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ABSTRACT

Energy equipartition is a powerful theoretical tool for understanding astrophysical plasmas. It is invoked, for example, to
measure magnetic fields in the interstellar medium (ISM), as evidence for small-scale turbulent dynamo action, and, in
general, to estimate the energy budget of star-forming molecular clouds. In this study, we motivate and explore the role of
the volume-averaged root-mean-squared (rms) magnetic coupling term between the turbulent, § B , and large-scale, B, fields,
<(SB .Bo)2>¥ 2, By considering the second moments of the energy balance equations we show that the rms coupling term is
in energy equipartition with the volume-averaged turbulent kinetic energy for turbulence with a sub-Alfvénic large-scale field.
Under the assumption of exact energy equipartition between these terms, we derive relations for the magnetic and coupling term
fluctuations, which provide excellent, parameter-free agreement with time-averaged data from 280 numerical simulations of
compressible magnetohydrodynamic (MHD) turbulence. Furthermore, we explore the relation between the turbulent mean field
and total Alfvén Mach numbers, and demonstrate that sub-Alfvénic turbulence can only be developed through a strong, large-
scale magnetic field, which supports an extremely super-Alfvénic turbulent magnetic field. This means that the magnetic field
fluctuations are significantly subdominant to the velocity fluctuations in the sub-Alfvénic large-scale field regime. Throughout
our study, we broadly discuss the implications for observations of magnetic fields and understanding the dynamics in the

magnetized ISM.
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1 INTRODUCTION

Magnetohydrodynamic (MHD) turbulence is pervasive across the
Universe, and for this reason the study of MHD turbulence is a
necessary prerequisite for understanding a broad range of astro-
physical processes. For example, each of the planets in our Solar
system probably assembled as the protoplanetary disc underwent
hydrodynamical and magnetohydrodynamical (MHD) instabilities,
driving turbulence, and establishing the initial conditions for planet
formation (Lyra & Umurhan 2019, and references therein). The Sun
maintains a magnetized and turbulent heliosphere, with decades of
scale-free velocity and magnetic fluctuations that play an important
role in the generation of solar winds, plasma heating, and particle
acceleration (Bruno & Carbone 2013, and references therein). Just
like the planets, the Sun was born in a turbulent plasma environment.

In the context of star formation, turbulent density fluctuations in
the cool molecular gas clouds of galaxies seed the overdensities
that fragment, become gravitationally unstable, and collapse to form
stars (Krumholz & McKee 2005; Hennebelle et al. 2011; Padoan &
Nordlund 2011; Federrath & Klessen 2012; Hopkins 2013; Federrath
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2015; Burkhart 2018; Mocz & Burkhart 2018). The turbulent motions
themselves steepen or flatten the initial mass function (IMF) of
stars (Padoan, Nordlund & Jones 1997; Hennebelle & Chabrier
2009; Hopkins 2012; Federrath, Krumholz & Hopkins 2017b; Nam,
Federrath & Krumholz 2021) and potentially underlie the universality
that we observe for the IMF by setting the density correlation scale for
star-forming regions (Jaupart & Chabrier 2021), or more generally,
from the universality of the supersonic turbulence energy cascade in
the interstellar medium (ISM; Padoan et al. 1997; Federrath 2013).
On scales above the neutral-ion decoupling scale, magnetic fields
are approximately flux frozen into the gas, and fluctuate, tangle, and
become turbulent with the gas velocities, hence magnetic fields also
play an important role in all these processes (Hennebelle & Inutsuka
2019; Krumholz & Federrath 2019).

In the ISM magnetic fields and turbulence coexist in a partnership.
Extremely weak, primordial magnetic fields were potentially formed
through a battery process (e.g. Biermann 1950), or a phase tran-
sition in the early Universe (Subramanian 2016, 2019), and, once
generated, they are hard to destroy due to the lack of magnetic
monopoles (Parker 1970; Beck & Wielebinski 2013; Acharya et al.
2022). Instead, turbulent motions of gas exponentially amplify the
weak seed fields, growing them through the turbulent dynamo, and
magnetizing the plasma (see McKee, Stacy & Li 2020 for a recent
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review). Turbulence, through the dynamo process, likely continues
to maintain the magnetic fields found in the present-day Universe,
ensuring they are roughly in energy equipartition with the turbulent
motions, i.e. the saturated state of the turbulent dynamo (Federrath
et al. 2014; Schober et al. 2015; Federrath 2016; Xu & Lazarian
2016; McKee et al. 2020; Seta & Federrath 2020, 2021a; Seta et al.
2020; Achikanath Chirakkara et al. 2021).

Given the importance of MHD turbulence in the ISM, it is not
surprising that the ISM community has built numerous tools for
measuring turbulent properties (for a recent review, see Burkhart
2021). These include, but are certainly not limited to: techniques that
relate starlight polarization dispersion to plane-of-sky magnetic fields
strengths, such as the methods described in Skalidis & Tassis (2021),
Davis (1951), and Chandrasekhar & Fermi (1953) (for recent reviews,
extensions, and modifications, see Lazarian, Yuen & Pogosyan 2020,
2022); inference of magnetic field strengths and plasma energetics
from local velocity centroids or intensity fluctuations (Lazarian
et al. 2018) and density gradients of dust continuum maps (Soler
et al. 2013); ascertaining the ratio of compressive to solenoidal
modes of turbulent driving sources from the deprojected column
density (Federrath, Klessen & Schmidt 2009; Brunt, Federrath &
Price 2010a,b; Brunt & Federrath 2014; Kortgen & Soler 2020;
Menon et al. 2021; Sharda et al. 2022); and data-driven statistical
techniques that can capture abstract features of sub- or super-Alfvénic
turbulence using wavelet scattering transforms (Allys et al. 2019;
Saydjari et al. 2021) or deep convolutional neural networks (Peek &
Burkhart 2019). All of these diagnostics rely upon a thorough
physical understanding of the underlying phenomenology of MHD
turbulence.

However, the parameter space of MHD turbulence is large, and
there need not be a universal phenomenology that captures the
richness of the topic (see the eloquent review from Schekochihin
2020 about phenomenologies and two-point statistical models for
incompressible MHD turbulence, which continue to be subject to
debate; Iroshnikov 1964; Kraichnan 1965; Sridhar & Goldreich
1994; Goldreich & Sridhar 1995; Boldyrev 2006). In this study, we
aim to explore energy balance in a particular part of the parameter
space relevant to the ISM: isothermal, highly compressible MHD
turbulence, driven with a mixture of compressible and solenoidal
modes, and that is threaded by a large-scale magnetic field, By,
flux frozen on the system scale. Such a description is potentially
applicable to any of the approximately isothermal phases of the ISM
(Wolfire et al. 1995; Omukai et al. 2005). In this context, we can
identify several distinct energy reservoirs, but in this study our main
aim is to understand the correlation between the large-scale and
turbulent magnetic field; mathematically, this term takes the form
6B - By, where 6B and By are the fluctuating and large-scale fields,
respectively. We henceforth refer to this as the ‘magnetic coupling
term’, or simply the ‘coupling term’. This term has been neglected
previously in the literature (e.g. Zweibel & McKee 1995) because
when averaging over a volume ) that contains a few turbulent
correlation scales, (B - By)y, = 0. However, we show that when one
instead considers the second moments of the energy equation (the
fluctuations of energy), which maintain the positivity for all of the
contributions to the energy, including éB - By, the coupling term
plays a leading order role in the energy balance when B, is strong,
corresponding to sub-to-trans-Alfvénic turbulence.

Skalidis & Tassis (2021) and Skalidis et al. (2021a, hereafter
S+2021) recently showed that the coupling term is important for
measuring the plane-of-sky magnetic field using polarization disper-
sion techniques for interstellar gas, especially in highly magnetized
regions of the ISM (Li et al. 2013; Federrath et al. 2016; Hu
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et al. 2019; Heyer, Soler & Burkhart 2020; Hwang et al. 2021;
Skalidis et al. 2021b; Hoang et al. 2022). In this paper, we show
that by constructing a set of analytical models for the coupling term
and turbulent magnetic fluctuations, based on kinetic and magnetic
energy balance, one can derive strong constraints on the magnetic
fluctuations and Alfvén Mach numbers M, in the plasma. We also
study the impact of a large-scale magnetic field on the turbulence
by analysing the turbulent, total and mean field M,, and the
relationships between them. Beyond significantly suppressing the
turbulent component of the magnetic field as the large-scale field
grows in energy in a power-law fashion, B oc By !, we show that
having a strong large-scale field is a necessary prerequisite for sub-
Alfvénic turbulence, i.e. a plasma can only be in the sub-Alfvénic
regime when the large-scale ordered field contains almost all of the
magnetic energy, making the magnetic fluctuations highly super-
Alfvénic and hence dynamically subdominant.

This study is organized as follows. In Section 2, we outline
the compressible MHD turbulence simulations that we will use.
In Section 3, we review the basics of energy balance between
magnetic and kinetic energy in MHD turbulence. We focus upon
the coupling term, justify why it ought to be considered in the
energy balance equation,. and in Section 4, we provide analytical
models for this term in both the super- and sub-Alfvénic regimes. In
Section 5, we turn our attention to the fluid energetics in the context
of the Alfvén Mach number, highlighting the difference between the
turbulent mean field and total Alfvén Mach numbers and deriving
relationships between them. Next, in Section 6, we discuss the role of
the turbulent correlation scale for measuring magnetic field statistics
in simulations and observations. Finally, in Section 7, we summarize
the key results of this study.

