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ABSTRACT

Most analytic work to date on protostellar disks has focused on those in isolation from their environments. How-
ever, observations are now beginning to probe the earliest, most embedded phases of star formation, during which
disks are rapidly accreting from their parent cores and cannot be modeled in isolation. We present a simple, one-zone
model of protostellar accretion disks with high-mass infall rates. Our model combines a self-consistent calculation of
disk temperatures with an approximate treatment of angular momentum transport via two mechanisms. We use this
model to survey the properties of protostellar disks across a wide range of stellar masses and evolutionary times and
make predictions for disks’ masses, sizes, spiral structure, and fragmentation that will be directly testable by future
large-scale surveys of deeply embedded disks. We define a dimensionless accretion-rotation parameter that, in con-
junction with the disk’s temperature, controls the disk evolution. We track the dominant mode of angular momentum
transport and demonstrate that for stars with final masses greater than roughly one solar mass, gravitational in-
stabilities are the most important mechanism as most of the mass accumulates. We predict that binary formation
through disk fission, fragmentation of the disk into small objects, and spiral arm strength all increase in importance to
higher stellar masses.
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1. INTRODUCTION

A young star system’s visible T Tauri or Herbig stage is pre-
ceded by a deeply enshrouded phase of rapid accretion in which
its character (multiplicity, disk properties, and tendency to form
planets) is first forged. Although this embedded phase is likely
the one during which most accretion onto the star occurs, the
properties of disks during this period have received relatively
little attention. This phase is difficult to model analytically be-
cause embedded disks are subject to large perturbations in the
form of rapid accretion of mass and angular momentum, making
local models and stability analyses problematic. Due to the high
obscuration characteristic of this phase, disks are accessible pri-
marily via radio and submillimeter observations, and such tech-
niques provide limited sensitivity and angular resolution compared
to what can be achieved for T Tauri and Herbig AE star disks
using shorter wavelengths. Our knowledge of massive proto-
stellar disks is particularly limited by this problem, since they do
not have a significant unobscured phase, probably due to the de-
structive effects of ionizing radiation. These difficulties are com-
pounded by the fact that massive stars form more rarely and
therefore tend to lie farther away. Detections of rotation and infall
in a few systems hint at the presence of disks during the embedded
phase but are only preliminary (see recent reviews by Cesaroni
et al. 2006, 2007; Beuther 2007; Beuther et al. 2007).

While our knowledge of the embedded phase today is limited,
it will soon come into sharp focus as new instruments such as
the Expanded Very Large Array (EVLA) and Atacama Large
Millimeter Array (ALMA) become operational. In order to pre-
dict what these telescopes will discover about the formation of

stars across a very broad mass range, �1Y120 M�, we present
evolutionary models of star-disk systems reacting to infall at very
high rates. We concentrate our efforts on the physical processes
that control disk evolution, such as the torque from a turbulent
infall, the reprocessing of starlight by the infall envelope, and the
character of the self-gravitational instabilities. The disk itself we
model with a highly simplified, single-zone treatment. Although
multidimensional simulations provide a muchmore detailed view
of disk formation and evolution during the embedded phase
(e.g., Goodwin et al. 2004; Krumholz et al. 2007a), their high
computational cost and the limited range of physical processes
they include mean that these simulations can explore only small
regions of parameter space. They cannot easily make predic-
tions across a broad range of stellar mass scales and evolution-
ary times. In contrast, our semianalytic approach permits us to
incorporate more physical effects and explore the consequences
of environmental parameters more rapidly and in a more sys-
tematic way. This serves two complementary ends: the theoret-
ical goal of understanding angular momentum transport and
fragmentation in the embedded phase, and the observational goal
of making concrete predictions about the properties of young,
massive disks.

Although we include a range of physical processes in our
models, themost important in driving the evolution of embedded
disks in our calculations is self-gravity. Self-gravity plays a cen-
tral role in mediating angular momentum transport and trigger-
ing fragmentation into a binary or multiple system. Its importance
in star formation has long been recognized (Larson 1984), and our
study is preceded by evolutionary calculations that incorporate
accretion and self-gravity into one-dimensional (Lin & Pringle
1987, 1990;Nakamoto&Nakagawa 1994, 1995;Hueso&Guillot
2005) and two-dimensional (Vorobyov & Basu 2005, 2006)
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simulations. Although lower in resolution, our approach is dis-
tinguished from these works in several ways:

1. In contrast to all one-dimensional calculations to date, we
account for the dependence of gravitational torques on the disk-
to-total mass ratio in addition to Toomre’s instability parameter.

2. We consider the possibility that disks will fragment if they
become sufficiently unstable.

3. We consider fluctuations of the vector angular momentum
in the infall due to realistic turbulence in the collapsing cloud
core.

4. We employ a realistic model for the irradiation of the disk
midplane, in which starlight is reprocessed at the inner wall of an
outflow cavity while inflow is occurring.

5. We survey the conditions of intermediate-mass and mas-
sive star formation, rather than focusing exclusively on con-
ditions in nearby low-mass star-forming regions such as Taurus.

The first of these is important for all protostellar disks, since
the disk mass is never negligible when the Toomre parameter
is small. Features 2 and 3 are of primary importance in the for-
mation of massive stars, which accrete from strongly turbulent
regions (Myers & Fuller 1992; McLaughlin & Pudritz 1997) and
are likely to undergo disk fragmentation (Kratter & Matzner
2006, hereafter KM06). Irradiation is important for low-mass
stars, whose disks it strongly stabilizes (Matzner & Levin 2005),
and it remains significant in massive star formation as well.

In x 2 we outline our model for the infall rate of matter and
angular momentum. We develop a model for disk accretion and
fragmentation in x 3. In x 4 we define the key environmental
variables that control protostellar disk evolution and sketch a
qualitative evolutionary sequence based on their fiducial values.
In x 5 we present the results for our fiducial case and explore the
effect of varying our parameters. In x 6we discuss the observable
predictions that our model makes, and finally in x 7 we sum-
marize our main results.

2. INFALL ONTO DISKS

Since we are interested in the behavior of a disk that is subject
to strong perturbations from its environment, we begin building
our model by constructing a prescription for the infall of matter
and angular momentum onto a disk. This accretion comes from
a background ‘‘core’’ (Shu 1977; McLaughlin & Pudritz 1997;
McKee & Tan 2003), whose properties and interaction with a
disk we discuss in this section.

2.1. Star Formation by Core Collapse

Wemodel the accretion of mass and angular momentum using
the two-component core model of McKee & Tan (2003), which
is a generalization of the TNT (thermal plus nonthermal) model
of Myers & Fuller (1992). In this model, which we summarize
here for convenience, the density distribution within a core fol-
lows a two-component power-law distribution

� ¼ �s
Rc

r

� ��k�

þ
c2s;c

2�Gr2
; ð1Þ

where Rc is the outer radius of the core, cs;c is the thermal sound
speed within it (assumed to be constant), and �s is the density at
the core’s surface. We follow McKee & Tan (2003) in adopting
k� ¼ 1:5 as the fiducial value of the turbulence-supported den-
sity index. Physically, the first term describes an envelope sup-
ported primarily by turbulent motions, while the second describes

a thermally supported region at its center. A model of this sort is
fully specified in terms of the three parameters: the core mass

Mc ¼
4�

3� k�
�sR

3
c þ 2

c2s;cRc

G
; ð2Þ

surface density

�c ¼
Mc

�R2
c

; ð3Þ

and temperature

Tc ¼
m

kB
c2s;c; ð4Þ

where m ¼ 3:9 ; 10�24 g is the mean particle mass in a gas of
molecular hydrogen and helium mixed in the standard cosmic
abundance. Observed regions of star formation contain cores with
masses�1Y100M�, surface densities �c � 0:03Y1 g cm�2, and
temperatures of 10Y50 K (Johnstone et al. 2001; Plume et al.
1997).

