as a function of energy for
both stages, and for both neutrinos during the second stage, can be
expressed approximately using the same functional form we use for
the distribution of secondary electron energies (equation 23), i.e.,

𝑑 ¤𝑁a

𝑑𝐸a
=

∫ 1

𝐸a/𝐸𝜋

𝑓 (𝑥) 𝑑
¤𝑁𝜋

𝑑𝐸𝜋

(
𝐸a

𝑥

)
𝑑𝑥

𝑥
, (39)

where 𝑥 = 𝐸a/𝐸𝜋 (and thus 𝑑 ¤𝑁𝜋/𝑑𝐸𝜋 is evaluated at 𝐸𝜋 = 𝐸a/𝑥).
Only the fitting functions 𝑓 (𝑥) differ between the channels. For the
muon emission during the first stage we have 𝑓 (𝑥) = 𝑓

a
(1)
`

(𝑥) = 2/_

for 𝑥 < _ and 𝑓 (𝑥) = 0 for 𝑥 > _, where _ = 1 − (𝑚`/𝑚𝜋 )2, and
𝑚` and 𝑚𝜋 are the muon and (charged) pion rest mass, respectively.
For the second stage, the fitting functions for the electron and muon
neutrinos are given by Kelner et al.’s functions 2 𝑓a𝑒 (𝑥) and 2 𝑓a (2)

`
,

respectively. The total emitted neutrino spectrum over all neutrino
flavours is the sum of these contributions, i.e., equation 39 evaluated
using 𝑓 (𝑥) = 2[ 𝑓

a
(1)
`

(𝑥) + 𝑓
a
(2)
`

+ 𝑓a𝑒 (𝑥)].

4.2 Leptonic emission

To obtain the total emitted spectra for CR leptons 𝑑 ¤𝑁𝛾/𝑑𝐸𝛾 we
integrate the photon production rate per electron (𝑑 ¤𝑁𝛾/𝑑𝐸𝛾)𝑖 from
all emission processes 𝑖 – bremsstrahlung, inverse Compton, and
synchrotron emission – over the CR electron energy distribution 𝑞e:

𝜙𝛾 =
∑︁
𝑖

∫ ∞

𝑚e𝑐2

(
𝑑 ¤𝑁𝛾

𝑑𝐸𝛾

)
𝑖

𝑞e 𝑑𝐸e. (40)

For bremsstrahlung and inverse Compton emission, we have already
provided expressions for the relevant photon production rates – these
are given by equation 30 and equation 31, respectively. For syn-
chrotron emission we have(
𝜙𝛾

)
sync =

𝜋
√
3𝑒3𝐵

2ℎ𝑚𝑒𝑐
2
F

(
𝐸𝛾/𝐸𝛾,c

)
𝐸𝛾,c

, (41)

where the function F (𝐸𝛾/𝐸𝛾,c) is the integral over the modified
Bessel function of order 5/3, and 𝐸𝛾,c is the synchrotron cutoff
frequency.
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4.3 Free-free absorption and emission

Free-free absorption by ionised gas can be a significant source of
opacity at higher radio wavelengths and is therefore important to
consider when predicting galaxies’ non-thermal radio continuum
emission. One common approach to estimating this effect is to treat
this absorption as a uniform screen with an optical depth determined
by an average ionisation fraction for the ISM (e.g., Kornecki et al.
2022). However, the geometry implicitly assumed in this approach
is unrealistic: in reality, the ISM is segregated into discrete phases,
with the ionised phase existing mainly in regions of near complete
ionisation around ionising sources and the intervening space filled
mostly by material with very low ionisation fraction. Compared to a
uniform screen this geometry leads to a lower covering fraction of
absorption, but also vastly higher opacity within each ionised region,
since the free-free opacity scales as the square of density. Due to this
effect, we find that the uniform screen approximation underestimates
the free-free optical depth somewhat. For this reason, we employ a
more detailed procedure, explained below, that assumes that fully
ionised H ii regions are the main source of opacity.
On average star formation produces an ionising photon budget per

unit mass of stars formed of approximately Ψ = 4.2 × 1060𝑀−1
�

(Krumholz 2017). We assume that these photons ionise Strömgren
spheres of characteristic radius 𝑟s. Within such a sphere the total
recombination rate is then R = (4/3) 𝜋𝑟3s 𝛼B 𝑓e𝑛2i , where 𝑛i is the
number density of H nuclei in the ionised region, and 𝑓e is the
number of free electrons per hydrogen nucleon; assuming He is
singly ionised, as is the case for over the bulk of the volume of H ii
regions, 𝑓e = 1.1. The hydrogen recombination rate for case B 𝛼B is
given by (this and following expressions from Draine 2011):

𝛼B = 2.54 × 10−13𝑇−0.8163−0.0208 ln𝑇44 cm3 s−1 (42)

where𝑇4 is the temperature𝑇 of the ionised gas divided by 104 K; we
adopt 𝑇4 = 1. The coefficient for free-free absorption by the ionised
gas, again assuming that He is singly ionised and thus that the mean
ion charge 𝑍i ≈ 1, is

^a,ff =
4𝑒6

3𝑐ℎ

(
2𝜋

3𝑚3e 𝑘B𝑇

)1/2 (
1 − e−ℎa/𝑘B𝑇

)
a3

𝑓e𝑛
2
i 𝑔ff,i (43)

where 𝑔a,ff is the Gaunt factor. We compute this using a piecewise
approximation taken from Draine (2011)

𝑔a,ff =


4.691

[
1 − 0.118 ln

(
a9

10𝑇 3/24

)]
, a9 < 1

ln
{
exp

[
5.960 −

√
3
𝜋 ln

(
a9𝑇

−3/2
4

)]
+ e

}
, a9 > 1,

(44)

where a9 = a/109 Hz. The optical depth across a single Strömgren
sphere is

𝜏a,ff ≈ ^a,ff𝑟s, (45)

where we have omitted geometric factors of order unity that depend
on the exact path length through the H ii region.
Now consider a segment of a galactic disc with a star formation

rate per unit area ¤Σ∗, and thus an ionising photon production rate per
unit area ¤Σ∗Ψ. From ionisation balance, the number of Strömgren
spheres per unit areamust therefore be ¤Σ∗Ψ/R, and the fraction of the
galactic disc covered by Strömgren spheres is thus 𝜋𝑟2s ¤Σ∗Ψ/R. Now
consider a scenario where a photon is emitted close to the galactic
mid plane and then intersects some number of H ii regions on its
way out of the galaxy. Since the photon will traverse on average half
the thickness of the disc, the expected number of Strömgren spheres

through which it passes before escaping is

〈𝑁〉 = 1
2
¤Σ∗Ψ
R 𝜋𝑟2s =

3 ¤Σ∗Ψ
8𝑟s𝛼B 𝑓e𝑛2i

=
3 ¤Σ∗Ψ^a

8𝜏a,ff𝛼B 𝑓e𝑛2i
(46)