2 NUMERICAL SIMULATIONS

To test our energy balance models, we use a modified version of
the FLASH code (Fryxell et al. 2000; Dubey et al. 2008), utilizing
a second-order conservative MUSCL-Hancock 5-wave approximate
Riemann scheme (Bouchut, Klingenberg & Waagan 2010; Waagan,
Federrath & Klingenberg 2011; Federrath et al. 2021) to solve the
3D, ideal, isothermal, compressible MHD equations with a stochastic
acceleration field acting to drive non-helical turbulence,
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where ® is the tensor product and [ the identity matrix. We solve the
equations on a periodic domain of dimension L3 = V,, discretized
with between 163 and 11523 cells, where v is the fluid velocity,
p is the gas density, B = Boé| + éB(t) is the magnetic field, with
mean-field Boéul and turbulent field 6B(t), where (6B(t)),, =0,
¢s is the sound speed, and f the stochastic turbulent acceleration
source term that drives the turbulence, which, in the ISM could be

Note that we refer to a mean-field coordinate system, as adopted in Hartlep
et al. (2000), where B always points along Z = & and hence £ =&, | and
¥ = €1 ». The plasma is statistically symmetric in the (€, 1, €, 2) plane, so
we will regularly state quantities for € .
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from, for example, supernova shocks, internal instabilities in the gas,
gravity, galactic-scale shocks and shear, or ambient pressure from the
galactic environment (Brunt, Heyer & Mac Low 2009; Elmegreen
2009; Federrath 2015; Krumholz & Burkhart 2016; Padoan et al.
2016; Federrath et al. 2017a; Grisdale et al. 2017; Jin et al. 2017;
Kortgen, Federrath & Banerjee 2017; Colling et al. 2018; Schruba,
Kruijssen & Leroy 2019; Lu et al. 2020). Here, and throughout this
paper, we use the notation (---),, to indicate the mean value of
some quantity within a specified volume V (which can be the entire
simulation volume V), but need not be). We discuss the resolution
of our simulations, and demonstrate that the quantities of interest for
us are converged in them, in Appendix A.

The forcing term f follows an Ornstein—Uhlenbeck process with
finite correlation time, T = £,/ <v2>¥2 = L/(2c, M), where M is
the sonic Mach number, such that ¢, = L/2 is the driving, or energy
injection scale, and f is constructed so that we are able to set
0.5 < M < 10, encapsulating the M values of supersonic molecular
gas clouds in the ISM (e.g. Schneider et al. 2013; Federrath et al.
2016; Orkisz et al. 2017; Beattie et al. 2019) and the subsonic, diffuse,
warm medium (e.g. Kritsuk, Ustyugov & Norman 2017). We force
with equal energy in both compressive (V x f = 0) and solenoidal
(V -f =0) modes. The energy injection is isotropic, centred on
|kL /27| = 2 and falling off to zero with a parabolic spectrum within
1 < |kL /27| < 3 (see Federrath, Klessen & Schmidt 2008; Federrath
et al. 2009, 2010, 2022 for turbulence driving details). M, is set by
fixing By and using the definition of the mean-field Alfvén velocity
and M, Mo = 2¢,/TtpoM/By. We vary this value for each of
the simulations in the range 1072 < Mo < 10%, resulting in a total
of 280 simulations across different grid resolutions, with 56 unique
simulations, which we listin Table 1. The initial velocity field is set to
v(x,y,z,t =0) =0, with units ¢, = 1, the density field p(x, y, z,t =
0) = po. with units po = 1, and 8B(r = 0) = 0, with units ¢, p,/> = 1.

We run the simulations for 10 correlation times of f, and report
statistics from time-averages over the last five correlation times to
ensure that the sub-Alfvénic mean-field simulations are statistically
stationary (Beattie etal. 2021b). After five correlation times large ver-
tical structures develop in the sub-Alfvénic mean-field simulations,
extending along the strong large-scale field and out to the driving
scale perpendicular to the field, which we show, as an example, in
Fig. 1 for the M2MA01 simulation.? For more details about the current
simulations, we refer the readers to Beattie & Federrath (2020) for
the anisotropy in p/py, Beattie, Federrath & Seta (2020) for a detailed
analysis of §B, Beattie et al. (2021a) for an anisotropic model of the
plpo variance, and Beattie et al. (2021b) for the density intermittency
and the In (p/pg) probability density function (PDF).

3 ENERGY BALANCE

3.1 Energy balance basics and averaging

Recent studies have shown that one can use energy balance arguments
that include the large-scale magnetic field, By, to derive scaling
laws between the Alfvénic and kinetic fluid quantities (Federrath
2016; Beattie et al. 2020; Skalidis & Tassis 2021; S+2021). The
dimensionless magnetic energy density, by which we mean the

2We use a naming convention for our simulations whereby the value following
the M gives the target sonic Mach number M (with decimal points omitted)
and the value following MA gives the target Alfvén Mach number Mo —
thus run M2MAO1 is one where we set the mean magnetic field and tune the
forcing to produce M = 2 and Mo = 0.1.

MHD energy balance 5269

magnetic energy density normalized to the mean thermal pressure?
poc?, is

BZ

€mag = =
&7 8nc2py  8mc2po

(Bg +28B- B, + 5BZ>, (3)

——
coupling
term
where B is the large-scale field contribution to the total energy, § B>
is the turbulent field contribution, and 26B - By is the coupling term
between the two field components. In the linear perturbation theory
limit of the MHD equations, §B? includes contributions from shear
Alfvén, fast and slow magnetosonic compressive eigenmodes (e.g.
Landau & Lifshitz 1959). Because 6B - By = 6 B| By, the coupling
term only contains the component of magnetic field fluctuations that
are parallel to the large-scale field. In linear theory, both fast and
slow magnetosonic compressible modes are able to perturb the field
variables parallel to B, so under the lens of linear theory, the coupling
term is the fluctuation contribution from the compressible modes in
the turbulence scaled by By (Bhattacharjee, Ng & Spangler 1998).
Furthermore, for sub-Alfvénic turbulence Beattie et al. (2021b)
showed that converging, shocked flows along magnetic field lines
excite strong 6 B)| fluctuations, which travel roughly at the theoretical
fast Alfvén mode speed. Therefore, it is likely, assuming that 6 B)|/B
& 1 (this is indeed the case for M < 1 plasmas; see left panel
of fig. 5 in Beattie et al. 2022) where a linear theory may be valid
for the magnetic field, the coupling term contains significant energy
contributions from fast magnetosonic modes excited by shocked gas
that converges and forms dense filaments perpendicular to magnetic
field lines.

The excitation of a dominating 6B is something characteristic
of sub-Alfvénic compressible turbulence. We demonstrate this by
plotting the time-averaged joint §Bj—8B, PDF in Fig. 2, for
highly sub-Alfvénic turbulence (Mo = 0.01). It is evident that
the distributions of 8Bj and 8B, are not the same.* The reason
is straightforward: 6B, (fluctuations from shear Alfvén waves) is
subject to a quadratic restoring force via the magnetic tension’
(Yuen & Lazarian 2020; Beattie et al. 2021b), which results in a
symmetry about B, = 0. However, 6B has a linear restoring force
and is forced out of the minimum energy state 6B = —Bj to conform
to (8By),, = 0° (S+2021). This gives rise to a skewed distribution in
8B, with a long extended tail of negative §B) values. We will show
below that B contains almost all of the turbulent magnetic energy
in the compressible plasma. Now we turn our attention to what feeds
the magnetic field fluctuations.

3 A natural normalization for an isothermal plasma because pg and ¢, are both
constant, and problem dependent.

4We show the super-Alfvénic version of this plot, which admits to isotropic
fluctuations, in Fig. B3.

SWhen By > 8B, (B- V)B ~ —« Bgé |, where « is the field line curvature.
Hence (B - V)B acts to strongly dampen shear Alfvén waves. This approxi-
mation for (B - V)B is most appropriate for regions of the plasma where V,
- v)| & 0, because compressions can excite §B|, creating parallel gradients in
the magnetic field that also act to increase the tension (Beattie et al. 2021b).
Note that in the language of solid-state physics, we may consider 3B to be
a topologically frustrated field, because the minimum energy state is 68| =
—By, but conservation of total magnetic flux requires (8 B >V = 0. Hence,
populations of parallel magnetic fluctuations can be imagined to compete to
get to 6B = —By, but for every §B| that comes close to —B there must
be either another fluctuation that comes close to +Bg or a population of
fluctuations that in total add to +By, ensuring globally that <8 By >v =0.We
do not take this analogy any further in this study but it may stimulate future
works on magnetic field fluctuation PDFs.
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Table 1. Main simulation parameters and derived quantities used throughout this study.