The core is taken to be in approximate hydrostatic balance ini-
tially, and this condition specifies the required level of turbulent
support. The nonthermal velocity dispersion in the shell at radius
r is

� rð Þ2¼ 2�

3�B k� � 1
� � GM rð Þ

r
� c2s;c; ð5Þ

where M (r) is the mass at radii of r or less and �B ’ 2:8 ap-
proximately accounts for the magnetic contribution to the total
pressure. Except when M (r)T1 M� or �c < 0:1 g cm�2, the
first term is much larger than the second, so that the velocity dis-
persion is primarily nonthermal.
Core collapse commences at time zero, and a mass shell ini-

tially at radius r falls onto the disk in a time comparable to the free-
fall time evaluated at its initial density, tA(r) ¼ ½3�/32G�(r)�1/2.
In practice, we use the McKee & Tan (2003) accretion rate ap-
proximation to determine Ṁ onto the star-disk system as a func-
tion of the total core mass and the current amount of mass that
has accreted:

Ṁin �
��M�f

tA;s

� �
M�d

M�f

� �2q

þ ��th

��nth

� �2 "Mth

M�f

� �2q
" #1=2

; ð6Þ

where M�f is the final disk plus stellar mass, M�d is the current
disk plus stellar mass, tA;s is the free-fall time evaluated at the
core surface [i.e., at � ¼ �(Rc)],

q ¼
3 2� k�
� �

2 3� k�
� � ; ð7Þ

Mth ¼ 10�3:1 T

20 K

� �3
30" M�

M�f

� �1=2

�
�3=2
c;0 M�; ð8Þ

�c;0 ¼ �c/(g cm�2), and��,��nth, and��th are constants of order
unity that depend on the polytropic index and magnetic field
strength. The efficiency factor

" ¼ M�f

Mc

ð9Þ

represents the fraction of the core mass that lands on the star-disk
system rather than being blown out by protostellar outflows. We
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again follow McKee & Tan (2003) in adopting " ¼ 0:5, a value
typical of low-mass star formation (Matzner & McKee 2000).

2.2. Angular Momentum of the Infalling Material

Equation (6) gives the mass infall rate Ṁin(t) from the core as
a function of time. The second component of our core model
is to specify the corresponding rate of angular momentum infall
J̇in(t). We compute this in several steps. First, we approximate
the vector specific angular momentum j(r) averaged over a shell
of material at radius r as described below. Then we compute
M (t) �

R t

0
Ṁin(t

0) /� dt 0, the total mass from the core that has ei-
ther fallen onto the star-disk system or been ejected at time t.
From the core density profile (eq. [1]) we also computeM (r) �R r

0
4�r 02�(r 0) dr 0, the mass of the initial core enclosed within

radius r. Assuming that the core accretes inside out, we set
M (r) ¼M (t) and solve for r(t), which gives the initial radius r
of the shell of mass that arrives at the star-disk system at time t.
Assuming that the specific angular momentum of the gas does
not change before it reaches the disk, the angular momentum ac-
cretion rate is then simply given by J̇in(t) ¼ Ṁin(t) j(r(t)).

The remaining step is to specify how we estimate j(r). Star-
forming cores are often modeled as solid-body rotators charac-
terized by the ratio � of rotational to gravitational energy, but we
adopt a more realistic model in which turbulent fluctuations af-
fect the infalling gas. Following Burkert & Bodenheimer (2000),
Fisher (2004), Matzner & Levin (2005), and KM06, we assume
that the observed angular momenta of cores (Goodman et al.
1993) can be modeled using an idealized turbulent velocity field.
Using the method of Dubinski et al. (1995), we generate a nu-
merical realization of an isotropic, homogeneous, Gaussian ran-
dom velocity field v(r). We require that the power spectrum P(k)
of this turbulent field reproduce the scalings required by turbu-
lent support against gravity: �(r)2 / GM (r)/r / r2�k� at large
radii, so that �(r) / r1/4 for k� ¼ 3/2. Parceval’s theorem or di-
mensional analysis then requires P(k) / k�3/2.

We note that numerical simulations of supersonic turbulence
consistently show the steeper spectral index �2 (Porter et al.
1992), which is understood as the spectrum of an individual shock
and as the exact limit of Burgers turbulence. Matzner (2007) and
Nakamura & Li (2007) have shown that a shallower index is ex-
pected when turbulence is driven by protostellar outflows, how-
ever, and our chosen power spectrum is consistent with the line
widthYsize relation formassive cores (e.g., Caselli &Myers 1995;
Plume et al. 1997). Our homogeneous velocity field is surely an
idealization, but not a grave one.

After scaling our numerical domain to match the core radius
Rc, we normalize v such that the one-dimensional velocity dis-
persion of a spherical shell with this radius equals �(r) defined
in equation (5). In practice, we fit Rc within a 2563 section of a
10243 grid of velocities because periodicity causes artifacts on
scales larger than about 1

4
of the box size. From this field we cal-

culate the specific angular momentum j ¼ r < v at every point
and the mean specific angular momentum j(r) in a shell at radius
r. Note that KM06 calculate the expected magnitude and dis-
persion of j(r) for velocity fields of precisely this type; our re-
sults agree with their predictions to about 50%, which is within
the scatter they predict.

3. DYNAMICS OF THE DISK

3.1. Approach to Disk Evolution

Given the rate at which mass and angular momentum accrete,
we must calculate the reaction of the disk. At any given time, our
star+disk system is characterized by the disk mass Md , the cen-

tral star massM�, and the total angular momentum content of the
disk Jd . Given these quantities and the rates of mass and angular
momentum infall Ṁin and J̇in, we wish to compute the time rate
of changes Ṁd , Ṁ�, and J̇d .

Using the separation between the thermal, orbital, and accre-
tion timescales, we assume that our disks are in a thermal steady
state and draining at a rate determined by their current global pa-
rameters. We later refer to this as the assumption of thermal and
mechanical equilibrium.

In x 3.2 we estimate the disk accretion rate onto the central star
due to various angular momentum transport mechanisms. In x 3.3
we discuss thermal equilibrium in the disk, which, together with
the aforementioned condition of mechanical equilibrium, allows
us to self-consistently compute the accretion rate from the disk
onto the star Ṁ�. In x 3.4 we describe the corresponding angular
momentum evolution J̇d . Finally, in xx 3.5 and 3.6 we discuss
our prescriptions for disk fragmentation and binary formation.

It is helpful before proceeding to define two dimensionless pa-
rameters that characterize the strength of the disk’s self-gravity.
These are the disk-to-total mass ratio

� ¼ Md

Md þM�
ð10Þ

and Toomre’s (1964) instability parameter

Q ¼ cs�

�G�d

; ð11Þ

where � is the radial epicyclic frequency, cs is the speed of den-
sity waves, and�d is the disk’s mass surface density. In practice,
we evaluateQ using � ! � ¼ (GMtot/R

3
d)

1/2, the total orbital fre-
quency, since the difference between them is only marginally
significant even when the disk mass is quite large. Here Rd ¼
j2d/GMtot. We also approximate cs using the isothermal sound
speed. To characterize gravitational instability,we use theminimum
value of Q, the value atRd , the outer boundary of our active disk.
In this evaluation we assume a profile �d / r�1 (a choice we
justify in x 3.4) so that �d(Rd) ¼ Md /(2�R

2
d), and we evaluate cs

and � at the edge of the disk.
We base our models on the fundamental assumption that the

self-gravitational behavior of an accretion disk depends primarily
on the structural parameters � andQ, so that its evolution is con-
trolled by heating and cooling (x 3.3), which alter Q, and ac-
cretion onto and through the disk, which alters �. This approach
permits us to treat the disk’s mechanical and thermal properties
separately, before combining them into a model for its evolution.
This division also guides our use of published work, since it
implies that simulations with adiabatic equations of state and
those with an imposed cooling rate may be combined into a me-
chanicalmodel for disk evolution,whichwemay then use tomodel
irradiated protostellar disks. Finally, it prompts us to treat the
onset of disk fragmentation and disk fission as boundaries in the
space of � and Q, rather than in terms of a critical cooling rate
(which is the natural and conventional description for simu-
lations that include cooling but not irradiation). In x 3.5 we argue
that these descriptions are effectively equivalent.

Models based on this assumption are guaranteed to be some-
what approximate because a disk’s mechanical evolution must,
at some level, reflect additional parameters: its dimensionality, its
equation of state, the specifics of its heating and cooling pro-
cesses, and the magnitude of external perturbations ( like tides),
to name a few. However, we expect our results to be valid, both
because we believe that � and Q are indeed the most significant
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parameters for gravitational instability and because our model is
calibrated to realistic numerical models. Additional simulations
will be required to test this approach.

3.2. Angular Momentum Transport and Disk Accretion

A key element of our model is a prescription for angular
momentum transport and the rate Ṁ� at which matter accretes
onto the central star, or more specifically, the dimensionless rate
Ṁ�/(Md�). In practice, we first construct a model for an effective
Shakura&Sunyaev (1973)	 -parameter, whichwe define through
the steady state relation

Ṁ� ¼
3	c3s
GQ

ð12Þ

so that

Ṁ�

Md�
¼ 3	Q2

8
�2; ð13Þ

where the factor of 3
8
comes from the assumption that the disk

surface density falls as r�1. We do not mean to imply by this that
transport induced by gravitational instability is purely local (Balbus
& Papaloizou 1999), although this does appear to be the case for
sufficiently thin and light disks (Gammie 2001; Lodato & Rice
2005).