Note that, contrary to appearances, this expression does not con-
tain any explicit dependence on the ionised gas density 𝑛i, since
^a,ff ∝ 𝑛2i . All the dependence on ionised gas density is implicitly
contained in the optical depth 𝜏a,ff . Assuming, for the moment, that
the ionisation regions are uniformly distributed in the ISM and that
non-thermal photons are launched from regions uncorrelated with
these ionisation regions, the probability that any such photon trajec-
tory intersects 𝑁 of the spheres, is given by a Poisson distribution:

𝑃 (𝑁) = 〈𝑁〉𝑁 𝑒−〈𝑁 〉

𝑁!
. (47)

The mean transmittance is obtained by summing over all lines of
sight

〈 𝑓trans〉 =
∞∑︁

𝑁=0
𝑃 (𝑁) 𝑒−𝑁 𝜏a,ff , (48)

an expression that can be evaluated analytically to yield

〈 𝑓trans〉 = exp
[
〈𝑁〉

(
𝑒−𝜏a,ff − 1

) ]
(49)

We now introduce the effective mean optical depth 〈𝜏a,ff〉 =

− ln〈 𝑓trans〉, which evaluates to

〈𝜏a,ff〉 = 〈𝑁〉
(
1 − 𝑒−𝜏a,ff

)
=
3 ¤Σ∗Ψ^a
8𝛼B 𝑓e𝑛2i

(
1 − 𝑒−𝜏a,ff
𝜏a,ff

)
(50)

The non-thermal radio emission is attenuated by a factor
exp(−〈𝜏a,ff〉). For consistency we must also include the free-free
emission itself in our predicted spectra, since the absorption of the
non-thermal radiation will be filled in by thermal free-free emission;
per Kirchoff’s law, in the limit of high 〈𝜏a,ff〉, the observed photon
flux must approach that of a blackbody at temperature 𝑇 . Thus our
final expression for the photon spectrum escaping the galaxy is

𝜙𝛾 = 𝑒−〈𝜏a,ff 〉𝜙𝛾,emit +
(
1 − 𝑒−〈𝜏a,ff 〉

)
4𝜋𝑅2e𝑐𝜙𝛾,BB,104 K, (51)

where 𝜙𝛾,emit is the intrinsic emitted spectrum (computed from equa-
tion 40) and 𝜙𝛾,BB,104 K is the photon energy distribution for a black-
body radiation field at a temperature of 104 K.
The final step is to evaluate 〈𝜏a,ff〉, which depends only on physical

constants, on the star formation rate per unit area ¤Σ∗ (which is known
for each galaxy), and on 𝜏a,ff the optical depth of a single H ii
region, which is not. However, we note that the term in parentheses
on the right hand side of equation 50, which contains the dependence
on 𝜏a,ff , is strictly < 1, and is close to unity if 𝜏a,ff . 1. We are
most concerned with free-free absorption at frequencies a9 ∼ 1, and
observed individual H ii regions generally have optical depths of at
most unity at this frequency (Draine 2011); we therefore adopt the
small 𝜏a,ff limit and set the factor in parentheses to unity.

5 APPLICATION TO NEARBY GALAXIES

We have now specified the full procedure by which CONGRuENTS
predicts the steady state CR spectra (Section 3) and non-thermal
emission (Section 4) of galaxies from the minimal set of observables
to which we have access. Our next step is to apply our model to
nearby galaxies for which observations of the non-thermal spectrum
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Figure 5. Sample galaxies in relation to the star-forming main sequence. The
black line is the star-forming sequence obtained by Speagle et al. (2014) and
Tacconi et al. (2018) at 𝑧 = 0.

are available. This serves the dual purpose of validating our method-
ology (Section 5.1) and identifying areas where (inevitably given
the extraordinarily limited range of observational inputs) our method
encounters problems (Section 5.2). For this purpose, we choose a
number of nearby radio- and 𝛾-ray-observed star-forming galaxies,
excluding any that are suspected to have a significant contribution
from an active galactic nucleus. This sample spans three orders of
magnitude in star formation rate, from the nearly-quenched galaxy
M31 to the ultra-luminous infrared galaxy Arp 220 that is under-
going a nuclear starburst. The measured input parameters we have
used in the calculation of our results are given in Table 1. We also
show where our sample galaxies sit relative to the star-forming main
sequence at 𝑧 = 0 (Speagle et al. 2014; Tacconi et al. 2018) in Fig-
ure 5; the figure makes it clear that our sample offers good coverage
in terms of both stellar mass and specific star formation rate.

5.1 Observational comparison

We find that our models agree very well with the observations for
all the galaxies in our sample except Arp 220, the Large Magellanic
Cloud andM31;we defer a discussion of these galaxies to Section 5.2.
Here we first focus on the other six galaxies in the sample. For
each of them, we first compute the ISRFs and show the results in
Figure 6. High star formation rate systems display a spectrum that is
dominated (in terms of photon number and total energy) by the FIR
emission from reprocessed starlight. In contrast, quiescent systems
are dominated by the CMB by number of photons and by the sum of
the high energy (3000 K BB and above) components by total energy.
We then proceed to calculate the steady state CR spectra within the

disc and the halo, and plot the results in Figure 7. We also show the
loss times for CR electrons in each galaxy’s disc and halo in Figure 8,
wherewe define the loss time as 𝜏(ion,Coul,sync) = 𝐸/ ¤𝐸 for ionisation,
Coulomb, and synchrotron losses (which are continuous), 𝜏(bs,iC) =
1/

∫
(𝑑Γ/𝑑𝐸f) 𝑑𝐸f for bremsstrahlung and inverse Compton losses

(which are catastrophic), and 𝜏diff = ℎ2g/𝐷 for diffusion out of the
disc. Note that, althoughwe do not show protons in the figure to avoid
clutter, the diffusive loss times for protons are nearly identical to those
of electrons; they differ from the electron ones only at energies . 1