Turbulence Large-scale B-field Fluctuating B—ﬁell?2 Total B-field
Simulation ID M Z%(;” Mao cj# < 55)20 >V < < 5:;;0 ) ? > , M turb M total
(6] (@) (3) “) ) (6) O] ®) ©
MO5MA001 0.56710:02 1.48700 0.0113F9:0003 1770 0.00019175:9% 232104 392.0+30:0 0.0113+0:-0003
MO5MAO1 0.56670:2 1.47100 0.113+5:904 17.7 0.01817503 223703 35.6130 011370004
MO5MAO5 0.53470:004 1.447002 0.53470:004 3.54 0.23310:03 116759 7.28703 0.54470:9%
MOSMAL 04697001 09531092 (9387003 1.77 1.2+ 1.07008 27570} 0.974+07
MO5MA2 0.462+0-03 0.78310:0¢ 1.85701 0.886 317403 0.871+0:3 167792, 159792
MOS5MA4 0.47370:08 0.8381003 379793 0.443 3.12792 0.415790 198793 21793
MOSMAG 0.48370%  0.904+03 58108 0.295 2741009 0.256+091, 232404 251403
MO5MAS 0.5027006  0.90775%5 8.03759 0.222 2.4770) 0.19279009 2.76793 2.99703
MO5MA10 0.5147008  0.9347502 10.3%;2 0.177 2.24%0:0 0.1457000 3.05703 3.18%04
MO5MA100 0.63710:02 0.8897003 127.07750 0.0177 0.72179% 0.008520-000% 7.9730 7.92%30
MO5MA1000  0.6727507 0.8350:03 1340.071900 0.00177 0.36702 0.000613F0-000 11.8+80 11.8+80
M2MAOO1 1.9%00¢ 1.3410:%% 0.009575:050 709.0  0.00087970 05, 18.7159 498.07300  0.0094370.0002
M2MAO1 1.8510.08 137403 0.092670008 70.9 0.098970(, 18.4710 41.1%30 0.0917755538
M2MAOS 2.2410:07 1267008 0.5611002 14.2 6.81103 20.6730 5.28703 0.57570%;
M2MAL 1.98700 0.8451002 0.98910:05 7.09 253193 16.3797 2.47%02 1017505
M2MA2 1.95%02 0.815T004 1.95%02 3.54 40.6%05 12.3%97 1.73%0%, 1.54%01
M2MAL 2.07%02 0.927002 413793 1.77 37.0103 5.88704 2.39%01 239403
M2MA6 2.09792 0.94610:02 6.2670¢ 1.18 33.8703 3.83101 245703 2.6870¢
M2MAS8 2.0510% 0.945100 8.21707 0.886 21.5%03 239401 344707 3.91707
M2MALO 211700 0.9871003 105197 0.709 18.4103 174401, 4.07793 465104
M2MA100 2.3670) 1017903 118.0780 0.0709 3.370%8 0.072970003 16.1739 17.0759
M2MA1000 2.37H0% 0.999100 1180.07509 0.00709 0.276703 0.002147 50003 61.97309 62.87300
M4MAO1 4.0310% 1.397905 0.10179:0% 142.0 0.838%02 106.0750, 36.5730 0.170:02
M4MAOS 4.0870% 1.2779% 0.510:005 28.4 244704 741470 4.94103 0.51379%7
M4MAL 4.12%03 0.832001 103700, 14.2 843720 61.9779 249703 1.02109
M4MA2 4.02%07 0.8467003 2.01709% 7.09 125.0%19 43.4720 1.93%0% 1.49%02
M4MA4 4.03%07 0.9167003 4.03%07 3.54 109.0%02 203752 2.38%03 241703
M4MAG 3.97102 0.959+002 596103 236 76.3103 11.7507 2.94104 3.29104
M4MAS 4.0510%8 0.979+002 8.1+02 1.77 68.570¢ 8.38103 3.41103 415794
MaMALO 391702 0.9941003 9.78103 142 59.7+02 6.27%92 3.69%03 423799
M4MA100 421792 1027903 105.0739 0.142 6.29704 0.203 001 21.0390 24.2%50
M4MA1000 431790 1057902 1080.07309 0.0142 0.391104 0.00519+0:001 115.07290 128.07309
M6MAO1 6.9602 1357908 0.116+0:-08 213.0 3.86703 325.01200 29.0+40 0.115790%8
M6MAOS 6.44102 1217902 0.5361002 425 58.0719 169.07190 5.02703 0.5357001
M6MAL 6.0170% 0.8441003 10751 21.3 157.0749 121.07399 2.73%02 0.937%0)
M6MA2 5.81103 08441003 1.94700 10.6 217.0729 837730 2.1102 1.5879:09
M6MA4 6.2370 0.94700% 41510 5.32 202.0755 42.8%20 2.55%02 2.53%03
M6MAG 5.96104 0.946002 5.96104 3.54 168.0710 25.8%30 2.82103 3.04103
M6MAS 5.96702 0.979001 7.95%02 2.66 139.0703 17.4110 3.39102 373102
M6MALO 5.99702 0.99+0.2 9.99104 213 124.0103 12,6749 3.8270% 411t19
M8MAO1 8.7+0.99 1.497002 0.1099:0! 284.0 4.53704 488.07800 32.090 0.108790%
M8MAOS 8.35102 1147902 0.522+0:0) 56.7 90.2730 278.01300 5.01%03 0.505+01
M8MAL 8.1670 0.83770:0% 1.0270%8 28.4 257.0%20 205.01300 2.74703 0.92+0.7
M8MA2 8.15704 0.8631003 2.04%01 14.2 395.0710 148.07%9 2.25792 159792
MBMA4 799703 0.9331001 4,079 7.09 3440103 72,749 24172 23402
MBMAG 797708 0.938+002 5.98703 473 2780129 42,4779 2.84702 2.93703
M8MAS 7.82104 0.994700) 7.82%04 3.54 2470708 315739 3.2703 3.46703
M8MA10 8.06702 L01%50 10.1%93 2.84 197.0%32 223739 372754 3.8970¢
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Table 1 — continued
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Turbulence Large-scale B-field Fluctuating B—ﬁelljd2 Total B-field
Simulation ID M lclf’(')‘” Mao cj# < izi 1 >V < ( 5:2:)0 ) ’ > ” M urb M total
1 2 (3) “) (%) (6) (7 ®) (C)]
M10MAO1 11.3793 1457507 0.113790% 354.0 6.76%10 720.075000 33.7%80 0.112790%
M10MAOS 10.2+903 1134042 0.50910:9% 70.9 143.0139 420.01209 4.88+0:8 0.49615:02
M10MA1 9.72709 0.868 003 0.9727009 35.4 338.0730 300.07309 279104 0.8887096
M10MA2 105793 0.8887002 217097 17.7 549.090 215.0790, 2.3910:1 156792
M10MA4 10.3794 0.9317903 4.12792 8.86 529.0730 112.0780 2.427043 2.3270%
M10MAG 9.78103 0.9527902 5.87702 5.91 398.0729 65.2770 27703 277103
M10MAS 100793 0.9977902 8.03703 4.43 346.0710 46,7770 3.27704 3.41704
M1OMALO 9.42+02 0.99701 9.42702 354 288,029 34,3130 337103 35103

Note. All simulations listed are run with grid resolutions of 163,363, 723, 1443, and 2883, All statistics are spatially averaged over the entire domain, V = Vp,
and are computed for 51 time realizations, across five correlation times of the Ornstein—Uhlenbeck forcing function. From the distributions in time, we report
the values for the 16th, 50th, and 84th percentiles. This process minimizes the possibility of using statistics that are undergoing temporally intermittent turbulent
events (Beattie et al. 2021b). Column (1): the simulation ID, used throughout this study. Column (2): the turbulent Mach number, M = <(8v / cs)zx)/ % Column
(3): the correlation scale of the turbulence, £cor, », in units of the driving scale, £¢, defined directly from the power spectra in equation (32). Column (4): the
Alfvén Mach number of the mean magnetic field, Mag = <(8v\/éﬁpo) / Bo>, with fluctuations coming from év, since 9y, By = 9,By = 0. Column (5): the mean
magnetic field strength in units of ¢ ,oé/ 2. Column (6): the volume-averaged square of the turbulent magnetic field, proportional to the turbulent magnetic energy,
in units of thermal energy. Column (7): the volume-averaged root-mean-squared (rms) of the magnetic coupling term 6B - By, in units of thermal energy. Column
(8): the Alfvén Mach number of the turbulent magnetic field, equation (28). Column (9): the Alfvén Mach number of the total magnetic field, equation (29).

Figure 1. Typical velocity (red) streamline structure in sub-Alfvénic mean-
field turbulence, with M =2 and Mo = 0.1. The direction of the mean
field, By, is shown in the bottom right-hand corner of the box. Slices of the
density are shown in grey scale at the box edges. Ordered vortex structures
occupy the full extent of the box along €|, and out to the driving scale in & .

The dimensionless turbulent kinetic energy, normalized by the
mean thermal pressure (similarly to ep,,; see equation 5), is

1 /80>
in — < —_— N 6
€ki Z(CS) (6)

which acts as an energy reservoir for the magnetic field fluctuations
via the velocity term in the induction equation, equation (3). Con-
sidering our ideal, isothermal (in our units, the thermal energy is
Ethermal = 3/2), MHD system, the total energy is then

I (B2 +25B - By + 5B) + - )
e =75 — : z,
T\ g 8712 po 0 0 2

e B A B e
02F M=2 My =001 ]
[ , . - 107
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Figure 2. The joint probability density function (PDF) for 6B and 6B
for the M2MAOO1 simulation, showing a long, asymmetric tail into the
negative values for §B. As demonstrated in S+2021, the 6B, fluctuations
are symmetric about §B; = 0, and are analogous to a harmonic oscillator
(in magnetic amplitude space) that is restored by the magnetic tension oc§ Bi
with a quadratic potential. On the other hand, the §B| amplitude fluctuates
anharmonically, o8B, with a linear potential. In sub-to-trans-Alfvénic
compressible MHD the anharmonic, parallel magnetic field fluctuations
contain most of the magnetic energy.

and for just the ‘total’ turbulent energy,

1 /6v\? 1
wh = = | — —— (28B-By + 8B?), 8
Curb 2(6'5) +87‘[C§p0( o+ ) (8)

where only the §B% and 8B - B, terms are retained in the magnetic
energy, because they contain the turbulent contribution.