We divide 	 into two contributions: 	MRI, due to the mag-
netorotational instability (MRI), and 	GI, due to gravitational
instability. In keeping with the strategy described in x 3.1, we
consider	GI to be a pure function of � andQ. We combine it and
the MRI contribution linearly:

	 ¼ 	GI þ 	MRI: ð14Þ

We create our model for 	GI(Q; �) using results from the sim-
ulations of Laughlin & Rozyczka (1996), Rice et al. (2003),
Lodato & Rice (2004, 2005), and Gammie (2001). We adopt a
constant value for 	MRI, as discussed below.

3.2.1. Overview of Simulations

The three sets of simulations span a large fraction of our
parameter space in Q and �. The global disk simulations of
Laughlin & Rozyczka (1996) explore Q > 1 and nonnegligible
values of � using a two-dimensional hydrodynamic, self-gravity
code; they suppress local fragmentation by imposing an adiabatic
equation of state. The simulations of Gammie (2001) represent
the limit � ! 0, for values of Q that approach unity from above,
and are most directly applicable to quasar disks.

Gammie (2001) imposes cooling with a fixed cooling time, 
c,
which is proportional to the orbital time. He finds a regime of
steady gravity-induced turbulence, for disks that cool over many
orbits. If 
c is too short (<3��1), however, the disk fragments as
Q drops below unity. The disk viscosity is highest at the boundary
of fragmentation. Angular momentum transport in this regime is
quite local, with an effective value of 	 that is inversely propor-
tional to the cooling rate. Our third source is the global smoothed
particle hydrodynamics simulations of Rice et al. (2003) and
Lodato & Rice (2004, 2005), in which a cooling time /��1 is
imposed locally; these cover the entire parameter space in �. In
these simulations Q is initially 2, but it descends toward unity.
Here again, the disk fragments if �
c is too small, although the
critical value of this parameter is different than Gammie (2001)
found.

3.2.2. Accretion Model

To derive a relatively simple analytic fit to the simulation data,
we must extract a characteristic 	GI, Q, and � from the simu-
lations listed above. Because the numerical approaches are varied,
we are unable to use the same method for each. The values are
derived as follows for each type of simulation:

1. We estimate 	GI from Laughlin & Rozyczka (1996) using
their equations (24)Y (26); Q and � are given.
2. Values of 	 fromRice et al. (2003) andLodato&Rice (2004,

2005) are taken directly from plots, when available. Because 	
varies with radius, we take an approximate value from the outer
region of their disk before the density begins to fall off steeply.
When plots are not available, we use the critical value of 
c to
calculate	GI at the fragmentation boundary, which we take to be
Q ¼ 1 (see x 3.5). Again, � is given.
3. Gammie (2001) provides one value of 	GI at Q ¼ 1 for a

disk with � ! 0, which we adopt.

These values of 	GI are shown in Figure 1 according to the es-
timated values of � and Q that accompany each of them. We
treat them as a data set to be fitted within our analytical model
for 	GI, which is displayed in the underlying contours in that
figure. Imposing the realistic condition that 	GI is continuous
and equals zero for Q > 2 (when the gravitational instability
should shut off as suggested by Griv 2006), we find that two
components are required:

	GI ¼ 	2
short þ 	2

long

� �1=2
; ð15Þ

where

	 short ¼ max 0:14
1:32

Q2
� 1

� �
1� �ð Þ1:15; 0

� �
ð16Þ

and

	 long ¼ max
1:4 ; 10�3 2� Qð Þ

�5=4Q1=2
; 0

� �
: ð17Þ

In fact, we apply equation (15) only to the region Q > 1.
Because we expect the gravitational torque to saturate when
fragmentation occurs, we hold 	 constant, for a given �, when
Q < 1; this amounts to replacing Q ! max (Q; 1) in the above
equations. This has no practical consequences for our calcula-
tions, however, since our treatment of fragmentation (x 3.5) pre-
vents our disks from sampling values of Q much below unity.
Our nomenclature in equation (15) reflects our interpretation.

The ‘‘short’’ component 	 short dominates for QP 1:3, hence for
relatively thin disks. We think of it as arising from modes with
relatively high spatial wavenumbers and short wavelengths
(Lodato & Rice 2004, 2005). Note that its functional form re-
sembles the model of Lin & Pringle (1990, their eq. [16]) modi-
fied by a mild � dependence, which is comparable to the scale
height dependence derived in equation (2.5) of Lin & Pringle
(1987).
The ‘‘long’’ component 	 long is important in thicker disks

whose instabilities are likely to be dominated by loosely wound,
m ¼ 2 spiral patterns. We require it because we include the adia-
batic simulations of Laughlin&Rozyczka (1996), which sample
higher values of Q because they cannot cool. ( Indeed, Q rises
during these simulations.) Our fundamental assumption (x 3.1)
leads us to incorporate these results into a single model for
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	 (�; Q), despite the difference in thermal physics. Future simu-
lations can test this assumption by imposing heating (via irradi-
ation, say) as well as cooling: our model implies that the derived
	GI will be comparable to that of Laughlin & Rozyczka (1996),
whenQ and� take similar values.While simulations such asBoley
et al. (2006) and Cai et al. (2008) are making dramatic progress
toward accurately modeling heating, cooling, and irradiation, a
wider parameter space is necessary for comparison. We note that
Sellwood & Carlberg (1984) and Griv (2006) also find nonaxi-
symmetric instabilities formassive diskswithQ in the range 1.3Y2.

As shown in Figure 1, our model for 	GI agrees reasonably
well with data from the simulations, although we fail to fit a cou-
ple points at very high � and lowQ. Note that	GI for these points
from Laughlin & Rozyczka (1996) are uncertain themselves.

It is important to bear in mind that our accretion model is only
a rough representation of the numerical results onwhich it is based,
and that it can be improved as more simulations become avail-
able. For instance, we place no stock in the weak divergence of
	 long as � ! 0: this feature is a product of our fit to numerical
results at larger �, and it would be an unwise extrapolation to use
our model for disks with very low � and moderate Q. It does not
affect our results, as our disks do not sample this regime.

Finally, we assume that the disk is sufficiently ionized to sup-
port magnetic turbulence, and we represent the MRI with the
constant value 	MRI ¼ 10�2. The typical value of 	MRI is rather
uncertain; see Pessah et al. (2007) for a synthesis of recent work
and Hueso & Guillot (2005) for a recent consideration of ob-

servational constraints in low-mass protostellar disks. Gravita-
tional torques exceed those from the MRI for much of the ac-
cretion phase. We discuss the influence of 	MRI on our results in
x 5.5.

Figure 2 illustrates our model for the dimensionless accretion
rate Ṁ�/(Md�) as a function of Q and �. We draw attention to
several key features of the plot. First, note that at low Q there is
a tongue-like feature that increases in intensity with increasing
disk mass. This is due to the strong dependence of 	 short on both
Q and �. At higher values of Q and lower values of � the con-
tours steepen due to the weak divergence of 	 long as � ! 0,
which is probably not physical. The curvature toward higher Q
and � shows the dominance of the MRI for Q > 2. The fact that
the dimensionless accretion rate takes numerical values up to
10�2.4, with typical values �10�3.5, implies that massive disks
drain on timescales ranging from �40 to a few thousand orbits,
with 500 orbits being typical.

3.3. Disk Thermal Equilibrium

We have now specified the rate at which the disk accretes onto
a central star as a function of Q and �. However, this does not
fully specify the accretion rate because while � may be directly
computed from our ‘‘primitive’’ variables Md , M�, and Jd , the
Toomre stability parameter Q cannot be because it depends on
the sound speed cs and thus the temperature within the disk.We
can determine this by requiring that the disk be in thermal
equilibrium.

Fig. 1.—Contours of the viscosity parameter log 	GI due to gravitational instabilities (eq. [15]); white squares are contour labels. Results from numerical simulations
aremarkedwith circles, diamonds, and triangles. Circles show simulationswith adiabatic equations of state (Laughlin&Rozyczka 1996), diamonds show simulationswith
an imposed cooling rate that reach steady state (Lodato &Rice 2004, 2005), and triangles show themaximum	GI achieved in simulations with imposed cooling that probe
the fragmentation boundary (Gammie 2001; Rice et al. 2003; Lodato & Rice 2004, 2005). Note that the point at � ¼ 0 corresponds to the purely local simulation of
Gammie (2001). The Q ¼ 1 boundary is marked with a dashed line. [See the electronic edition of the Journal for a color version of this figure.]
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To compute the disk’s thermal state, we follow the approach
of KM06, in which disks are heated by a combination of stellar
irradiation and viscous dissipation due to accretion. In equilib-
rium, the disk midplane temperature satisfies the approximate
relation

�T4 ¼ 8

3

R þ 1

4
P

� �
fv þ Firr; ð18Þ

where Fv is the rate of viscous dissipation per unit area in the
disk, Firr is the flux of starlight (whether direct or reprocessed)
onto the disk surface, and 
R;P ¼ �R;P�/2 are the Rosseland and
Planck optical depths to the midplane. The viscous dissipation
per unit area is

Fv ¼
3Ṁ�

8�
; ð19Þ

and we compute the opacities using the Semenov et al. (2003)
model for �R;P(T ): in particular, we use their homogeneous-
aggregate dust model with normal silicates, calculated at the
appropriate density.