GeV, where electrons and protons of the same kinetic energy have
different rigidities.
The results for protons are essentially the same as those obtained

byKrumholz et al. (2020) and Roth et al. (2021), since the underlying
model is the same. The degree of calorimetry varies from galaxy to
galaxy (Figure 4) and as a function of proton energy. The curvature
and inflections visible in the proton spectra visible at energies in the
∼ TeV−PeV range, depending on the galaxy, are a result of the energy
dependence of the diffusive loss time. At low energies the loss times
are nearly energy-independent, since all protons stream at speeds
very close to the ion Alfvén speed, but at higher energies the loss
times drop as the energy densities decrease and the streaming speeds
increase, causing curvature in the spectral shape. At sufficiently high
energies the streaming speed saturates at 𝑐, causing the high-energy
inflections visible in the spectra. Turning to electrons, we find that
the discs of the starbursts with large sSFR are mostly calorimetric
(i.e., 𝜏diff is not the shortest timescale, so electrons lose most of their
energy before escaping the disc) over the majority of the electron
energy range, but that the energy range over which diffusion is the
most rapid process, and thus there is significant escape into the halo,
expands for galaxies closer to the star-forming main sequence (c.f.
Figure 5). For all systems, CR electron losses at low energies are
dominantly by ionisation and Coulomb interactions in the disc and
halo, respectively, and scale approximately as 𝜏ion ∝ 𝑅2e ¤𝑀−1.6

∗ 𝑀∗𝐸e
– this scaling follows simply from the functional dependence of 𝑛H
on 𝑅e, ¤𝑀∗, and 𝑀∗ through the scaling relations in Section 2.1, and
the very weak dependence of the ionisation loss rate on CR electron
energy (c.f. equation 26). At intermediate energies, ∼ 0.1 GeV to
∼ 10 GeV, bremsstrahlung losses, for which our adopted empirical
scaling relations imply a loss time that scales as 𝜏bs ∝ 𝑅2e ¤𝑀−1.6

∗ 𝑀∗,
constitute a significant but sub-dominant loss channel in essentially
all galaxies.
At still higher energies, & 10 GeV, synchrotron losses compete

with inverse Compton losses. Again making use of the scaling
relations derived in Section 2.1 and Section 2.2, the loss times
for these two scale, respectively, as 𝜏sync ∝ 𝑅2e ¤𝑀−2

∗ 𝑀∗𝐸−1
e and

𝜏iC ∝ 𝑅3e ¤𝑀−1.7
∗ 𝑀0.5∗ 𝐸−1

e (in the Thomson regime) which together
imply a weak increase in the ratio of synchrotron to inverse Compton
losses (∝ 𝑅e ¤𝑀0.3∗ 𝑀−0.5

∗ ) as the star-formation rate increases and the
stellar mass decreases. Synchrotron losses become clearly dominant
once inverse Compton is suppressed in the Klein-Nishina regime. In
Figure 8, this effect manifests as the curvature in 𝜏iC at large ener-
gies.We note that this effect would not be captured in earlier attempts
to model galactic non-thermal spectra that do not properly include
the frequency-dependence of the radiation field and its variation with
galactic properties – note for example that the energy at which Klein-
Nishina effects become apparent in Figure 8 is much lower in low
sSFR galaxies such as SMC or M33 than high sSFR galaxies such
as NGC 253 or NGC 2164, simply because the photon field in the
starburst systems is dominated by lower-energy IR photons while
that in the weakly star-forming galaxies is dominated by the harder
starlight radiation field. Despite this, the Klein-Nishina effect is most
important for starburst systems, where the magnetic field amplitudes
are larger (and thus synchrotron losses are more important in gen-
eral), and where the high calorimetry fraction for protons provides a
significant population of very high-energy secondary electrons that,
thanks to the Klein-Nishina effect, deposit almost all of their energy
into the synchrotron rather than inverse Compton loss channel.
Finally, diffusive escape of CR electrons into the halo is significant

if the galactic star formation rate is low enough, with the highest
escape rates occurring at intermediate energies where the loss times
for synchrotron and inverse Compton (dominant at high energy) and
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Galaxy 𝐷 [Mpc] 𝑀∗
[
1010M�

]
𝑅e [kpc] ¤𝑀∗

[
M� yr−1

]
log

(
sSFR/

[
yr−1

] )
Arp 220 80.9(1) 4.3(2) 3.4(3) 220(1) −8.29
NGC 2146 17.2(1) 2.0(4) 1.8(5) 10.5(4) −9.28
NGC 2403 3.18(1) 0.14(6) 1.7(7) 0.37(1) −9.58
M82 3.53(1) 2.4(8) 1.0(7) 4.0(16) −9.66
NGC 253 3.56(1) 2.5(9) 4.2(7) 4.68(9) −9.73
LMC 0.050(1) 0.27(14) 2.63(13) 0.2(1) −10.1
SMC 0.060(1) 0.031(14) 1.15(13) 0.027(1) −10.1
M33 0.91(1) 0.41(15) 1.51(7) 0.17(12) −10.4
M31 0.77(1) 6.92(11) 2.46(11) 0.26(1) −11.4

Table 1. Galaxy properties used in our calculations; from left to right, these are the distance 𝐷, the stellar mass 𝑀∗, the effective radius 𝑅e, and the star
formation rate ¤𝑀∗. For convenience we also report the specific star formation rate sSFR = ¤𝑀∗/𝑀∗. Values are taken from the following sources:(1) Kornecki
et al. (2020), (2) Rodríguez Zaurín et al. (2008), (3) Wright et al. (1990), (4) Skibba et al. (2011), (5) Sudoh et al. (2018), (6) Ponomareva et al. (2018), (7)
Jarrett et al. (2003), (8) Mineo et al. (2012), (9) Parkash et al. (2018), (10) Rahmani et al. (2016), (11) Iĳima et al. (1976), (12) Williams et al. (2018), (13)
de Vaucouleurs (1960), (14) van der Marel et al. (2009), (15) Jarrett et al. (2019), (16) Strickland & Heckman (2009).
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Figure 6. Model radiation fields for galaxies as determined using the method described in Section 2.3. The black line shows the total ISRF, while red through
blue lines show the individual components that make it up; these are, from left the right, the CMB, the dust-reprocessed radiation field, the 3000 K, 4000 K, and
7500 K blackbody starlight components, and the FUV component. For each galaxy we indicate the specific star formation rate sSFR in units of yr−1. The high
energy cutoff of the UV component corresponds to the 13.6eV ionisation threshold of hydrogen, whereas the low energy cutoff is not physical but a result of the
truncated parametrisation of the UV spectrum.
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Figure 7. Steady-state CR spectra computed by CONGRuENTS for galaxies across a range of sSFR. Blue lines show the CR proton spectrum in the disc, solid
and dashed orange lines show primary and secondary electrons in the disc, and solid and dashed green lines show primary and secondary electrons in the halo.