In a fluid with initially weak magnetic fluctuations and By = 0,
egin (equation 6) will transfer energy and enhance e, (equation 5
with By set to 0) via the small-scale turbulent dynamo (for a recent
review see McKee et al. 2020). A standard ansatz of dynamo theory
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Figure 3. The square root of the fourth-order turbulent velocity (left) and magnetic field (right) moments as a function of second-order moments, coloured
by M ap, for all of the simulations listed in Table 1. The second-order moments of the turbulent fields are approximately equivalent to the scaled fourth-order
moments, <5v4>¥2 =(1.3+£0.3) <5v2>v, and <8B4>¥2 =(1.5+04) <632>V, rarely deviating by more than a factor of 2 (dotted line) from the 1:1 dashed
line. This means that the standard deviation of the magnetic and kinetic energy distributions scale with the mean.

is that saturation will be reached between the turbulent fields, such
that

<emag>v

= Wsat, 9
(ekin)v Feat ©)

where 0 < o < 1. The value of «g is a function of M, the Alfvén
Mach number M, (a precise definition for which we defer to
Section 5), the nature of the driving mechanism, f, in particular if it is
compressive V x f = 0 or solenoidal V - f = 0, and the Prandtl and
Reynolds numbers of the fluid (Federrath et al. 2011a, 2014; Schober
etal. 2012, 2015; Federrath 2016; Achikanath Chirakkara et al. 2021;
Kiriel et al. 2022). The exact physics of the saturation is still an open
problem in dynamo theory, but most likely the saturation develops
due to the effect of strong magnetic fields on both the amplification
(viafield line stretching), diffusion of magnetic fields and instabilities
caused by tearing and magnetic reconnection (Schekochihin et al.
2002; Xu & Lazarian 2016; Seta & Federrath 2021a; Galishnikova,
Kunz & Schekochihin 2022); however, the exact value of «, and its
dependence on other parameters is not important for our purposes.
What is significant is that, assuming that the energy transfer from ey,
to epyg is solely through the turbulent components of the respective
fields, including the turbulent and large-scale field coupling term for
the more general case where By # 0, from equations (8) and (9)
becomes

1 ot | (802
28B - By + 8B?),, = — , 10
sz (8 B HOT= 5 <<) > "

which naively reduces to

1 5 gt sv\?
872 po (B >V ) . ’ (i
v

if (8B - By)y = (8By),, Bo = 0 because (§By),, = 0 when V cap-
tures a few correlation lengths of the turbulence, for the regular
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Reynolds (1895) decomposition of a stochastic field.” But this is not
necessarily a sensible result because when the large-scale field is
strong the coupling term is leading order in the turbulent magnetic
energy, and all energy reservoirs should be strictly positive. Because
the coupling term is the only term that is not positive semidefinite
in equation (10) we may want to treat averaging the equation with
more care.

These considerations lead us to consider an alternative ansatz, one
that enforces the positivity of all terms. Our approach is to take the
second-moments of equation (10), but also taking the square root to
ensure that the units are appropriate for an energy balance,

1/2
1 A2 g [ 0! !
<(253.Bo+53 ) > - ov . (12)
87tc2 po v 2 Cs

v

The physical interpretation of this balance is that instead of balancing
the means of the energy distributions, we balance the root-mean-
squared (rms) values, which are a measure of the typical local
fluctuations in energy of the plasma. This method of volume-
averaging equation (10) gives rise to fourth-order terms in velocity
and magnetic field fluctuations (second order in energies). Note that
for finite M ag, 0ty is now different from o, in small-scale dynamo
experiments (where By = 0) because it is now sensitive to the large-
scale field through the energy contribution of the coupling term.

To better understand the fourth-order terms we plot them as a
function of second-order terms in Fig. 3 and show the 1:1 and 1:2
lines with dashes and dots, in each of the plots, respectively. Using

7S+2021 showed that even this leads to complications because 8B - By is
analogous to a potential energy, which does not make sense to average because
itis invariant to gauge transforms, not positive definite, nor symmetric around
the minimum energy state for §B). See discussion in section 4 of 42021 for
more details.
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12
v =(01.3£03)(sv?),,, and

(8B*)))% = (1.5 0.4) ($B2),,, hence, within ~1o, the propor-
tionality constants are approximately unity. Physically, this means
that as the mean of the energy distributions increase, so does the
rms, or spread of the distributions. This has been shown before,
for example, in Schekochihin et al. (2004), where they found
<SB4>:}/2 ~ v/2(8B*),, (see fig. 11, saturated regime). This is an
important point, because it means that the contributions from the
turbulent fields remain approximately the same in both averaging
schemes, equations (10) and (12), but now we are able to properly
include the energy contribution from the coupling term.

least-squares fitting we find that <6v4>

3.2 Weak and strong B-field limits for rms energy balance

Consider now equation (12) in the weak By regime, such that By <
8B, averaged over V. This means

<(2‘SB “Bo + 832)2>v
— (2B - ByY),, + (4GB - Bo)3B>),, + (3B*),, (13)

~ (8B*) . (14)

to leading 8 B* order, and therefore

1/2
(0B o [ (0}
AAWALY SR e . (15)
87'(6‘52,0() 2 Cs v

Based upon our numerical results this equation can be rewritten in
terms of second-order terms (see Fig. 3),

6By [ (B0’

v S (20 (16)
8meZpg 2 Cs .
with the (§B*) , dominating the balance between the kinetic turbu-
lent energy. Likewise, as Federrath (2016) framed the relation, the
kinetic energy is feeding the magnetic field through the §B* term in
this regime.

In the strong By, regime we have By >> 6B, and hence, to leading
Bg order equation (13) becomes

((20B By + 532)2>V ~2((6B-By)),,, (a7

with the 2<(BB ~BO)2>;/2 term dominating the balance. Hence the
energy balance must be between

1/2

(6B-Bo))" _aw [ (50 )
47e2 py 2 ¢ ’

v
which we can similarly reduce to second-order terms,

(B-B?))) e [ (80>
sy N — . (19)
47tz py 2 Cs v

Note now this is the same relation derived in S+2021, but it comes
from directly considering the rms balanced energy equations, and
then invoking the numerical result that the square root of the fourth-
order velocity and magnetic terms scale almost perfectly with the
second-order terms. The second—fourth moment relation should be
accurate to a factor less than 2, as indicated in Fig. 3. Establishing
the strong mathematical footing for this relation is a key result from
our study.

We will return to equation (10) and the two limiting cases,
equations (16) and (19), throughout this study. Specifically, we will
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Figure 4. The magnetic coupling term, <(SB . Bo)z>¥ 2, as a function of the
M, coloured by M 4, for all of the simulations up to M a9 = 10. We show
the strong-field model, equation (20), for the coupling term, indicated with
the grey dashed line, which is valid for the simulations with dark shading,
assuming exact energy equipartition between the turbulent kinetic and the
coupling term energy.

show that by using this simple energy balance model that includes
<(8B .BO)2>¥2, we can learn a great deal about the magnetic and
velocity field fluctuations. First, we start by understanding the nature
of the coupling term.

4 MODELS FOR ((B-By)?*))/’

4.1 Strong mean field, By > JB

Assuming that the kinetic energy fluctuations are in energy equipar-
tition with the coupling term (g, = 1) it immediately follows from
equation (19) that in the strong-mean-field regime the coupling term
is

(B -Boy)\)" =262 pymeM?. (20)

We plot this predicted relationship, along with the values measured
from our simulations, in Fig. 4. The plot is consistent with our
expectations: simulations in the strong-mean-field regime, Mo < 1,
sit very close to the equipartition line, while those with Mo > 1 sit
below it, indicating that the (§B%),, term is playing an increasingly
large role in the energy balance as we transition to the weak-mean-
field regime.

Even in the strong-mean-field regime, we see weak variation
with M in how closely the simulations follow the prediction of
equation (20). For low M, the strong-field model works best, but as
M gets larger there is some scatter to lower values of <(SB - By)? L/ 2,
even in the sub-Alfvénic simulations. This suggests that for Mo 2 1
there are some contributions to the magnetic energy through the
(8B?),, term, which we neglect in our model, i.e. the shear Alfvén
waves and fast modes that perturb the magnetic field perpendicular
to By. Of course, the turbulence naturally excites such modes but it
is plausible that the magnetic tension significantly suppresses them
when By/éB is large.

To further quantify when each of the magnetic terms in equa-
tion (12) contributes the most to the energy balance we ex-
amine the ratio of the two magnetic energy reservoir terms,

(5B - Bo)*),”/ ($B2),,. We estimate (3B),, following the fluc-
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turbulent magnetic energy, <8 B2>v as a function of M, coloured by the
M, for all simulations. We show in red dots the equipartition between the
two terms. The grey dashed line shows the strong-field model, equation (22),
which is valid for By > 8B, or Mg < 2, and the grey dot—dashed line for
the weak-field model, equation (25), valid for Mo > 2.