Low-mass stars’ luminosities are accretion dominated in the
main accretion phase, but those above about 15 M� reach the
zero-age main sequence (ZAMS) while still accreting. To in-
clude both accretion luminosity and other sources in our calcu-
lation of Firr, we use the protostellar evolution code of Krumholz
& Thompson (2007) based on the McKee & Tan (2003) proto-
stellar evolution model, to compute the luminosity L� of the cen-
tral star as a function of its accretion history. The model includes
contributions to the protostellar luminosity from accretion on the
stellar surface, Kelvin-Helmholtz contraction, and, once the tem-
perature rises high enough, deuterium and then hydrogen burning.

During the infall, dust within the infall envelope reprocesses
starlight and casts it down on the disk. By performing ray tracing

within an inflow envelope with a central outflow cavity, Matzner
&Levin (2005) determine the fraction of light received by the disk
assuming that the infall envelope is optically thick to the stellar
radiation and optically thin to its own IR reradiation: they find

Firr ¼
0:1

"0:35
L�

4�R2
d

: ð20Þ

The weak dependence on the accretion efficiency " arises from a
picture in which the outflow clears a fraction 1� " of the core, so
that infall streamlines originate from regions separated from the
axis by angles � such that cos � > ". Recently, Rodrı́guez et al.
(2005) have observed an outflow near an O-type protostar with an
opening angle of approximately 25

�
; this is in reasonable agree-

ment with the model chosen here, since infall occurs at wider
angles.
Once the core has accreted entirely and the envelope can no

longer reprocess starlight, we make an (unrealistically) abrupt
switch to a model in which Ṁin ¼ 0. The star continues to acquire
mass from the disk, which represents a nonnegligible reservoir.
From this point on we calculate Firr in the manner of Chiang &
Goldreich (1997). We first identify the fraction of L� intercepted
by the surface that is optically thick to stellar photons, assuming
for this purpose that H / R9/7 and that the dust density is a
Gaussian, of scale height H, in the height above the midplane.
We also calculate the equilibrium temperature of dust in this
reprocessing layer. We then calculate Firr as that fraction of the
reprocessed radiation that is reabsorbed by the disk, allowing for
the possibility that the disk will be optically thin at the relevant
wavelengths.We find that the reprocessing height is slightly larger
than a scale height (1.5H being typical); higher values are typical
of more massive disks, which are more opaque.
Although negligible during the accretion phase, we also in-

clude a background radiation field due to the cloud (modeled as
an optically thin dust layer) and the cosmic microwave back-
ground. This prevents disks from becoming unrealistically cold
at large radii and late times. Our cloud irradiation serves as a
stand-in for one neglected heat source in clusters: irradiation
from surrounding stars. This effect is likely important for (1) very
dense regions and (2) late times when disk radii stretch out to
104 AU. Due to the wide variance in the strength of this effect, we
do not address heating by neighbors here. There is also minor
heating due to the accretion shock that feeds the disk; however,
KM06 have argued that this is negligible in general.
While our background heating is only important at late times,

we do not report results for t > 2 Myr as this may exceed the
lifetime of gas disks, even the low-mass ones (Jayawardhana
et al. 2006). The uncertainties in our procedure therefore have
little effect on the results we obtain.
We have now fully specified the conditions of thermal and

mechanical equilibrium for this disk, and we can use them to
compute the accretion rate. Equations (13) and (18) constitute two
equations for the unknowns Q and Ṁ�. For any given Md , M�,
and Jd , we may solve them to determine Ṁ�. This in turn also
specifies the rate of change of the disk mass

Ṁd ¼ Ṁin � Ṁ�: ð21Þ

Note that Md can also be modified by disk fragmentation and
binary formation, as described in xx 3.5 and 3.6.

3.4. An Outer Disk and the Braking Torque

When describing standard steady state disks, one implicitly as-
sumes that when angular momentum is transported radially, it

Fig. 2.—Contours of the dimensionless accretion rate Ṁ�/(Md�) from the
disk onto the star from all transport components of our model. The lowest contour
level is 10�4.8, and subsequent contours increase by 0.3 dex. The effect of each
transport mechanism is apparent in the curvature of the contours. At Q < 1:3 the
horizontal ‘‘tongue’’ outlines the region in which short-wavelength instability
dominates accretion. The more vertical slope of the contours at lower � and
Q > 1:3 shows the dominance of the long-wavelength instability. TheMRI causes
a mild kink in the contours across the Q ¼ 2 boundary and is more dominant at
higher disk masses due to our assumption of a constant 	 : eq. (13) illustrates that
a constant 	 will cause higher accretion rates at higher values of �. [See the
electronic edition of the Journal for a color version of this figure.]
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travels out to large radii in an insignificant amount of mass. In
our current model, we effectively keep track of an ‘‘inner’’ disk:
the portion containing the majority of the mass. This justifies our
choice of surface density profile � / r�1, since the radius at
which this power-law slope is achieved is also the radius that
encloses most of the mass (although a steeper power law is also
consistent with this statement). We allow for a small amount (2%)
of material raining in from the core to be carried out with the an-
gular momentum.

The disk’s angular momentum is then equal to that of the in-
falling material, in addition to the amount already in the disk,
minus some portion that has been transferred to this outer disk.
The disk loses a fraction bj of its angular momentum and a small
amount of mass on the viscous timescale 
v ¼ Md /Ṁ�, as long as
matter is still accreting from the core:

J̇d ¼ jinṀin � bj
Ṁin

Ṁ�

� �
Ṁin

Md

Jd : ð22Þ

As above, the subscript ‘‘in’’ denotes newly accreted matter. The
factor (Ṁin/Ṁ�) is roughly unity in the main accretion phase but
goes to zero when accretion stops. We thus assume that the outer
disk only applies a torque when it gains matter from the inner
disk.Without accretion the outer disk has no effect, and thus after
accretion ends, the inner disk is free to expand self-similarly at
constant Jd . We consider this a conservative approach, consid-
ering that we do not treat effects like photoionization that might
removematerial from the inner and outer disk, especially in mas-
sive stellar clusters.

We consider bj ¼ 0:5 to be typical; in this case an accreting
disk loses about half its angular momentum each viscous time.
Since the disk sheds mass at the same rate, this allows its radius
to remain comparable to the circularization radius of the infalling
material. Although our choice of bj is somewhat arbitrary, we
demonstrate that our parameterization makes the disk evolution
somewhat independent of this value. See x 5.6 for discussion.

3.5. Disk Fragmentation

Since we have now computed Ṁd , Ṁ�, and J̇d , our model is
almost complete. However, as demonstrated by both previous
analytic work (KM06) and numerical simulations (Krumholz
et al. 2007a; Vorobyov & Basu 2006; Lodato & Rice 2005), our
parameter space extends deeply into the regime where disk frag-
mentation is expected. We must account for this to model disk
evolution. It is not our intent to follow the detailed evolution of
the fragments formed, nor their mass spectrum; we are interested
primarily in how they help the disk regulate Q.

In keeping with the approach outlined in x 3.1, we make the
important assumption that the disk fragments into small objects
when Q drops below a critical value, Qcrit, which we take to be
unity. Other authors (Gammie 2001; Rice et al. 2003) have
pointed out the importance of a disk’s thermal physics in setting
the fragmentation boundary. In particular they find, in simula-
tions with imposed cooling, a critical value of 
c� above which
disks do not fragment and below which they do.

Our fragmentation model reproduces these results (indeed, it
is calibrated to the same simulations), andwe believe that the two
views are in fact equivalent. Within our model, a disk whoseQ is
close to unity will be heated by accretion at a rate close to the
critical cooling rate found in these simulations. In the absence of
any additional heating, the cooling rate must exceed the critical
value in order forQ to fall below unity, so that fragmentation can
commence. In other words, since in our model Q is calculated
based on the competition between cooling and the combination

of viscous dissipation and irradiation, ifQ falls below unity, then
it is necessarily the case that the cooling rate is sufficient to over-
whelm viscous heating and therefore to satisfy a cooling con-
dition similar to those identified by Gammie (2001) and Rice
et al. (2003).

The benefit of our fragmentation model is that it can be easily
extended into the realistic regime of irradiated disks, whereas a
model that refers solely to the cooling time cannot.