ionisation (dominant at low energy) are not too short. As a result,
the halo population of cosmic ray electrons is largely truncated to
below TeV energies (Figure 7) with the exception of the very lowest
luminosity systems where diffusive escape from the disc at high
energies is still possible due to the suppression of all other loss
channels. Once in the halo, electrons become fully calorimetric in
all galaxies, depositing their remaining energy into the synchrotron
or inverse Compton channels. We plot the non-thermal spectra that
CONGRuENTS predicts for our sample galaxies in Figure 9. The
figures show that the models provide a good fit to the observed data
at both radio and at 𝛾-ray energies; the models generally match the
data at the tens of percent level.3 While highly-tailored models can
achieve better agreement, here we remind readers that we achieve
this level of agreement without using any input data other than these
galaxies’ star formation rates, stellar masses, and size, and without
having any tuneable free parameters that we can vary fromone galaxy

3 We discount here the discrepancies for the 𝛾-ray spectrum of the SMC,
where the observations themselves clearly suffer significant systematic uncer-
tainty, as highlighted by the very large divergence between the Ajello et al.
(2020) and Fermi 4FGL DR3 (Abdollahi et al. 2022) spectra. These differ
from each other by significantly more than our model differs from either one.

to another. A single model fits all the galaxies shown in Figure 9
simultaneously.

5.2 Problem galaxies

We next discuss the three cases – Arp 220, the LMC and M31 –
where naive application of CONGRuENTS yields results that do
not match the observed spectrum well. In these cases we are able to
identify a plausible physical origin for the discrepancy, and correct
for them for Arp 220 and the LMC; we show the ISRFs, steady-state
CR spectra spectra, loss times, and non-thermal emission we infer for
these galaxies before and after making these corrections in Figure 10,
Figure 11, Figure 12, and Figure 13, respectively.

5.2.1 Arp 220

Naive application of CONGRuENTS to Arp 220 yields a predicted
spectrum that is a factor of of ∼ 5 − 10 too bright in the radio, as we
illustrate in the left column in Figure 13. The reason the model fails
is simple: star formation in Arp 220 is concentrated in a heavily dust-
enshrouded nuclear starburst. By default CONGRuENTS employs
the optical half-light radius in determining characteristic values for
the various local ISM parameters, but for Arp 220 the optical radius
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Figure 9. Non-thermal galaxy spectra computed using the described model for nearby 𝛾-ray and radio observed galaxies. The greyed out area is dominated by
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is more reflective of the distribution of the old stellar population
than the size of the nuclear starburst, which is essentially invisible
at optical wavelengths due to its extreme extinction. We can improve
the fit dramatically simply by replacing 𝑅e in our model with the
approximate size of the starburst region as determined from radio
observations, 𝑅radio = 200 pc; while more detailed observations (see
e.g. Barcos-Muñoz et al. 2015; Scoville et al. 2017) have resolved
the two nuclei at the centre of Arp 220, we adopt our value to ap-
proximately enclose the entire starburst region which has previously
been measured by Scoville et al. (1991). Further discussion of the
internal structure of Arp 220 and its consequences for the observed
emission can be found in Torres (2004); Lacki & Thompson (2013);
Yoast-Hull et al. (2017); Yoast-Hull & Murray (2019).

We show the revised prediction we generate from this change
in the right column in Figure 13, which agrees much better with
the observations. The primary difference is a significantly greater
free-free opacity that extends to higher energies and suppresses the
synchrotron emission. We also show the changes in the shape of the
ISRF, predicted CR spectra, and calculated loss times in Figure 10,

Figure 11, and Figure 12, respectively. These figures show that, as one
might expect, reducing the radius has the effect of making the ISRF
much more intense and also increasing the density and magnetic
field strength, dramatically reducing the loss times and therefore
suppressing the steady-state CR spectrum considerably. However,
these effects are less important for the final emitted non-thermal
spectrum than the change in free-free opacity, simply because Arp
220 is so dense that even using an incorrectly large radius yields
essentially full calorimetry for both protons and electrons.

This result points to one potential failure mode of our model: it
can make poor predictions for galaxies where the effective radius is
not representative of the true radial extent over which star formation
occurs and thus CRs are injected. Such galaxies likely require an
alternative estimate of the radius.While this is a potential concern for
many nuclear starbursts, the fact that our model does well with NGC
2146, M82, and NGC 253 suggests that the problem is moderate,
and that there should be no major problems in applying our model to
optical data for main sequence galaxies at 𝑧 & 1, which tend to have
star formation rates and dust extinctionsmore similar to those ofNGC
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2146, M82, and NGC 253 than to Arp 220. However, this result does
also suggest that, for galaxies where wavelengths other than optical
provide more reliable estimates of the size of the star-forming area,
and those multiwavelength data are available, it is preferable to use
them for safety.

5.2.2 The Large Magellanic Cloud

Naively applying CONGRuENTS to the Large Magellanic Cloud
over-predicts the observed 𝛾-ray emission by an order of magnitude,
as shown in Figure 13 (left). This is a problem also seen in sophis-
ticated MHD simulations (Bustard et al. 2020), assuming currently
observed rates of star-formation. Fundamentally, the problem is that
the proton calorimetry fraction that our model derives, consistent
with the results of most MHD simulations, is ∼ 10%, whereas the
observed ratio of 𝛾-ray luminosity to star formation rate in the LMC
suggests a figure closer to ∼ 1% (e.g., Crocker et al. 2021). Even this

may be an overestimate: the observed LMC 𝛾-ray spectrum has a
characteristic bump around 1 GeV that does not look like a classical
pion spectrum (for plausible cosmic ray spectral index), but instead
looks suspiciously like the spectrum associated with prompt mil-
lisecond pulsar emission (Crocker et al. 2022). Consistent with the
latter scenario, the dominant 𝛾-ray component appears to be mostly
coming from an extended source, rather than confined to regions of
active star-formation (Ackermann et al. 2016). If the observed 𝛾-rays
are largely driven by millisecond pulsars and not CRs, then the CR
contribution and the calorimetry level must be even smaller.