Figure 5. The ratio of the magnetic coupling term, <(¢SB -By)?

tuation models in Federrath (2016) and Beattie et al. (2020),® which
leads to a predicted relationship

(8B%).)7 = coy/mpo MM po. @

The ratio between the coupling term to the energy from the above
equation squared is then

5B - By)?). ,
<( 20) >V _ 22 _ zemdg,()’ (22)
<SB >V MAO €kin

where Mgg = €mag,0/€kin- This means at Mag = enag.0/€kin = 1,
i.e. when the turbulent and B, energy are in equipartition, we
expect <(EB . Bo)zxj/2 / <532>v = 2. We plot the relation measured
in the simulations in Fig. 5, showing our predicted scaling in the
strong-mean-field regime with the dashed, grey line. Again, the plot
shows excellent agreement between the model and the MHD data
in the range 0.01 < M, < 2, indicating a perfect balancing act
between <(SB -Bo)2>;/2 and <5v2>v. The Mg ~ 2 transition is
where (8B), /B ~ 1, and the turbulent magnetic field starts to
dominate the magnetic energy reservoir. We will find that this is a

reoccurring transition phase for compressible MHD turbulence.

4.2 Weak large-scale field, By < B

Beyond Mg > 2 energy balance arguments only work if the
saturation level changes as a function of plasma parameters, because
8B is not constant with B, (Federrath 2016; Beattie et al. 2020).
We have one free parameter, oy, which need not be constant for
all Mao and M (Federrath 2016; Achikanath Chirakkara et al.
2021; Seta & Federrath 2021a). To extract o, we model the
coupling term in the super-Alfvénic regime by starting with an
empirical model that Beattie et al. (2020) found held universally for

8$Note that anisotropy in the magnetic and velocity fluctuations (decomposing
to perpendicular and parallel field components) was ignored in these studies,
as pointed out by S+2021, but the corrections are of order unity, which
we show in Appendix B, and only become important for more sensitive
calculations, which we discuss later in Section 5.
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Figure 6. The magnetic coupling term, <(SB . Bo)2>ij/2, compensated by
equation (20), as a function M 4, coloured by M, for all simulations. This
choice of compensation reveals the Mg dependency in the super-Alfvénic
turbulence regime, which we provide a model for in Section 4.2, shown with
the grey dot—dashed line.

M in the My 2 2 regime, <632>L/2 /By = MZA/(; This provides

an independent estimate of the super-Alfvénic turbulent magnetic
fluctuations,

(8B)\)* = M2 By = 2c /Moo MMy, (23)

v

and therefore, equating equation (16) with the square of equa-
tion (23), Ay = M;g/ °, which implies that as the large-scale field
becomes weaker, the turbulent magnetic field saturates to smaller
and smaller values because there is less total magnetic energy,
consistent with what was qualitatively found in Beattie et al. (2020).
Following the same steps as in Section 4.1, additionally using
Bo/(csp?) = 2/TM M, the definition of the large-scale field
Alfvén Mach number, the coupling term in the super-Alfvénic regime
becomes

((B-BoY)\) = 2mc2 poM> Mg, (24)
and ratio (8B - Bo)*),)"/ (§B%),,,

(6B-B)*))" 1

= M 25)

We plot equations (24) and (25), alongside their strong-field coun-
terparts, in Figs 5 and 6, respectively. Note that Fig. 6 shows the
same information as Fig. 4, but we have normalized by equation (20)
to remove the M? dependency. This allows us to better observe the
dependence on M  in the By < 8B regime. Astonishingly, through
this relatively simple analysis both of the theoretical models describe
the data very well, providing excellent agreement over three orders
of magnitude in M »¢, with no free parameters.

4.3 Discussion and caveats

We have established that for sub-to-trans-Alfvénic turbulence, the
volume-averaged turbulent kinetic energy is in exact energy equipar-
tition with the rms 8B - By field. Each of the models in Section 4.1
relies on this assumption (og = 1), and without any further free
parameters, with such a simple model, the agreement to the numerical
data in Figs 4-6 is remarkable. The models in the super-Alfvénic
regime critically rely on the empirical result from Beattie et al.
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(2020), <632>¥f /By = M2, but likewise, the models for the

coupling and fluctuation terms outlined in Section 4.2 are in excellent
agreement with the data, again, with no free parameters.

Our results therefore strongly support the Skalidis & Tassis (2021)
and S+2021 model for relating the balanced rms magnetic field
coupling term to the volume-averaged turbulent kinetic energy (the
energy balance arguments). We hope that our treatment satisfies
other authors’ concerns about the Skalidis & Tassis (2021) coupling
term method. These concerns have taken two forms. One is that
the energy contribution from (6B - By)y, "2 0 because (6B)y, =0,
as highlighted in the appendix of Li et al. (2022). But as has been
extensively discussed in S+2021, and in Section 3 of this study,
(6B - By)y, = 0 is not a valid way of understanding the contribution
from the coupling term. The other concern raised in the appendix of
Li et al. (2022) is that energy balance only involves second-order
quantities; this approach by definition omits the coupling term
contribution, which is first order, in the energetics. Omission of the
coupling term leads to significantly underestimating the magnetic
energy in sub-Alfvénic turbulence;’ this is strongly supported by
our numerical results in Figs 5 and 6. In the same figures we show
that second-order terms become significant only in super-Alfvénic
turbulence. Therefore, one should clearly state the magnetization
level of turbulence (sub- or super-Alfvénic) before arguing about the
relative contribution of the various terms in the energy balance.

Liu, Qiu & Zhang (2022) further argue that self-gravity may
modify this energy balance. We do not include gravity in this study,
but it is possible that gravity may collapse locally bound (by self-
gravity) regions in the ISM, enhancing and creating strong magnetic
fields (Sur et al. 2010). This may make the coupling term even more
relevant as the regions collapse, forming convergent flows parallel
to the field lines, and strengthening the magnetic field and hence
the local effect of 6B - By. This is speculative, and the exact effects
of gravity are unclear; we will return to this topic in future work.
Of course, all of this work is done in the isothermal context, so our
relations are only relevant to individual phases of the ISM, which are
well approximated by an isothermal equation of state (e.g. Wolfire
et al. 1995).

5 THE THREE ALFVEN MACH NUMBERS

5.1 Definitions and results

The Alfvén Mach number, M 4, is another part of the energy balance
story, because the quantity itself is directly related to the energy
equilibrium in the plasma,

_ B?/(8m) €ma,
2 _ _ [ Zmag
Nu__QUDMM>v_<@m>V 20

which is similar to o, in equation (9), but not exactly the same,
because (X/Y), # (X)y, /(Y),, if there are any correlations be-
tween X and Y, as is the case for the magnetic and kinetic energy
(gt = /\/l;j/ 3, Section 4.2).

Throughout the previous section, we utilized M 4 to construct our
models around values of By. We could do this easily because Mg
is an input (or at least controlled, albeit with some small variation

9S42021 showed that omitting the coupling term in the estimation of the
magnetic field strength in sub-Alfvénic turbulence, or equally applying the
Davis (1951) and Chandrasekhar & Fermi (1953) method, can produce
estimates that can be up to an order of magnitude larger than the actual
values.
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due to velocity fluctuations) in our simulations. However, in many
astrophysical turbulence studies, authors prefer to use M . For some
of these studies, it is not clear if one should interpret this as the M
with respect to just turbulent fluctuations, or the total field strength.
The difference between these quantities is rarely appreciated, so

we make a point by defining and relating three different canonical
10

constructions of M . The three definitions we use'’ are
Sva/4T
Mm=<——i>, @7)
By /y
Sv+/4mp
My = <7> , (28)
8B v
Sva/4mp
Mol = <7> , (29)
B v

where the first of the three defines the large-scale field (or mean
field on the system scale) Alfvén Mach number, which compares the
large-scale magnetic energy with the kinetic energy, the second is the
turbulent-field Alfvén Mach number, which compares the turbulent
magnetic energy with the kinetic energy, and the third, the total field
Alfvén Mach number.

To understand the relation between the three quantities, we plot
them in Fig. 7 (Mo in red, and My e in blue, both as a
function of Map). The dashed, grey line shows the one-to-one
line between M g and M . For Mag < 2, Mag & M goral, Which
means the energetics of the fluid are completely dominated by the
large-scale field, and not the turbulence at all. M 1 follows a
power law in M, that prevents the fluctuating magnetic field from
ever becoming stronger than M 1 & 2. Once the turbulent field
has reached M ~ 2, it then begins weakening again, but this time
Ma b = Ma o, With M o S Mo, i.e. transitioning into a
turbulent magnetic field dominant regime as the B-field becomes tan-
gled and more energy dense than the large-scale field. As discussed
in Section 4.1, the M ¢ = 2 transition between the sub-and-super-
Alfvénic regimes defines exactly when the By and 4B field are equal

12 (0’4 <6v2>v and

in energy, and the transition between <(SB . B0)2>V

(8B?),, o< (8v*),,, as annotated in the plot.

We are able to derive the relation between My and My
in the sub-Alfvénic regime by rearranging the coupling magnetic
components, <((SB . BO)2>1}/2 = <83ﬁ>:}/2 By, on the right-hand side
(RHS) and turbulent components on the left-hand side (LHS) of
equation (19),
2(sB7)."