We note, in support of our model, that we know no examples
of disks for which Q < 1 that do not fragment, nor those with
Q > 1 that do.Moreover, Rice et al. (2003) note that a sufficiently
slowly cooling disk reaches an equilibrium at a Q-value higher
than unity; this is consistent with a heating rate that drops sharply
as Q increases, as our accretion model would predict.

To implement fragmentation within our numerical models, we
must specify how much mass goes into fragments each time step
when Q < 1. We first define a critical density, �d;c:

�d;c ¼
cs�

�GQcrit

: ð23Þ

A reduction of surface density from �d to �d;c would return the
disk to stability. Because we expect fragmentation to happen over
a dynamical time, we assume that it depletes the disk surface
density at the rate

�̇frag ¼ � �d � �d;c

� �
�: ð24Þ

This rate is fast enough to ensure that Q never dips appreciably
below Qcrit.

For simplicity, we assume that while fragments contribute
to the mass of the disk, they do not enter in Toomre’s stability
parameterQ except insofar as they contribute to the binding mass
(one could consider a composite Q; Rafikov 2001). Nor do we
follow the migration of fragments in the disk. Instead, we allow
them to accrete onto the central star at the rate

Ṁ�;frag ¼ �f Mfrag�; ð25Þ

with �f ¼ 0:05. The assumption is simply that some fraction of
the fragments accrete each orbit. Fragments form preferentially
at large distances from the star, and thus only a small amount of
the fragment mass will make it into the central star each orbit.
Changing this parameter by an order of magnitude only margin-
ally alters the disk evolution.

We also make the important assumption that disks will always
fragment to maintain stability and allow accretion to proceed.
While this is likely a good assumption based on the existence of
massive stars that appear to have formed via disk accretion, the
persistence of rapid accretion during fragmentation has not been
satisfactorily demonstrated in numerical simulations (see x 7.1).

3.6. Binary Formation

A majority of stars, especially massive stars, are found in bi-
nary and multiple systems. Although we present a very simpli-
fied scenario for star formation, we do account for the possibility
that a single secondary star will form if Md > M�, that is, if the
disk grows unphysically large with respect to the central star. (As
we discussed in x 3.4, this may well be conservative, in the sense
that secondaries may form at even lower values of �, or at earlier
times through core fragmentation as described in Bonnell et al.
2004.) When � > 0:5, we remove the excess mass and store it
(and the associated angular momentum) in a secondary star. Be-
cause this tends to happen before the disks have become very
extended, we assume that the binary separation will be small; we
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therefore ignore the binary as a source of angular momentum for
the disk. As with fragments, we assume that the disk is affected
by the secondary star only through the increased binding mass.
We make no attempt to account for its contribution to the total
luminosity.

3.7. Summary of Model

We summarize our model via the flowchart shown in Figure 3,
which illustrates a simplified version of the code’s decision tree.
At a given time t we know the current disk and star mass and the
current angular momentum and mass infall rates as prescribed in
xx 2.1 and 2.2. We can calculate Rd and �d directly and find the
appropriate stellar luminosity based on its evolution, currentmass,
and accretion rate. Using these variables, we self-consistently
solve for the appropriate temperature, Q, and disk accretion rate
as described in x 3.3. With this information in hand, we deter-
mine whether the disk is stable, locally fragmenting, or forming
a binary. If the disk is stable, we proceed to the next iteration. If
Q < 1, then the disk puts mass into fragments according to
equation (23). If � > 0:5, we consider binary formation to have
occurred, and the net angular momentum and disk mass over the
critical threshold are placed into a secondary (see x 3.6). We stop
simulations after 2 Myr for two reasons: first, the most massive
stars in our parameter space are significantly evolved and so our
stellar evolution models are no longer sufficient; and second,
because many other effects begin to dominate the disk’s appear-
ance at late stages due to gas-dust interaction and photoevaporation
(Keto 2007).

4. EXPECTED TRENDS

Before examining the numerical evolution, it is useful to make
a couple analytical predictions for comparison.

First, can we constrain where disks ought to wander in the
plane of Q and �? This turns out to depend critically on the di-
mensionless system accretion rate

<in �
Ṁin

M�d� Rcircð Þ ¼
Ṁin j

3
in

G2M 3
�d
; ð26Þ

which is the ratio of the mass accreted per radian of disk rotation
(at the circularization radius Rcirc) to the total system mass
M�d ¼ M� þMd . Since the active inner disk has a radius com-
parable to Rcirc, this controls how rapidly the disk gains mass via
infall.
The importance of <in is apparent in the equation governing

the evolution of the disk mass ratio �:

�̇

��
¼ Ṁin

M�d�

1

�
� 1

� �
� Ṁ�

Md�

¼ � Rcircð Þ
�

1

�
� 1

� �
<in �

Ṁ�

Md�
: ð27Þ

Since we consider Ṁ�/(Md�) to be a function of � and Q, we
must know the disk temperature to solve for�(t). Regardless, equa-
tion (27) shows that larger values of <in tend to cause the disk
mass to increase as a fraction of the total mass. Wemay therefore
view <in and Q as the two parameters that define disk evolution,
of which <in is imposed externally and Q is determined locally.
Moreover,<in takes characteristic values in broad classes of ac-

cretion flows, such as the turbulent core models we employ. Sup-
pose that the rotational speed in the precollapse region is a fraction
fK of the Kepler speed, so that jin ¼ fKrvK(r) ¼ fK½GrMc(r)�1/2,

Fig. 3.—Simplified schematic of the decision tree in the code. The primitive variables,Md ,M�, and Jd , together with the core model, Ṁin(t) and J̇in(t), allow for the
determination of all disk parameters at each time step. Note that cs, Q, and Ṁ are solved for simultaneously. Once the self-consistent state is found, the values of Q and �
determine whether either the binary or fragmentation regime has been reached. See x 3.7 for a description of the elements in detail.
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and suppose also that the mass accretion rate is a fraction "facc of
the characteristic rate vK(r)

3/G. Then,

<in ¼
f 3K facc

"2
: ð28Þ

( In this expression, negative three powers of " appear because
the binding mass is " times smaller for the disk than for the core;
one of these is compensated by the reduction of the accretion rate.)

In x 2.1 we adopted the McKee & Tan (2003) model for mas-
sive star formation due to core collapse of a singular, turbulent,
polytropic sphere in initial equilibrium. Their equations (28), (35),
and (36) imply

facc ¼ 0:84 1� 0:30k�
� � 3� k�

1þ H0

� �1=2

ð29Þ

within 2%, where 1þ H0 ’ 2 represents the support due to static
magnetic fields (Li & Shu 1996). (Note that their eq. [28] is a fit
made by McKee & Tan [2002] to the results of McLaughlin &
Pudritz [1997].)

KM06 predicted the turbulent angular momentum of these
cores; our parameter fK equals (�j�j)1/2 in their paper. Their equa-
tions (25), (26), and (29) imply

fK ¼ 0:49

�
1=2
B

1� k�=2
� �0:42

k� � 1
� �1=2 ; ð30Þ

with excursions upward by about 50% and downward by about a
factor of 3 expected around this value; here �B ’ 2:8 represents
the magnetic enhancement of the turbulent pressure. All together,
we predict

<in ¼ 0:10

"2�
3=2
B

3� k�

1þ H0

� �1=2 1� k�=2
� �1:26

k� � 1
� �3=2 1� 0:30k�

� �

! 0:02
0:5

"

� �2

; ð31Þ

where the evaluation uses 1þ H0 ! 2,�B ! 2:8, and k� ! 1:5.
Importantly, <in is a function of (1þ H0), �B, �, and k�, but

not the core mass. We therefore expect similar values of <in to
describe all of present-day massive star formation, at least in-
sofar as these other parameters take similar values. Suppose, for
instance, that the formation of 10 and 100M� stars was described
by the same <in. According to equation (27), the difference in �
between these two systems would be controlled entirely by the
thermal effects that cause them to take different values of Q.

A few additional expectations regardingQ itself can be gleaned
from the analytical work of Matzner & Levin (2005) and KM06:

1. The Toomre parameter remains higher than unity for low-
mass stars (P1M�) in low column density cores (�c;0T1) but
falls to unity during accretion for massive stars and for low-mass
stars in high column density cores.

2. A given disk’s Q drops during accretion, reaching unity
when the disk extends to radii beyond�150 AU (in the massive-
star case) or to periods larger than�460 yr (in the case of an op-
tically thick disk accreting from a low-mass, thermal core).