We can get an improvedmatch between ourCONGRuENTSmodel
and the observed LMC spectrum if we arbitrarily lower the proton
calorimetry fraction to 1%. We show the result of doing so as the
“corrected” model in the right panel of Figure 13. One possible
physical explanation for why reduced calorimetry might be justified
is that Harris & Zaritsky (2009) find that the star-forming regions
30 Dor, Constellation III and the Northwest Void, combined, make
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Figure 13. Same as Figure 9, but for the three galaxies (Arp 220, LMC, M31) that require corrections. The left column shows our predicted non-thermal spectra
before applying the corrections detailed in Section 5.2, and the right column shows the results after making corrections. VERITAS data for Arp 220 are taken
from Fleischhack & VERITAS Collaboration (2015).

up approximately 45% of the current star-formation rate of the entire
LMC, and that these complexes are quite young, implying that the
LMC’s star formation rate has increased substantially in the last ≈ 50
Myr. Since core collapse SNe occur only ≈ 3 − 40 Myr after star
formation, with half delayed by ≈ 20 Myr or more (e.g., Matzner
2002), the CR population in the LMC might not yet have reached
the equilibrium value implied by its present-day star formation rate.
More generally, non-equilibriumCRpopulationsmay be a significant
effect in other low luminosity systems where the overall low rate of
star formation implies that stochastic fluctuations in the massive star
population are non-negligible (da Silva et al. 2014). Such systems
may spend significant portions of their lives with CR populations
that are out of equilibrium with their instantaneous SFRs.

5.2.3 M31

Our result for Andromeda significantly under-predicts the observed
radio emission from the galaxy, and also misses a bump in 𝛾-ray
emission at ≈ 1 GeV. There are a number of reasons why this might
be the case. Andromeda features a massive, old stellar bulge that

is not forming stars; star formation is confined to an annulus at a
galactocentric radius of around 10 kpc. As discussed previously, our
model estimates the interstellar radiation field from the stellar mass
and radius, and in the case of M31, where most star formation is far
from the galactic centre, this assumption likely leads us to signifi-
cantly overestimate the strength of the ISRF in the location where
star formation is actually occurring. Conversely, due to significant
diffusion from their sources of acceleration, energy losses by CR
electrons are not confined to the star-forming ring but instead occur
throughout the disc and halo of M31. Our modelled magnetic field
strength of a few `G for the star-forming region is in good agreement
with that measured there, but measurements of the magnetic field
strength in the inner disc suggest values a factor of several higher
(Hoernes et al. 1998; Gießübel & Beck 2014; McDaniel et al. 2019).
Both errors would lead us to overestimate inverse Compton losses
and underestimate synchrotron ones. ThusM31may be a case similar
to Arp 220, where our model oversimplifies because it characterises
the size of the star-forming disc by a single number.

However, a second possibility is that the emission fromM31 is not
driven by star formation at all (or at least not by recent star formation).
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M31 is likely home to a significantMSP population (Ackermann et al.
2017; Eckner et al. 2018; Crocker et al. 2022), as the characteristic
∼GeV bump in the 𝛾-ray spectrum would suggest, and its galactic
centre features a bright source of radio emission that is not associated
with star-formation, e.g. see the radio maps in Figure 2 of Tabatabaei
et al. (2013). This would suggest that a significant fraction of the
radio emission in M31 is not star-formation related but comes from
a different source at M31’s galactic centre instead.

6 SUMMARY AND CONCLUSIONS

We introduce Cosmic-ray, Neutrino, Gamma-ray and Radio Non-
Thermal Spectra (CONGRuENTS), a predictive model for non-
thermal emission from star-forming galaxies that relies only on three
easily measurable parameters – the stellar mass, star-formation rate,
an effective radius – and yields good predictions for the spectra of
non-thermal emission produced by cosmic ray electrons and protons.
Our calculations are based on a physically-motivated model for CR
proton transport, and for CR electrons include a full solution to the ki-
netic equation that properly accounts for catastrophic loss processes.
Our treatment of the galactic environment, particularly the magnetic
field and interstellar radiation field, is significantlymore realistic than
past models, and enables us to properly account for effects like the
correlation between magnetic field strength and star formation rate,
and the shift from optical-dominated radiation fields in low surface
density galaxies to IR-dominated ones in dense galaxies.
We compare our model to 𝛾-ray and radio observations for a

range of local galaxies that sit below, on, and above the star-forming
main sequence. We show that for the majority of these galaxies the
CONGRuENTS predictionmatches the data towithin tens of percent,
with no inputs other than the three measured parameters listed above,
and no parameters that can be tuned differently from one galaxy to
another.
Of the three galaxies where agreement is poorer, we find that the

disagreement for two of them can be resolved by simple tweaks – in
the case ofArp 220, using a radius taken from radio rather than optical
measurements (which are unreliable due to extreme extinction) and,
in the case of the LargeMagellanic Cloud, recognising that the recent
uptick in the star formation rate implies a cosmic ray population that
has not reached the equilibrium that our model assumes. For the
remaining andmost recalcitrant case, M31, the ring-like morphology
of the star formation, together with substantial non-thermal emission
from its large bulge – which does not correlate with star formation –
largely defeats our simple assumptions. The silver lining here is that
M31 presents a case where the failure of our model can be used to
identify a situationwhere, apparently, agents other than star formation
are contributing substantially to the galaxy’s non-thermal emission.
Millisecond pulsars are a natural candidate here (cf., Ackermann
et al. 2017; Eckner et al. 2018; Sudoh et al. 2021; Gautam et al.
2022; Crocker et al. 2022), an idea that we intend to investigate
further in future work.
More broadly, our ability to reproduce observations across a wide

range of environments suggests that CONGRuENTS is a valuable
tool for making “first look” predictions of galaxies’ non-thermal
emission, which can be made without the need for an extensive suite
of observational inputs or an expensive campaign of simulations or
observations.
Our models also provide new insight into the nature of CR electron

emission in the galaxies we study. We find that all the systems under
consideration are CR electron calorimeters, but the loss processes
that dominate depend on the electron energy range. Loss processes

in the intermediate energy range (0.1 GeV . 𝐸e . 10 GeV) depend
sensitively on the ISM environment, and are different in galaxies with
different properties, whereas ionisation losses generally dominate
at low energy and synchrotron and inverse Compton emission at
high energy, in a ratio that also depends on galactic environment.
At the highest energies, & 1 − 10 TeV depending on the galaxy,
synchrotron emission always dominates because inverse Compton
losses are suppressed by the Klein-Nishina effect. We also find that,
for systems with high star-formation rates and associated high proton
calorimetry fractions, secondary cosmic ray electrons can contribute
up to half of the total observed emission, particularly at high energies.
In a forthcoming series of papers we intend to apply CONGRu-