W = M. (30)
But now we need to use total fluctuating magnetic field, not just
the parallel field, to get the complete M . In Appendix B, we
directly measure the different field components and relate them
to the total fields. The most strongly anisotropic regime, in the

highly sub-Alfvénic turbulence, corresponds to (1/3) (8B} :)/2

(8B3)))" < (2/3)(8B7),)" and (5v7)," ~ (2/3) (802 )})”. For the

magnetic fluctuations, we pick the average between these two
1/2 1/2

Values,.<68i v =1/2) <8Bﬁ>v , and then propagate both the

magnetic anisotropy through the regular vector magnitude equations,

which gives <8B2>L/2 =/3/2 <(SBﬁ L/z. Substituting this back into

=<

10We note there are, of course, even more definitions that one could in
principle construct, for example, M = (§v) v/47t00/ (B), which we use to
set the Alfvén Mach number in Section 2, or one could even use component-
wise constructions.
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equation (30) gives A :
Maury = \@MX(I), Mapo <2, (€28)

which we plot with the grey dotted line in Fig. 7. This simple
model intersects with the My = My line at the Ma o & Ma urb
transition. At lower Mg there is some deviation away from the
model, which is because of the stronger than average magnetic
fluctuation anisotropy present in the Mo < 1 data.

most effecient small-scale dynamo

small-scale dynamo saturation

5.2 Hypothesis on limiting behaviour

The discussion in the preceding sections leads us to propose a
hypothesis regarding the limiting behaviour of MHD turbulent
systems in Fig. 7, which we illustrate schematically in Fig. 8. 2

~-

Figure 8. Schematic for the M wn—Mao plane, showing the small-
scale dynamo saturation in the Map — oo limit, and the Ma b X M;é

5.2.1 MAO — 0

As Mo — 0, the turbulent field should continue to become weaker (<5 32>;/L2 x Bg') power law in the Mg — 0 limit, derived using energy

and weaker (M yp > 1). The reason for this is that the magnetic
fluctuations (specifically the shear Alfvén waves) are smoothed out
by the increasing magnetic tension, (B - V)B, and are reduced in
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balance. The separation between M a urb(Mao) curves, AMa b, changes
with different plasma parameters that control the small-scale dynamo satura-
tion.
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degrees of freedom since they are perfectly flux frozen into By.
Therefore, instead of any field-line stretching, coherent magnetic
field lines are randomly walked in the perpendicular plane to By
(field line random walk; Jokipii & Parker 1968). 2D planar motions
cannot instigate dynamo action (Zel’dovich 1957 theorem), so it is
unlikely that §B ever grows irreversibly'! again in this limit, and
we find <(SB2>¥IZ o By' (equation 31; consistent with qualitative
observations in previous studies; Haugen, Brandenburg & Dobler
2004), until the magnetic field only has a large-scale component and
B = B,.

5.2.2 MA() — Q0

In the Mg — oo (By — 0) limit, we reach the results from the
small-scale dynamo community. Very broadly speaking, in these
studies, where By = 0, and hence Mo — oo, the equilibrium
magnetic field strength asymptotes to a value that depends on the
sonic Mach number and ratio of compressive to solenoidal modes in
the turbulence, and plasma Reynolds numbers (if they are finite). In
this limit, the maximally efficient turbulent dynamo is for the most
subsonic, solenoidal flows and the least efficient for the highest M,
most compressible flows (Federrath et al. 2014; Schober et al. 2015;
Federrath 2016; Achikanath Chirakkara et al. 2021). Hence, as M »¢
becomes larger, we should expect to observe the M (M pg) curves
separate and asymptote to different constant values of M wm, as
a function of M, which is what we find in Fig. 7. Since the most
efficient turbulent dynamo'? leads to saturation of My o = 2 (see
highly subsonic, solenoidal experiments in Achikanath Chirakkara
et al. 2021), this defines a floor that bounds M, from below as
M A0 —> OQ.

5.3 Sub-Alfvénic turbulent fields do not exist

We find that the fluctuating magnetic field becomes extremely weak
at Muo < 2, and is bounded from below by the most efficient
saturation of the small-scale dynamo in the limit Mso — 00. An
immediate consequence of these two limiting behaviours is that
there is no room in the Mx—M g plane for M w S 2 turbulence.
Hence the only sub-Alfvénic turbulence that is possible in this
parameter space is sub-Alfvénic large-scale field (or coherent field)
fluid turbulence. We show that this kind of turbulence is highly super-
Alfvénic with respect to the turbulent velocity fluctuations (shocks
and vortices), M b > 1, and it is only through the non-turbulent
components of the plasma that the magnetic energy is able to be
sufficiently stronger than the kinetic energy. As a caveat of this
analysis, in this section, we volume-averaged the plasma beyond the
correlation scale of the turbulence, hence this does not rule out that
the turbulence can be sub-Alfvénic on scales much smaller than the
correlation scale. In the next section, we explore averaging below
the correlation scale, and discuss how sub-Alfvénic turbulence can
emerge by taking statistics below the correlation scale.

""Note that it may grow locally, through reversible processes such as
compression, but these ought to average out over time.

12Note this is in absence of magnetic helicity, which may significantly change
the saturation of the dynamo given that there are more degrees of freedom
to store magnetic energy than in non-helical turbulence and magnetic modes
above the outer scale of the turbulence can be energized (e.g. sections 4-5 in
Rincon 2019).
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6 THE AVERAGING SCALE

We have shown it is important to average equation (9) in such a way
that all of the terms are positive definite, and that <(SB - By)? 1;/2
balances the kinetic turbulent energy perfectly in the sub-Alfvénic
large-scale field turbulence regime. However, these methods criti-
cally rely on an averaging scale V. In this section, we highlight the
importance of V' and show that even if one adopts the traditional
ansatz that does not enforce positivity, equation (10), the coupling
term can make non-zero contributions to the turbulent energy.

The fundamental reason for this is that the volume-averaging scale
for (- - )y, is important. In simulations, we regularly report volume-
averaged statistics over a few turbulent correlation scales, £cor, 4, i.€.
V= Ufil(egor,u),-, where N is a few, or directly at the full size of a
simulation box, V = V.. However, for many observations of the ISM,
the region sampled is far smaller than the turbulent correlation scale.
For example, magnetic fields in star-forming clouds are observed to
be correlated on scales up to ~100 pc (Li et al. 2014), comparable to
the scale height and the outer scale of turbulence in galactic discs (e.g.
Karlsson, Bromm & Bland-Hawthorn 2013; Falceta-Gongalves et al.
2014; Krumholz & Ting 2018). Dust polarization observations using
Herschel (e.g. the Herschel Gould Belt Survey; André et al. 2010)
generally sample'® much smaller fields of view (of order 10 pc); over
size scales typically probed by such observations, there is no sign of
a flattening in the velocity dispersion—size relation (Federrath et al.
2021; Yun et al. 2021; Zhou, Li & Chen 2022), clear evidence that
the region being studied is much smaller than the correlation scale.

To explore the implications of this, we directly compute the
correlation scales of the turbulence ., , and magnetic field £, p in
our simulations, and plot them as a function of M 4, coloured by M
in Fig. 9. We compute both of them in the textbook manner, directly
from the energy spectra &, (k) and & (k) as

= -1
lo L /O dk k' 2(k)
b b / dk P(k)
0

where (k) is replaced by &,(k) for the turbulence correlation
scales, and 3 (k) for the magnetic field correlation scales.

We focus first on the top panel of Fig. 9, the turbulence correlation
scale. The super-Alfvénic large-scale field experiments have £ ,
~ {y, with a small dip at Mg = 2 as the turbulence transitions
between By, and 8B dominated (as discussed in Section 3). The
sub-Alfvénic turbulence has correlations scales above the driving
scale, most likely due to the system-scale vortices that develop in
the flow (Beattie et al. 2020, 2021b). If we interpret this experiment
at face value, this means that if individual clouds are sub-Alfvénic,
we should expect correlated turbulent velocities beyond the extent of
the entire sub-Alfvénic region, even if the driving scale is not itself
larger than the individual clouds. For the ISM in general, which is
probably trans-Alfvénic-to-super-Alfvénic (Mg & 2) and transonic
on average (Gaensler et al. 2011; Krumholz et al. 2020; Seta &
Federrath 2021b; Liu et al. 2022), we should expect turbulent motions
to be correlated out to the driving scale of the largest turbulent
motions. This, of course, is a natural repercussion of one of the
central tenets of turbulence: the energy cascade from large (galactic,
in this context) to small (molecular cloud and smaller; Armstrong,
Rickett & Spangler 1995) scales.

, (32)

3In observations we can define a sampling scale as the maximum spatial
separation of observational data in the plane of the sky.
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Figure 9. Top: the turbulent correlation scale, £cor, , (equation 32), in units
of turbulent driving scale, £y, as a function of M ag, for all simulations. We
find Leor, v A £o, with some systematic deviation at low Mg, most likely
due to the strong, global anisotropy in those simulations. Bottom: the same,
but for the correlation scale of the magnetic field, £cor, p. The scatter at each
M ap is determined by M, which ranges between M ~ 0.5 and 10 and only
weakly changes the correlation scale of the turbulence.