3. At the very high accretion rates characteristic of the forma-
tion of very massive stars (k1:7 ; 10�3 M� yr�1), disk accretion

is strongly destabilized by a sharp, temperature-dependent drop
in the Rosseland opacity of dust.
(For more detailed conclusions, see the discussion surround-
ing eq. [35] in KM06.) With the help of equation (27) we also
deduce that more massive stars will have generally higher disk
mass fractions because (1) they are described (in our model) by
the same value of <in, (2) more massive stars achieve lower
values of Q, and (3) in our model lower Q leads to lower values
of Ṁ�/(Md�), as long as Q > 1:3. The conclusion that higher
mass stars have relatively more massive disks follows from these
three points by virtue of equation (27).

More generally, any effect that causes Ṁ�/(Md�) to drop (with-
out affecting <in) will tend to increase �, and vice versa; this
conclusion is not limited to our adopted disk accretion model.

Within ourmodel, Ṁ�/(Md�) increases withQ unless 1 < Q <
1:3, in which case the dependence is reversed. Disks ought there-
fore to traverse from highQ and low � to lowQ and high �, until
Q ¼ 1:3; but for 1 < Q < 1:3, � and Q should decline together.
In physical terms, this reversal represents a flushing of the disk
due to the strong angular momentum transport induced by the
short-wavelength gravitational instability.

We now turn to our suite of numerical models to test these
expectations.

5. RESULTS

We begin by examining the evolution of disks through their
accretion history for a range of stellar masses, determining when
and if they are globally or locally unstable, and the dominant
mechanism for matter and angular momentum transport through
disk lifetimes. Next, we explore how these results are influenced
by varying the other main physical parameters, Tc,�c, and	MRI,
and by varying the angular momentum prescription. For this
purpose we first define a fiducial sequence of models in x 5.1 and
then expand our discussion to the wider parameter space encom-
passed by the aforementioned variables. Figures 4Y6 show re-
sults from our fiducial model, and Figures 8 and 9 explore the
effects of our environmental variables.

Because our prescription for disk accretion and fragmentation
is necessarily approximate, any specific predictions are unlikely
to be accurate. We concentrate instead on drawing useful obser-
vational predictions from our models’ evolutionary trends.

5.1. The Fiducial Model

Our fiducial model explores a range of masses with a standard
set of parameters, which we list in Table 1. For our exploration
of the stellar mass parameter space, we allow�c to vary as�c ¼
10�1:84(Mc/M�)0:75 (with an enforced minimum at 0.03 g cm�2

so that �c varies from 0.03 to 1 g cm�2 across the mass range
0.5Y120 M�). This relationship ensures that for our fiducial
model, each system is forming at a �c that is characteristic of

TABLE 1

Fiducial Parameters for Disk Models for Low- and High-Mass Stars,

and the Accompanying Ranges Explored

Parameter Fiducial Range

bj .................................................................... 0.5 0Y1.0
�c;low (g cm�2) .............................................. 0.03 0.03Y1
�c;high ( g cm�2) ............................................. 0.5 0.03Y1
Tc (K)............................................................. 20 10Y50
	MRI ............................................................... 0.01 0.001Y0.1
�f .................................................................... 0.05 0Y0.5
"...................................................................... 0.5 . . .
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observed cores. Enforcing this �c-Mc correspondence specifies
the core radius. We explore the effects of �c independently in
x 5.3. All ‘‘low-mass’’ runs that are shown, e.g., 1 M�, have
�c;low ¼ 0:03 g cm�2, and ‘‘high-mass’’ runs, e.g., 15M�, have
�c;high ¼ 0:5 g cm�2. All systems start out with an initial stellar
mass of 0.10M�, disk mass of 0.01M�, and jd ¼ 1019 g cm2 s�1.
Varying these parameters over an order of magnitude affects the
initial evolution for a few thousand years, but runs converge
quickly. One can find pathological initial conditions, particularly
for small mass values. We believe that this is due to the inability
of a one-zonemodel to accurately resolve the behavior of the disk
at early times. The initial disk radius is calculated self-consistently
from the amount of mass collapsed into the system at the first time
step, and the jd given in the initial conditions is typically smaller
by a factor of a few than jin.

As illustrated by the evolutionary tracks of accreting stars in
the Q-� plane in Figure 4, our model agrees with the general
trends of previous work and with the expectations described in
x 4, in that low-mass systems are stable and have low values of �,
while more massive systems undergo a period of strong gravi-
tational instability (Krumholz et al. 2007a; KM06). Here we see
that as we go to higher stellar masses, disks spend more of their
time at high � and undergoing disk fragmentation. For stars of
P1 M�, Q stays above unity, and the disks remain Toomre sta-
ble, although still subject to gravitational instability due to their
nonnegligible masses (see Fig. 6 below). (Note that due to our
abrupt shift in the disk irradiation model, there is a small discon-
tinuity in the temperature calculation at the end of accretion that
can cause unphysical fragmentation even at low masses, and a
jump in Q at all masses.) The expectation that Q and � evolve
in opposite directions until Q < 1:3 is also roughly borne out.
However, note that for the 15 M� star-disk system (Fig. 4, right
panel ), the accretion rate is great enough that there is a buildup of
mass in the disk once Q reaches unity, and the local instability
saturates. This saturation leads to binary formation (see x 5.7).

Figure 5 shows the evolution of Q through the accretion his-
tory of a range of masses. We see that disks become increasingly
susceptible to fragmentation with increasing mass. Disks born
from cores that are smaller than about 2M� remain stable against

fragmentation throughout their evolution, although we expect
moderate spiral structure (as is seen in the models of Lodato &
Rice 2004). Recall that with " ¼ 0:5, a 2M� core makes a 1M�
star-disk system. Figure 6 illustrates the corresponding evolution
of � throughout the accretion history for the same set of masses.
As described in x 4, the typical disk mass increases with stellar
mass. At high masses, binary formation occurs during the peak
of accretion just before 105 yr, and for starsk100M�, there is an
early epoch of binary formation at roughly 104 yr.
We also see that for higher mass cores there are three relatively

distinct phases through which disks evolve:

1. Type I: young,<104 yr systems, whose disks are described
by small mass fractions and relatively highQ. Thesewould appear
as early Class 0 sources, deeply embedded in their natal clouds.
2. Type II: systems between 104 and 105 yr in age, whose

disks are subject to spiral structure and, in high-mass systems,
fragmentation. Disk mass fractions are �30%Y40%, substan-
tially higher than in Type I systems. These disks would appear in
Class 0Y I sources.
3. Type III: systems older than 105 yr, which have stopped

accreting from the core and consequently acquire low disk mass
fractions as the disks drain away. These are the disks that are
most like those observed in regions of low-mass star formation
as Class I objects.

These three stages serve as a useful prediction for future ob-
servations; see x 6 for more details.

5.2. Influence of Vector Angular Momentum

The accretion disk’s radius plays a critical role in determining
whether or not the disk fragments. Consequently, we expect our
results to depend somewhat on effects that change the disk’s spe-
cific angular momentum. Because we track the vector angular
momentum of the inner disk, and because our turbulent velocity
field is three-dimensional, we account for a possible misalign-
ment between the disk’s angular momentum axis, Ĵ, and that of
the infalling angular momentum, ĵin. The wandering and partial
cancellation that result provide a more realistic scenario than
given by the KM06 analytic approximations, in which vector

Fig. 4.—Evolutionary tracks in theQ-� plane of a 1M� (left) and 15M� (right) final star-disk system overlayed on the contours of our accretionmodel (contour spacing
is identical to Fig. 2). The white arrows superposed on the tracks show the direction of evolution in time. The low-mass star remains stable against fragmentation
throughout its history, while themoremassive star undergoes fragmentation andmore violent variation in diskmass. The jump at the end of accretion in the 15M� system is
due to the switch in the irradiation calculation. [See the electronic edition of the Journal for a color version of this figure.]

KRATTER, MATZNER, & KRUMHOLZ384 Vol. 681



cancellation is accounted for only in an average sense. In prac-
tice, however, the disk and infall remain aligned rather well
(Ĵ = ĵin � 0:8), so misalignment plays only a minor role in lim-
iting the disk size. This is illustrated by Figure 7, in which we
compare the disk radius in two numerical realizations of the tur-
bulent velocity field against one in which jin has a fixed direction
and obeys the KM06 formulae. We also plot the infall circular-
ization radiusRcirc (of one numerical realization) for comparison.
In general, we find that the analytic prescription slightly over-
predicts the disk radius at early times; this is partly due to ‘‘cosmic’’
variance in the numerical realization and partly due to disk infall
misalignment.