ENTS to a large sample of galaxies drawn from optical surveys, in
order to understand the origins of empirical relations such as the
FIR-radio and FIR-𝛾 correlations, predict observable extragalactic
neutrino emission, and examine the large-scale structure of the non-
thermal sky.
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APPENDIX A: NUMERICAL METHOD FOR THE
ELECTRON KINETIC EQUATION

Here we describe our method for solving equation 21. We begin by
making a change of variable from 𝐸 to ln 𝐸 , since, given the wide
range of energies, it is more natural to solve for the spectrum per unit
log energy rather than per unit energy, and we transform the problem
to be conservative in energy. We therefore define 𝛼e = 𝑑𝑁e/𝑑 ln 𝐸 =

𝐸𝑞e, and multiply equation 21 by 𝐸2, one factor of 𝐸 for the change
of variable and one for the energy conserving scheme. After applying
the chain rule to the first term, this yields

0 = − 𝜕

𝜕 ln 𝐸
( ¤𝐸𝛼e) + ¤𝐸𝛼e −

𝐷𝐸

ℎ2g
𝛼e +𝑄𝐸2

− 𝐸𝛼e
∫ ln𝐸

ln𝑚e𝑐2

𝑑Γ

𝑑 ln 𝑘
(𝐸) 𝑑 ln 𝑘

+ 𝐸
∫ ∞

ln𝐸
𝛼e (𝑘)

𝑑Γ

𝑑 ln 𝐸
(𝑘) 𝑑 ln 𝑘. (A1)

The next step is to discretise using a conservative finite volume
method. Consider a set of 𝑁 energy bins, where 𝐸𝑖−1/2 and 𝐸𝑖+1/2
represent the lower and upper limits of energy bin 𝑖 for 𝑖 = 1 . . . 𝑁 , and
the bins are uniformly spaced in logarithm, i.e., ln(𝐸𝑖+1/2/𝐸𝑖−1/2) =
Δ ln 𝐸 is the same for all 𝑖. For all computations shown in this work
we use 𝑁 = 500. We now average both sides of equation A1 over
ln 𝐸 from ln 𝐸𝑖−1/2 to ln 𝐸𝑖+1/2, giving

0 = − 1
Δ ln 𝐸

[ ( ¤𝐸𝛼e) 𝑖+1/2 − ( ¤𝐸𝛼e) 𝑖−1/2]
+

〈 ¤𝐸𝛼e
〉
𝑖
− 〈𝐷𝐸𝛼e〉𝑖

ℎ2g
+

〈
𝑄𝐸2

〉
𝑖

−
〈
𝐸𝛼e

∫ ln𝐸

ln𝑚e𝑐2

𝑑Γ

𝑑 ln 𝑘
(𝐸) 𝑑 ln 𝑘

〉
𝑖

+
〈
𝐸

∫ ∞

ln𝐸
𝛼e (𝑘)

𝑑Γ

𝑑 ln 𝐸
(𝑘) 𝑑 ln 𝑘

〉
𝑖

, (A2)

where for any quantity 𝑋 we define

〈𝑋〉𝑖 ≡
1

Δ ln 𝐸

∫ ln𝐸𝑖+1/2

ln𝐸𝑖−1/2
𝑋 𝑑 ln 𝐸, (A3)

and for the first two terms in equation A2 the subscripts 𝑖 ± 1/2
indicate that the quantity in parentheses is to be evaluated at energy
𝐸𝑖±1/2.
To produce a second-order accurate scheme, we approximate 𝛼e

within each energy bin by a piecewise-linear function, whereby we
approximate 𝛼e (ln 𝐸) for ln 𝐸𝑖−1/2 < ln 𝐸 < ln 𝐸𝑖+1/2 by

𝛼𝑒 = 𝛼𝑖 + 𝑚𝑖 (ln 𝐸 − ln 𝐸𝑖) , (A4)

where for brevity we define 𝛼𝑖 ≡ 〈𝛼〉𝑖 as the mean particle number in
each bin, ln 𝐸𝑖 = (ln 𝐸𝑖−1/2 + ln 𝐸𝑖+1/2)/2 as the bin central energy,
and

𝑚𝑖 =


(𝛼2 − 𝛼1)/Δ ln 𝐸, 𝑖 = 1
(𝛼𝑖+1 − 𝛼𝑖−1)/2Δ ln 𝐸, 𝑖 = 2 . . . 𝑁 − 1
(𝛼𝑁 − 𝛼𝑁−1)/Δ ln 𝐸, 𝑖 = 𝑁

(A5)

as the slope within each bin. Note that this approximation is particle
number conserving within each bin, since 〈𝑚𝑖 (ln 𝐸 − ln 𝐸𝑖)〉𝑖 = 0
by construction; also note that we can produce a simpler, first-order
accurate scheme simply by setting 𝑚𝑖 = 0 for all 𝑖.
Using this linear approximation, we can evaluate all the terms that

appear in equation A2. Starting with the first term in square brackets,
we note that our linear approximation does not guarantee continuity

at bin edges, but since ¤𝐸 is always negative, the upwind direction at
edge 𝑖 + 1/2 is always 𝑖 + 1. Thus we discretise this term as

− 1
Δ ln 𝐸

[ ( ¤𝐸𝛼e) 𝑖+1/2 − ( ¤𝐸𝛼e) 𝑖−1/2] = (A6)

− ¤𝐸𝑖+1/2
( 𝛼𝑖+1
Δ ln 𝐸

+ 𝑚𝑖+1
2

)
+ ¤𝐸𝑖−1/2

( 𝛼𝑖

Δ ln 𝐸
+ 𝑚𝑖

2

)
.