Similar to the turbulence correlation scales, the magnetic corre-
lation scales of the sub-Alfvénic simulations are on larger scales
than the driving scale, indicating, as we showed in Section 5,
that the fluctuating magnetic field is negligible in the sub-Alfvénic
regime, and is strongly suppressed by the large-scale field. The super-
Alfvénic simulations show a decaying power law £ g X ZOM;(')/ 2
which demonstrates that as the large-scale field weakens, the causally
connected regions in the magnetic field move to smaller and
smaller scales (qualitatively consistent with previous expectations;
e.g. Lazarian & Beresnyak 2006). This is likely due to the strong
turbulent motions tangling the magnetic field (e.g. section 4.1.1 in
Sampson et al. 2022), increasing the net curvature (Yuen & Lazarian
2020) and facilitating a smaller scale field.'* This means, to place the
correlation scale of the magnetic field on comparable scales of a 10 pc
observation (e.g. Federrath et al. 2016; Panopoulou, Psaradaki &
Tassis 2016; Beattie et al. 2019; Hu et al. 2019), for £y = 100 pc we
require that Mo 2 100, which on average is unrealistically high for
the M ¢ in the disc of Milky Way analogues (Hopkins et al. 2021;
Wibking & Krumholz 2021). Likewise, for average ISM parameters
that we use from the above discussion (£y = 100pc, Muo = 2),
Leor,p X éo/\/l;(')/ 2 gives Leor, g & 70 pc, which determines the largest

141n the sense that the ratio of the magnetic energy in the low-k modes to the
magnetic energy in the high-k modes is shrinking.
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Figure 10. Coupling and mean-squared values of magnetic fluctuation terms
in units of large-scale field as a function of averaging scale normalized to
the correlation scale of the turbulence, ¢y, ,, for the 10 randomly sampled
regions in the M2MAO0 01 (top) and M2MA10 (bottom) simulations. The square
magnitude of §B on scale ¢/, , is shown in red, and the mean of §B - By
on that scale is shown in black. The yellow shaded region indicates where
numerical dissipation effects may influence the field statistics. Because of
the spatial correlation of the magnetic field, on scales £ < £cor, , (volumes
Vs Zgom,), turbulent fields are converted into effective mean fields. This
means (8B - Bg)y, # 0 on scales below £, ,, acting as an effective mean
field on that scale. On scales above £, , the Reynolds rule of averaging
holds and (6B - By),, = 0 as expected.

scale in which the magnetic field can be casually connected via
magnetic field fluctuations, when driven at 100 pc.

The significance of this for magnetic energy balance, in both
simulations and observations, is that we are often dealing with vol-
umes V < Vp,and while (6B - By),,, = 0,in general (6B - By),, # 0
when V < V. More generally, for random fields X and Y, averaged
on volumes V < V;, ((X)y Y)y # (X)y, (Y),, and without loss of
generality, (6X),, # 0, i.e. the Reynolds rule of averaging is no
longer valid (Germano 1992; Hollins et al. 2018). We show an explicit
example of this for sub-Alfvénic M2MA001 (top) and super-Alfvénic
M2MA10 (bottom) simulations, mimicking the transonic average
ISM in Fig. 10. We provide a full description of the methodology
for performing the experiment in Appendix C, but to summarize
here, we use real-space spherical top-hat filters initialized at random
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Figure 11. The same as the bottom panel of Fig. 10, but for the scale-
dependent Alfvén Mach numbers of the large-scale field, equation (27), and
the turbulent field, equation (28).

coordinates in each the simulation, each with diameters €/£. ,, to
compute the mean-squared (red) and mean (black) of the filtered 6B
and 6B - B fields, in units of the large-scale field, respectively; £cor, »
is computed independently, directly from the velocity power spectra,
equation (32). We indicate in yellow the scales for which numerical
dissipation may influence the rms statistics, which can be up to ~30
grid cells for our (and other grid) simulation solvers (see section 2 in
Kitsionas et al. 2009; Federrath et al. 201 1b, for further details).

For both simulations, we find that on scales ¢ < flco y»
(8B - Bo(£/Leorn)),, # O, coupled with a small <532(e/zwr,v)>v
compared to the system-scale <632>V. This is a natural repercussion
of finite spatial correlation in the plasma, where local regions in
the turbulence, £* < £3 ., can have fields that appear ordered, even
though they are part of the global fluctuating field, as evident from
Fig. 10. When averaging over these filtered regions the spatially
correlated fluctuating field acts as an effective large-scale field on that
scale. The main difference between the two simulations is the size
of the fluctuating field, which is orders of magnitude smaller on all
scales in the sub-Alfvénic simulation, as expected from our previous
discussions in Section 5. Our analysis also illustrates the difficulty of
distinguishing between large- and small-scale magnetic fields when
one is making observations well below £ ,, and provides a very
clear reason why §B - By may be an important quantity for magnetic
field observations made over a finite field of view. This finding has
strong implications for the interpretation of observations. As we
discussed in Section 1, some ISM observations suggest that clouds
are in a sub-Alfvénic state (Li et al. 2013; Federrath et al. 2016; Hu
et al. 2019; Heyer et al. 2020; Hwang et al. 2021; Skalidis et al.
2021b; Hoang et al. 2022). Based on our analysis in Section 5, this
means that a very strong, large-scale field must be present. Naively,
the small-scale dynamo, which is generally invoked to explain the
magnetic field strengths in the ISM, should not be able to maintain
such a system (the most efficient dynamo saturates at My =~ 2;
Federrath 2016), with all of the magnetic energy being stored in
the large-scale field. An o—2 dynamo that can grow a large-scale,
coherent magnetic field through the Parker loops («; Parker 1979) or
differential, possibly galactic, rotation (£2; see section 2.6 in Beck &
Wielebinski 2013) may be required to grow such a field at the kpc
scale, which is coupled to the ISM of the galaxy, piercing individual
clouds and making them highly magnetized.
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Figure 12. The same as the top panel of Fig. 10, but for the scale-dependent
energy balance, in the strong-field limit equation (19). We show lines of 1:1
(blue, dashed), 2:1 and 1:2 (blue, dot—dashed), highlighting that between the
largest scales in the simulations and the dissipation scales (indicated with the
yellow shaded region) almost all of the random regions sampled fall within a
factor of 2 in exact equipartition.

Our current analysis suggests an alternative possibility: one way
of creating an effective mean field, which may act like a large-scale
field for scales below it (e.g. for a sub-Alfvénic plasma embedded
in a super-Alfvénic plasma), is by taking filtered statistics of the
turbulence, and hence observing the fluctuating field well below
the correlation scale of the turbulence. Because this process turns
fluctuating field into an effective large-scale field, it facilitates the
perfect conditions for moving left in Fig. 7, with subdominant
magnetic field fluctuations and a strong coherent field. In Fig. 11,
we show the same filtered turbulence calculation as in Fig. 10 but
now instead with Mao(€/€cor) (black curve) and M et (€/Leor.v)
(blue curve). We use the M2MA10 simulation, which is globally
super-Alfvénic, Mao(L/Leory) =~ 10, as indicated to the far right
of the black curve. On scales smaller than the €. ,, a majority
of the random samples exhibit M a wn(£/Leor.v) < 1, and likewise
for Mao(£/€cor.v), albeit over a narrower range in £/{q; ,. In the
context of simulations, this shows that the statistics of small regions
in the turbulence can be effectively sub-Alfvénic, even in a globally
super-Alfvénic plasma. In the context of observations of the cold,
molecular ISM, it means that even though individual clouds may
be observed to be sub-Alfvénic, the magnetic fields in these clouds
may still be the result of a small-scale dynamo process, saturating at
super-Alfvénic values, but operating on scales much larger than the
cloud being observed. Thus observing a cloud to be sub-Alfvénic,
Ma < 2, does not automatically mean that the field in that cloud
is the product of an «—2 or similar large-scale dynamo; one can
conclude that such a process is at work only if one recovers M < 2
on scales larger than the turbulent correlation length.

As a final calculation for this study, we compute the energy ratio of
the coupling term to the kinetic energy, <(zSB -By)? > i}/ ’ /(2c2pomtM?)
(the ratio of the left- to right-hand side of equation 19) in a sub-
Alfvénic plasma as a function of scale, just as we did in the previous
paragraphs for the other rms statistics. This tests if the energy
balance we presented in Section 3 is valid over a range of scales,
necessary for making it a useful relation for applications. We plot

(8B - Bo*)\)” /(2¢2 pyreM?) as a function of €/€ey, , in Fig. 12, for

the same simulation as in the top panel of Fig. 10. We find that on the
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interval between the system scale L and the scale in which numerical
dissipation effects exist £, (the largest scale that is shaded yellow)
that our filtered samples of the turbulence mostly fall within the 1:2 to
2:1 interval (blue, dot—dashed lines). On average, across all samples
and € € [£,, L1, we find (8B - Bo)?),)’ /(22 petM?) = 1.5 1,
capturing the exact equipartition within 0.5¢. Below £, most of the
samples become highly magnetized due to the kinetic energy being
dominated by numerical dissipation and the large-scale magnetic
field permeating through all of the scales in the plasma.

7 SUMMARY AND KEY FINDINGS

Motivated by recent works on measuring and modelling magnetic
fields in the ISM (Beattie & Federrath 2020; Skalidis & Tassis
2021; S+2021), we provide a theoretical and numerical exposition
of the rms energy balance between the kinetic and magnetic energy,

highlighting the role of the magnetic coupling term, ((3B - B0)2>L/ 2
which describes the energy contained in magnetic fluctuations
8B coupled to the large-scale magnetic field By. We discuss the
significance of this term in the context of the first (comparing
volume-averaged energies) and second (comparing magnitudes of
energy fluctuations) moments of the energy balance equations,
deriving its typical value directly from the second moment equations,
which preserve the positivity of each energy contribution. From
this argument we derive a number of analytical models with no
free parameters, for the coupling term and fluctuating magnetic
field, §B, and demonstrate that these yield outstanding agreement
with the results of a large suite of MHD simulations. Our analysis
demonstrates that (5B - Bo)2>¥ ? plays an important role in sub-to-
trans-Alfvénic large-scale field turbulence, regardless of the sonic
Mach number M. This term becomes less important for Mao > 2,
where 8B?> becomes dominant, but the large-scale field still has
an effect. In Section 5, we explore three different formulations of
the Alfvénic Mach number M, and the relations between them,
showing that sub-Alfvénic large-scale field turbulence, supports
an extremely super-Alfvénic turbulent field, suggesting that the
magnetic field fluctuations are smaller than velocity fluctuations
in this limit. We present a heuristic for understanding the whole
turbulent and large-scale field Alfvén Mach number parameter plane
and discuss the implications for interpreting ISM observations and
sub-Alfvénic turbulence. We list the key results of this study below.