5.3. Varying �c

We explore the effect of individual parameters by considering
one or two systems along our fiducial sequence and varying pa-
rameters one by one relative to their fiducial values. First, we
vary�c over 0.03Y1 g cm�3, spanning the range from isolated to
intensely clustered star formation (Plume et al. 1997). Column
density affects star formation in two primary ways: it influences
the core radius (by determining the confining pressure) and the
accretion rate during collapse (again, by setting the outer pres-
sure and thus the velocity dispersion). However, these two effects
counteract one another: smaller values of �c correspond to larger
cores and larger and thus more unstable disks (Rd / ��1/2

c ), but
smaller �c also leads to lower accretion rates and thus stabler
disks (Ṁ / �3/4

c ). The thermal balance of the disk midplane is
affected by these trends. An analysis byKM06 (see their eq. [35])
shows that higher �c inhibits fragmentation if the disk temper-
ature is dominated by viscous heating (which is proportional

to the accretion rate) but enhances fragmentation if irradiation
dominates (when the increase in accretion-generated heating is
insignificant) and that the two effects are comparable along our
fiducial model sequence. We therefore expect fragmentation to
be quite insensitive to �c, for massive star formation along our
fiducial sequence. This is precisely what we find in our models:
disks born from lower�c cores, in lower pressure environments,
evolve in essentially the same way, but more slowly.

In contrast, disks around low-mass stars, thosewith finalmasses
comparable to the thermal Jeans mass, are stable at low �c (as
predicted by Matzner & Levin 2005), and because irradiation
dominates at larger radii, higher �c tend to enhance fragmenta-
tion there. Figure 8 illustrates the evolution of Q for a 1 M� ac-
creting star for a range of column densities.

5.4. Varying Tc

Observations of infrared dark clouds and submillimeter core
detections find typical temperatures from 10 to 50 K (Johnstone
et al. 2001). In our models Tc determines the amount of thermal,
and therefore turbulent, support: higher temperatures require less
turbulent support in the core. Temperature also sets the thermal
Jeans massMth within the McKee & Tan (2003) two-component
core model. Accretion from this thermal region leads to more
stable disks; therefore, higher core temperatures increase the mass
of a star that can accrete stably.

Figure 8 shows the evolution of Q during the accretion of a sys-
tem with final mass 1M� over a range of temperatures (all other
parameters take their fiducial values). The difference in evolution
is negligible for high-mass stars, as these accrete from supersonic
cores.

Fig. 5.—Contours ofQ over the accretion history of a range of masses for the fiducial sequence.Masses listed on the y-axis are for the total star+disk system final mass:
because the models halt at 2 Myr, some mass does remain in the disk. Contours are spaced by 0.05 dex. At low final stellar masses, disks remain stable against the local
instability throughout accretion. At highermasses, all undergo a phase offragmentation. One can see three distinct phases in the evolution as described in x 5. Disks start out
stable, subsequently develop spiral structure as the disk mass grows, and become unstable to fragmentation for sufficiently high masses. As accretion from the core halts,
they drain onto the star and once again become stable. [See the electronic edition of the Journal for a color version of this figure.]
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5.5. Varying 	MRI

This work is not an exploration of the detailed behavior of the
MRI; we include it as the standard mechanism for accretion in
the absence of gravitational instabilities, which in most scenar-
ios (aside perhaps from low-mass stars whose disks Shu et al.
[2007] have argued may be strongly sub-Keplerian) overpower
the MRI. However, the strength of the MRI does influence the
transition to gravitationally dominated accretion in theQ-� plane
as shown in Figure 2. The strength of theMRI also influences the
maximum disk mass obtained before gravitational instabilities
set in: higher values of 	MRI reduce the influence of gravitational
instabilities by ensuring that the disk drainsmore quickly, whereas
lower values expedite the transition to gravitational instabilityY
driven accretion. Figure 9 shows the influence of 	MRI on �; the
influence on Q is less dramatic: the descent of Q toward unity is
marginally delayed for the strong MRI case.

5.6. Varying bj

Our most uncertain variable is the braking index bj, which de-
termines the rate of angular momentum exchange with an outer
disk. However, disk evolution turns out to be rather insensitive to
this parameter. The primary reason for this is the concentration
of power in the turbulent velocity field on the largest scales: jin
is always large compared to the disk average j. This reduces the
importance of the loss term in equation (22). As a result, although
the period in which the disk is fragmenting is reduced in the high-
bj case, it is merely postponed by�104 yr. The braking index does
have moderate influence on the disk mass during the peak of
accretion and thus on the formation of binaries. Figure 9 shows

Fig. 7.—Comparison of disk radius over the evolution of a 20 M� star-disk
system in four cases: the KM06 analytic calculation, the circularization radius of
the currently accretingmaterial, and two realizations of the numerical model. The
analytic case overestimates the expected radius at early times because it does not
allow for cancellation of vector angular momentum. Similarly the circularization
radius is an overestimate because the disk has no ‘‘memory’’ of differently ori-
ented j. At later times, the circularization radius approaches the standard radius
calculation for that realization (thick black line) demonstrating the concentration
of turbulent power at large scales.

Fig. 6.—Contours showing the evolution of � ¼ Md /(Md þM�) for the fiducial sequence. Each contour shows an increase of 0.05 in �. Again one can see the division
into three regimes: low-mass disks at early times, higher mass, unstable disks that may form binaries during peak accretion times, and low-mass disks that drain following
the cessation of infall. Systems destined to accrete up to�70M� or more experience two epochs of binary formation in our model. In these systems the accretion from the
core exceeds themaximum disk accretion rate very early, causing the disk mass to build up quickly. [See the electronic edition of the Journal for a color version of this figure.]
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the evolution of � for a system accreting toward 15 M� from a
30 M� core. Here one can see the influence of bj on binary for-
mation. Low values of bj corresponding to higher net angular
momentum produce binaries at lower masses by allowing the disk
mass to grow larger. Notably, even for the 15M� final mass star
shown here, the smallest mass for which binaries form in the
fiducial model, the change in disk mass is only �10%.

5.7. The Formation of Binaries

Within the context of our model for disk fission into a binary
system (described in x 3.6), the formation of a companion is
strongly dependent on the infalling angular momentum distri-
bution and on the turbulent velocity profile of the particular core.
In our fiducial model, binary formation occurs for cores above
30M�. For cores k140M�, there are two epochs of binary for-
mation, the first one at roughly 104 yr. This mass boundary is
quite sensitive to our conservative threshold for disk fission,
� ¼ 0:5: binaries may well form at lower values of � and thus at

lower masses (see Fig. 6). The mass of the binary companions
that form increases with initial core mass. This increase simply
indicates that the mass ratio exceeds the critical value for more
time, as we do not include a mechanism for accretion onto the
companion.As such, we do not predict values for the binarymass
ratio q, but simply indicate the regimes in which binary forma-
tion seems likely. The 30 M� core cutoff is fairly robust to var-
iations in �c, Tc, and bj over the ranges discussed above for our
fiducial turbulent field. Cosmic variance in the field from one re-
alization to another has a much larger effect on binary formation
than any of our other model parameters (aside from �crit).

In our fiducial model disk fission only occurs when the grav-
itational instability has saturated and Q � 1. This means that the
disk is draining at the maximum rate given its mass. If matter is
falling in from the core more rapidly than this rate, the disk mass
will increase: if the accretion rate from the core exceeds the max-
imum rate at Q ¼ 1 and � ¼ 0:50, disk fission occurs. In our
fiducial model, this corresponds to an accretion rate onto the

Fig. 8.—Contours of Q showing the effect of initial core temperature Tc (left) and�c (right) on the evolution of a 1M� final star-disk system. Contour spacing is 0.1 dex
(except the lowest two contours, which are spaced by 0.05 dex). Increasing �c tends to marginally destabilize the disk, while higher temperatures stabilize the disk. We
exclude temperatures too high for the 2M� core to collapse given its initial density, i.e., those above 40 K. [See the electronic edition of the Journal for a color version of
this figure.]

Fig. 9.—Contours in � illustrating the influence of varying 	MRI (left) and the braking index bj (right) for a star-disk system of final mass 15M�, the lowest mass at
which a binary forms in our fiducial model. Contours of � are spaced by 0.05. The top panel shows the effect of varying 	MRI from 10�2.5 to 10�1.5. While the change has
little effect on the evolution of Q, the disk fraction� decreases with increasing	MRI. As a result, themass at which binary formation begins is pushed to higher masses. The
bottom panel shows the effect of varying the braking index bj. An increase of bj lowers the disk angular momentum, reducing the diskmass and inhibiting binary formation.
Note that the variation in disk mass is only �10%. [See the electronic edition of the Journal for a color version of this figure.]
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disk: Ṁin/Md� ¼ 10�2:36. The early epoch of binary formation
at very high masses is a consequence of this limit: since the ac-
cretion rates begin to exceed the critical rate sooner, the disk’smass
increases earlier in its evolution. This critical value is in agreement
with the prediction of KM06 that disks are sharply destabilized
when accreting at rates higher than 1:7 ; 10�3 M� yr�1.