The diffusion term discretises trivially to

〈𝐷𝐸𝛼e〉𝑖
ℎ2g

= 𝛼𝑖
〈𝐷𝐸〉𝑖
ℎ2g

+ 𝑚𝑖

〈𝐷𝐸〉′
𝑖

ℎ2g
Δ ln 𝐸, (A7)

where for any quantity 𝑋 we define

〈𝑋〉′𝑖 ≡
〈
𝑋

(
ln 𝐸 − ln 𝐸𝑖

Δ ln 𝐸

)〉
𝑖

. (A8)

To discretise the final two terms in equation A2, representing the
rate at which catastrophic collisions remove energy from and add
energy to each bin, respectively, it is helpful to break up the integrals
over 𝑘 into ranges corresponding to different energy bins. That is, we
rewrite these terms as〈

𝐸𝛼e

∫ ln𝐸

ln𝑚𝑒𝑐
2

𝑑Γ

𝑑 ln 𝑘
(𝐸) 𝑑 ln 𝑘

〉
𝑖
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2
𝐸𝛼e (𝐸)
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(𝐸) 𝑑 ln 𝑘

+
𝑖−1∑︁
𝑗=1

∫ ln𝐸 𝑗+1/2

ln𝐸 𝑗−1/2
𝐸𝛼e (𝐸)

𝑑Γ

𝑑 ln 𝑘
(𝐸) 𝑑 ln 𝑘

+
∫ ln𝐸

ln𝐸𝑖−1/2
𝐸𝛼e (𝐸)

𝑑Γ

𝑑 ln 𝑘
(𝐸) 𝑑 ln 𝑘

)〉
𝑖

and 〈
𝐸

∫ ∞

ln𝐸
𝛼e (𝑘)

𝑑Γ

𝑑 ln 𝐸
(𝑘) 𝑑 ln 𝑘

〉
𝑖

= (A10)〈
𝐸

∫ ln𝐸𝑖+1/2

ln𝐸
𝛼e (𝑘)

𝑑Γ

𝑑 ln 𝐸
(𝑘) 𝑑 ln 𝑘

+ 𝐸
𝑁∑︁

𝑗=𝑖+1

∫ ln𝐸 𝑗+1/2

ln𝐸 𝑗−1/2
𝛼e (𝑘)

𝑑Γ

𝑑 ln 𝐸
(𝑘) 𝑑 ln 𝑘

〉
𝑖

.

Note that, in writing out the final equation, we assume that 𝛼e is neg-
ligibly small for energies 𝑘 > 𝐸𝑁+1/2, i.e., the number of electrons
at energies above the maximum energy in our grid can be approxi-
mated as zero. Substituting our piecewise-linear form into the terms
gives〈
−𝐸𝛼e (𝐸)

∫ ln𝐸

ln𝑚𝑒𝑐
2

𝑑Γ

𝑑 ln 𝑘
(𝐸) 𝑑 ln 𝑘 (A11)

+ 𝐸
∫ ∞

ln𝐸
𝛼e (𝑘)

𝑑Γ

𝑑 ln 𝐸
(𝑘) 𝑑 ln 𝑘

〉
𝑖

= −𝛼𝑖
〈Γ𝐸〉𝑖→0 +

𝑖∑︁
𝑗=1

〈Γ𝐸〉𝑖→ 𝑗

 +
𝑁∑︁

𝑗=𝑖+1
𝛼 𝑗 〈Γ𝐸〉 𝑗→𝑖

− Δ ln 𝐸
𝑚𝑖

©«〈Γ𝐸〉′𝑖→0 +
𝑖∑︁
𝑗=1

〈Γ𝐸〉′𝑖→ 𝑗

ª®¬ −
𝑁∑︁

𝑗=𝑖+1
𝑚 𝑗 〈Γ𝐸〉′𝑗→𝑖
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where we define

〈Γ𝐸〉𝑖→0 ≡
〈
𝐸

∫ ln𝐸1/2

ln𝑚e𝑐2

𝑑Γ

𝑑 ln 𝑘
(𝐸)𝑑 ln 𝑘

〉
𝑖

(A12)

〈Γ𝐸〉𝑖→ 𝑗 ≡
〈
𝐸

∫ ln𝐸 𝑗+1/2

ln𝐸 𝑗−1/2

𝑑Γ

𝑑 ln 𝑘
(𝐸) 𝑑 ln 𝑘

〉
𝑖

(A13)

〈Γ𝐸〉𝑖→𝑖 ≡
〈
𝐸

[∫ ln𝐸

ln𝐸𝑖−1/2

𝑑Γ

𝑑 ln 𝑘
(𝐸) 𝑑 ln 𝑘 −∫ ln𝐸𝑖+1/2

ln𝐸

𝑑Γ

𝑑 ln 𝑘
(𝑘) 𝑑 ln 𝑘

]〉
𝑖

, (A14)

and similarly for 〈Γ𝐸〉′. The physical meanings of these terms is is
simple: 〈Γ𝐸〉𝑖→0 is the rate at which catastrophic collisions move
energy from bin 𝑖 to energies below 𝐸−1/2, the lowest energy we
follow. Similarly, 〈Γ𝐸〉𝑖→ 𝑗 for 𝑗 ≠ 𝑖 and 𝑗 ≠ 0 is the rate at which
catastrophic transitions move energy from bin 𝑖 to bin 𝑗 , assuming
that 𝛼e is constant across bin 𝑖, while 〈Γ𝐸〉𝑖→𝑖 is the rate at which
catastrophic collisions remove energy from bin 𝑖 in collisions where
the energy lost per encounter is not large enough to cause electrons
to move to a lower energy bin. All of these terms are computed under
the assumption that 𝛼e is constant across the bin, while the terms
〈Γ𝐸〉′ represent a first-order correction to this assumption.
Collecting the various terms, our final discretised equation be-

comes

0 = − ¤𝐸𝑖+1/2
( 𝛼𝑖+1
Δ ln 𝐸

+ 𝑚𝑖+1
2

)
(A15)