(i) We provide theoretical models for the volume-averaged fluc-
tuating and coupling magnetic fields, ($B*) and ((3B - By)? :}/2,
assuming energy equipartition between <(EB . BO)Z>:}/ * and the
volume-averaged velocity fluctuations <8v2>v in the sub-Alfvénic
regime (equations 20 and 22), and (8B) , and (§v*),, in the super-
Alfvénic regime (equations 24 and 25). These models are free of
parameters, but rely on the numerical observation that (§v?) ~
(8v*)12 and (8B?) ~ (5B*)!?, i.e. that the average energy scales with
the magnitude of energy fluctuations, which we demonstrate in Fig. 3.
Our models show excellent agreement with numerical compressible
MHD data, over a very broad range of plasma values, in Figs 4-6.
We discuss how this provides strong support for the polarization dis-
persion models [Davis—Chandrasekhar—Fermi (DCF)-like methods]
derived in Skalidis & Tassis (2021) and S+2021.

(i1) We define large-scale field, turbulent, and total Alfvén Mach
numbers (Section 5) and propose that we can completely define the
whole M a wn—M a0 data plane, shown in Fig. 8, based on the small-
scale dynamo saturation as Mg — 00, and an analytical model
that we derive using energy balance for Mo — 0, equation (31),
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which implies <8 B? > :}/Lz « By ! Critically, we show that the turbulent

magnetic field never becomes sub-Alfvénic, and it is only through a
strong, large-scale magnetic field that the turbulence can transition
into this regime. We show that the turbulence becomes highly super-
Alfvénic in the sub-Alfvénic large-scale field regime, and discuss the
implications for sub-Aflvénic ISM observations in Section 5.3. We
suggest that a contributing factor to sub-Alfvénic ISM observations
may be from measuring a trans-to-super Alfvénic average ISM,
which, unlike sub-Alfvénic turbulence, may be supported by a small-
scale dynamo, well below the correlation scale of the turbulence. We
show that this is true for simulations of globally super-Alfvénic
turbulence in Fig. 11.

(iii) In Fig. 10, we explicitly show that by measuring filtered
magnetic field statistics below the correlation scale of the turbulence
(equation 32), which is roughly equal to the driving scale with some
slight deviations in the sub-Alfvénic regime (Fig. 9), one turns the
fluctuating field into an effective mean field. We show this is true for
both the sub-Alfvénic and super-Alfvénic regime. This highlights
that for quantities such as (3B - By)y, or (8B) . if the volume-
averaging scale, V, does not resolve the correlation scale of the
turbulence, then the volume average need not be zero, as previously
discussed in Germano (1992) and Hollins et al. (2018). Furthermore,
in Fig. 12, we show our sub-Alfvénic energy balance model provides
good agreement across the resolved scales available to us in the
sub-Alfvénic regime.
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Figure Al. The coupling term, as discussed in Section 3, as a function of
numerical grid resolution for the MA01 and MA10 simulations, from Table 1.
Each curve shows a different set of M, varying from M = 0.5, corresponding
to data lowest on the coupling term axis, up to M = 10, at the top.

APPENDIX A: NUMERICAL CONVERGENCE

All of the results presented in this study are numerically converged
in grid resolution. We ensure that this is the case by computing all
of our statistics on simulations with discretizations 183, 363, 723,
1443, and 2883. To highlight the convergence trends, we fit a general
logistic function to the data,

f%

- 1+ exp {O((Ncells - NO)}

where o controls the rate in which the function converges to either
S, for monotonically decreasing functions (¢ > 0), or ff + f
for monotonically increasing functions (¢ < 0), and Ny shifts the
function along the N5 axis.

We plot ((8B - BO)2>L/2 as a function of grid cells, N, for the
Mapo = 0.1 (top) and Mg = 10 (bottom) simulation ensembles,

f(Ncclls)

+ foor (AD)
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listed in Table 1, in Fig. A1, showcasing representative examples for
the super- and sub-Alfvénic simulations. Naturally, the simulations
are organized into constant M, with low M corresponding to
the smallest ((3B - Bo)2>1/ and vice versa for high M. For all
simulations in Fig. A1, 1443 grid resolution is sufficient for numerical
convergence. This is because, unlike power spectra or other two-point
statistics, which require >4096° resolutions to converge properly
(Federrath 2013; Federrath et al. 2021), the variance of the fields
convergence quickly. This is because the low-k modes contain most
of the power in the stochastic fields, and hence >144 is sufficient to
resolve the largest contributions to the second moments of the fields.
In the main text of this study, we use simulations discretized with
2883 cells, to ensure that the above condition is met.

APPENDIX B: ANISOTROPY OF THE
MAGNETIC AND VELOCITY FLUCTUATIONS

In Section 5, we modify the energy balance relations based on
the anisotropy of the rms magnetic and velocity fluctuations. If
the turbulence is isotropic (with respect to the large-scale field),
we have +/3 <8Bf>1/2 <882>1/ However, sub-Alfvénic mean-
field turbulence is highly anisotropic on all scales, in the velocity,
magnetic field, and density statistics (Beattie & Federrath 2020).

Here we specifically plot the fluctuations, showing <BBE>L/2 as a

function of <zSBZ 2 in Fig. B1 and v as a function of <8vi>¥2

in Fig. B2, all averaged over five correlations times of the turbulent
forcing function, discussed in Section 2.

Naturally, the most anisotropic rms statistics come from
the strongly sub-Alfvénic simulations, which can be as
extreme as (5B3)))" =(1/3)(sB}),)" and (1/3)(s0}) )" <

(8vf l/2<(2/3)<8 v 12/2. In the mean-field coordinate sys-
tem that we work in through this study, <832>l/ g

\/<SBi 1)y +(8B1,), + (8B]),,, and likewise for the velocity.

1/2 1/2 1/2
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Figure B1. The rms perpendicular magnetic field fluctuations, <<SB L>1/ 2
|/2

as a function of the rms parallel magnetic field fluctuations, <BB >
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Figure B2. The same as Fig. Bl, but for the rms velocity fluctuations
perpendicular and parallel to By. Note, compared to Fig. B1 the anisotropy is
inverted between the parallel and perpendicular directions.
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Figure B3. The same as Fig. 2, but for the M2MA1 0 simulation, highlighting
the global, isotropic nature of the magnetic field fluctuations in the super-
Alfvénic regime.

tude is then related to <63ﬁ>¥ ? via the inequality,

@ (381)) = (38%))" = @ (381" B
and likewise for <5v2>/ and <3 vl l;/z’
—(8 1/2 < (v >‘/2 < < vl>:)/2- (B2)

Because the coefficients are so close to unity (+/11/3 2 1.11,
V17 /3 = 1.37) this demonstrates that in the sub-Alfvénic mean-field
regime it is the parallel magnetic field fluctuations and perpendicular
velocity fluctuations that dominate the respective total fluctuations.

In Fig. B3, we plot the joint magnetic field fluctuation distribution
for the super-Alfvénic simulation, M2MA10, to contrast the sub-
Alfvénic case in Fig. 2. The strong anisotropy in the sub-Alfvénic
joint PDF disappears in the super-Alfvénic data, and the fluctuations
become spherically symmetric and hence isotropic.
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APPENDIX C: AVERAGING AS A FUNCTION
OF LENGTH SCALE

In Section 6, we compute (8B -B;) and <SBZ>]/Z as a function
of length scale in the turbulence for the M2MA001 and M2MA10
simulations, as well as M xp and M 4 1 for the M2MA1 0 simulation.
To do this we pick a random coordinate (xj, x», x3), in the three-
dimensional simulation, and expand a set of concentric 7 spheres,

S ={x.y.0€eVe | (x—x1)+(—x)+(z—x3)°
= (4;/2L)*}, (C1)

over a range of diameters, £;/L € [0, 1]. §; is then our filter, and for
each ¢,/L we compute the convolved field variables,

f*(ff/L)=/ df Sif(x.y. 2), (€2

Ve
where f(x, y, z) is either 8B - By, B>, all of the components

for Mo and Mum as per our definitions in Section 5, or

for (3B - By)*)./”

v /Qc2pomM?), and f* is corresponding length-

MNRAS 515, 5267-5284 (2022)

dependent field variable. Next, we compute the volume averages,
(f*(£;i/ L))y, where V is the volume (4/3)7t(£;/2L)3, for each ¢,/L.
Finally, we independently compute the velocity power spectra and
correlation scale, £, ,, of the simulation boxes using equation (32),
allowing us to transform all of the length scale units into correlation
scales. We show (8B - Bo(£i /€eor.s)),, and (8B>(€;/Leor.)),, for a
representative sub-Alfvénic and super-Alfvénic simulation in Fig. 10.

This paper has been typeset from a TEX/IXTEX file prepared by the author.
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