+ ¤𝐸𝑖−1/2
( 𝛼𝑖

Δ ln 𝐸
+ 𝑚𝑖

2

)
+ 𝛼𝑖 〈 ¤𝐸〉𝑖 + 𝑚𝑖 〈 ¤𝐸〉′𝑖Δ ln 𝐸 − 𝛼𝑖

〈𝐷𝐸〉𝑖
ℎ2g

− 𝑚𝑖

〈𝐷𝐸〉′
𝑖

ℎ2g
Δ ln 𝐸

+ 〈𝑄𝐸2〉𝑖 − 𝛼𝑖
〈Γ𝐸〉𝑖→0 +

𝑖∑︁
𝑗=1

〈Γ𝐸〉𝑖→ 𝑗


+

𝑁∑︁
𝑗=𝑖+1

𝛼 𝑗 〈Γ〉 𝑗→𝑖

− Δ ln 𝐸
𝑚𝑖

©«〈Γ𝐸〉′𝑖→0 +
𝑖∑︁
𝑗=1

〈Γ𝐸〉′𝑖→ 𝑗

ª®¬
−

𝑁∑︁
𝑗=𝑖+1

𝑚 𝑗 〈Γ𝐸〉′𝑗→𝑖

 .
This constitutes a linear system of equations for the 𝛼𝑖 , and thus the
problem can be posed as a matrix equation

M𝜶 = S, (A16)

where 𝜶 is an (𝑁 + 2)-element vector of 𝛼 𝑗 values (𝑁 real elements
plus two ghost elements to enforce the boundary conditions on the
slope 𝑚), S is a vector of 𝑁 + 2 source terms with elements 𝑆𝑖 =

−〈𝑄𝐸2〉𝑖 for 𝑖 = 1 . . . 𝑁 and 𝑆0 = 𝑆𝑁+1 = 0, andM is an (𝑁 + 2) ×

(𝑁 + 2) matrix where for 𝑖 = 1 . . . 𝑁 the entries are

𝑀𝑖 𝑗 =



0, 𝑖 > 𝑗 + 1

−
¤𝐸𝑖−1/2
4Δ ln𝐸 + 〈𝐷𝐸 〉′

𝑖

2ℎ2g
− 〈 ¤𝐸 〉′

𝑖

2

+ 〈Γ𝐸 〉′
𝑖→0+

∑𝑖
𝑘=1 〈Γ𝐸 〉′

𝑖→𝑘

2 , 𝑖 = 𝑗 + 1

¤𝐸𝑖−1/2
Δ ln𝐸 +

¤𝐸𝑖+1/2
4Δ ln𝐸 − 〈𝐷𝐸 〉𝑖

ℎ2g
+ 〈 ¤𝐸〉𝑖

− 〈Γ𝐸 〉′
𝑖+1→𝑖

2 − 〈Γ𝐸〉𝑖→0
− ∑𝑖

𝑘=1〈Γ𝐸〉𝑖→𝑘 , 𝑖 = 𝑗

−
¤𝐸𝑖+1/2
Δ ln𝐸 +

¤𝐸𝑖−1/2
4Δ ln𝐸 − 〈𝐷𝐸 〉′

𝑖

2ℎ2g
+ 〈 ¤𝐸 〉′

𝑖

2

+ 〈Γ𝐸〉𝑖+1→𝑖 −
〈Γ𝐸 〉′

𝑖→0+
∑𝑖

𝑘=1 〈Γ𝐸 〉′
𝑖→𝑘

2
− 〈Γ𝐸 〉′

𝑖+2→𝑖

2 , 𝑖 = 𝑗 − 1

−
¤𝐸𝑖+1/2
4Δ ln𝐸 + 〈Γ𝐸〉𝑖+2→𝑖

+ 〈Γ𝐸 〉′
𝑖+1→𝑖

2 − 〈Γ𝐸 〉′
𝑖+3→𝑖

2 , 𝑖 = 𝑗 − 2

〈Γ𝐸〉 𝑗→𝑖 +
〈Γ𝐸 〉′

𝑗−1→𝑖

2 −
〈Γ𝐸 〉′

𝑗+1→𝑖

2 , 𝑖 < 𝑗 − 2
(A17)

with the convention that the 〈Γ𝐸〉𝑖→ 𝑗 and 〈Γ𝐸〉′
𝑖→ 𝑗

symbols are
zero for 𝑖 or 𝑗 outside the range 1 . . . 𝑁 . The boundary values, which
enforce the correct values of 𝑚1 and 𝑚𝑁 (c.f. equation A5), are
𝑀00 = 𝑀𝑁+1,𝑁+1 = 1,𝑀01 = 𝑀𝑁+1,𝑁 = −2,𝑀02 = 𝑀𝑁+1,𝑁−1 =
1, and 𝑀0𝑖 = 𝑀𝑁+1, 𝑗 = 0 for 𝑖 > 2 and 𝑗 < 𝑁 − 1. The equivalent
matrix for a first-order accurate scheme, with all slopes 𝑚𝑖 set to
zero, is

𝑀𝑖 𝑗 =



0, 𝑖 > 𝑗

( ¤𝐸)𝑖−1/2
Δ ln𝐸 − 〈𝐷〉𝑖

ℎ2g
+ 〈Γ〉𝑖→0

−∑𝑖
𝑘=1〈Γ𝐸〉𝑖→𝑘 , 𝑖 = 𝑗

− ( ¤𝐸)𝑖+1/2
Δ ln𝐸 + 〈Γ𝐸〉𝑖+1→𝑖 , 𝑖 = 𝑗 − 1

〈Γ𝐸〉 𝑗→𝑖 , 𝑖 < 𝑗 − 1

(A18)

For a first-order scheme we do not require the boundary conditions,
and thus 𝜶, Q, andM are 𝑁- rather than (𝑁 + 2)-elements in size.
The coefficients of the linear system depend on the various terms

in angle brackets, which depend on the properties of the galaxy (e.g.,
number density, radiation field, etc.). However, since this dependence
is linear for all the 〈Γ𝐸〉 terms, only the averages 〈𝐷𝐸〉𝑖 , 〈𝐷𝐸〉′𝑖 ,
and 〈𝑄𝐸2〉𝑖 (which depend on the shape of the proton spectrum)
need to be evaluated separately for each galaxy. The integrals for
all the 〈Γ𝐸〉 terms can simply be evaluated once for fixed values of
number density, magnetic energy density, radiation field, etc., and
then rescaled to the properties of an individual galaxy. For each
galaxy we do so to fill in the entries in M and S, then solve for 𝜶
using a standard LU decomposition method.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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