The time at which binaries form is also very dependent on the
angular momentum profile. In the fiducial model, the lowest mass
binaries form during the peak of accretion, at�105 yr, but as the
final system mass increases, binary formation pushes to earlier
times�104 yr. In certain runs we find earlier binary formation at
smaller masses (<104 yr) when there is a peak in the infalling
angular momentum profile that rapidly sends Q toward unity.
The presence of binaries in much of our parameter space illus-
trates that heavy circumbinary disks may be critical to binary
evolution.

Observations suggest that a range of binary systems exist as
a result of variations in angular momentum as evidenced by the
presence or lack of disks around each component. Submillimeter
observations of lower mass objects in Taurus have revealed evi-
dence for a binary with circumstellar and circumbinary disks
(Osorio et al. 2003), where the binaries are close enough to cause
disk truncation (�45 AU). Anglada et al. (2004) have found
another Class 0/I binary system in NGC 1333 in which only the
primary has a disk: the diversity of systems is likely due to the
variations in angular momentum of the infalling material. As Bate
& Bonnell (1997) suggest, binaries forming from low angular
momentum material will likely not form their own disks, while
those with higher angular momentummay. It seems plausible that
the absence or presence of secondary disks is indicative of the
formation process of the system.

As illustrated by these observations, the dependence we find
on core angular momentum is a sensible outcome: one expects the
chance rotation to have a stronger effect on multiplicity than other
parameters like temperature and density, which set the minimum
fragmentationmass.We emphasize that we are only exploring one
possible path for binary formation, and we predict that disk frag-
mentation is an important, if not the dominant, mechanism at high
masses and column densities. This formation mechanism may be
especially relevant at highmasses because, as argued byKrumholz
(2006), once the central core has turned on, the Jeans mass rapidly
rises due to the stellar luminosity, significantly reducing the
possibility for Jeans instabilityYinduced core fragmentation.

6. OBSERVABLE PREDICTIONS

Our models make strong predictions for the masses and mor-
phologies of disks during the embedded, accreting phase, and
these will be directly testable with future observations. Detailed
calculations based on radiation hydrodynamic simulations of
massive protostellar disks indicate that diskswith� of a few tenths
around stars with masses k8 M�, corresponding to embedded
sources with bolometric luminosities k104 L�, should produce
levels of molecular line emission that are detectable and resolv-
able with ALMA in the submillimeter out to distances of a few
kiloparsecs and with the EVLA at centimeter wavelengths at
distances up to �0.5 kpc (Krumholz et al. 2007b). The ALMA
observations will be particularly efficient at observing protostel-
lar disks, since ALMA’s large collecting area will enable it to map
a massive disk at high resolution in a matter of hours. Dust con-
tinuum emission at similar wavelengths should be detectable at
considerably larger distances, although the lack of kinematic in-
formation associated with such observations makes interpretation
more complex. Regardless of whether dust or lines are used, ob-
servations using ALMA should be able to observe a sample of

hundreds of protostellar disks around embedded, still accreting
sources, with masses up to several tens of M�.
The main observational prediction of our model is the exis-

tence of type II disks, those with � of a few tenths or greater and
Q � 1, and the mass and time dependence of the type II phase.
Examining Figures 5 and 6, we see that our model predicts that
protostellar cores with masses P2 M� should experience only a
very short type II disk phase, or none at all. In contrast, cores with
larger masses have type II disks for a fraction of their total evo-
lutionary time that gets larger and larger as the core mass rises,
reaching the point where type II disks are present during es-
sentially the entire Class 0, accreting phase for cores k100 M�
in mass.
Type II disks have several distinct features that should allow

observations to distinguish them from type I or type III disks and
from older disks like those around T Tauri and Herbig AE stars.
First, since type II disks are subject to strong gravitational in-
stability, they should have strong spiral arms, with most of the
power in the m ¼ 1 or m ¼ 2 modes. This is perhaps the easiest
feature to pick out in surveys, since it simply requires observing
the disk morphology and can therefore be measured using con-
tinuum rather than lines.
Second, because their self-gravity is significant, type II disks

will deviate from Keplerian rotation due to nonaxisymmetric
motions and will also be super-Keplerian in their outer parts
compared to their inner ones. The latter effect arises because,
when the disk mass is comparable to the stellar mass, the en-
closed mass rises as one moves outward in the disk. Recent work
by Torrelles et al. (2007) provides a possible example of this
phenomenon. The source HW2 in Cepheus A is predicted to have
a central mass of order 15M� and a disk radius of 300 AU, with
a temperature slightly under 200 K (Patel et al. 2005; Torrelles
et al. 2007). High-resolution VLA observations now show evi-
dence of non-Keplerian rotation (Jiménez-Serra et al. 2007),
consistent with our predictions for type II disks.
Third, a type II disk is massive enough for the star-disk system

center of mass to be significantly outside of the stellar surface if
the disk possesses significant nonaxisymmetry. As a result, the
star will orbit the center of mass of the system, and this will pro-
duce a velocity offset of a few kilometers per second between the
stellar velocity and the zero velocity of the inner, Keplerian parts
of the disk (Bertin & Lodato 1999; Rice et al. 2003; Krumholz
et al. 2007b). This should be detectable if the stellar velocity can
bemeasured, whichmay be possible using Doppler shifts of radio
recombination lines for stars producing hypercompact H ii re-
gions, or using proper motions for stars with large nonthermal
radio emission (Bower et al. 2003). In fact, recent work by
Torrelles et al. (2007) has observed said offset. As suggested by
Lodato & Bertin (2001, 2003), one could also look for the effect
in the unresolved radio emission from FU Orionis objects.
A final point concerns the limited range of the disk-to-system

mass ratio in our simulations, with 0:2 < � < 0:5 duringmost of
embedded accretion (our type II disks). The upper envelope of �
depends in part on our binary fragmentation threshold � ¼ 0:5.
However, in the absence of disk fission, disks in our fiducial
model never grow larger than � ¼ 0:55. The fact that most ac-
cretion occurs with � � 0:3 provides strong evidence that accre-
tion disks do not become very massive compared to the central
point mass (as argued by Adams et al. 1989). Current observa-
tions such as those of Cesaroni (2005) describe massive tori with
sub-Keplerian rotation and comparable infall and rotation veloc-
ities. These structures are distinct from the disks that we model:
our finding that disks hover around � ¼ 0:3 suggests that higher
resolution observations may reveal the Keplerian structures
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within the tori. The underlying physical reason for this is that it is
not possible to support a mass comparable to the central star in
a rotationally supported disk for long periods of time; gravita-
tional instabilities will destabilize such a disk on orbital time-
scales, causing it to lose mass through either rapid accretion or
fragmentation.

7. CONCLUSIONS

We have constructed a simple, semianalytic one-zone model
to map out the parameter space of disks in Q-� space across a
range of stellar masses throughout the Class 0 and Class I stage,
pushing into the Class II phase. We include angular momentum
transport driven by two different mechanisms: gravitational in-
stability andMRI transport modeled by a constant 	 . Our model
for angular momentum infall is unique in that we keep track of an
inner and outer disk and infall direction so that cancellation may
occur as the infall vector rotates.We allow for heating by the cen-
tral star, viscous dissipation, and a background heat bath from the
cloud accounting for both the optically thin and optically thick
limit within the disk and accreting envelope. By requiring that the
disk maintain mechanical and thermal equilibrium, we determine
themidplane temperature at each time step and thusQ in the disk.

7.1. Caveats

In interpreting the results of our calculations, it is important to
keep several caveats in mind. Our model for fragmentation, al-
though rooted in simulations, includes one important assumption:
no matter how violently unstable a disk becomes, it can always
fragment, return to a marginally stable state, and continue ac-
creting. While the existence of stars well into the mass regime of
fragmentation makes this outcome seem likely, it has yet to be
demonstrated in simulations. Equally untested is the hypothesis
that when fragmentation is strong enough, i.e., when Ṁin 3 c3s /G
so that QT1 (Gammie 2001), accretion onto the central star
will be choked off. KM06 have argued that accretion is sharply
destabilized when its rate exceeds 1:7 ; 10�3 M� yr�1 due to a
drop in the Rosseland opacity, and that this may be related to the
stellar upper mass limit.

In order to explore a wide parameter space, we do not carry out
detailed hydrodynamic calculations to determine the onset of
instability, but instead we use results from previous simulations
and develop analytic formulae that describe behavior interme-
diate between the regimes that they explore. Although our ap-
proach is very approximate, it can be made increasingly more
realistic as additional numerical simulations become available.
Due to our one-zone prescription, we cannot resolve spiral struc-
ture or measure the degree of non-Keplerian motion. In addition,
we do not follow the evolution of fragments, nor their interaction
with the disk. Although we allow for the formation of binaries,
we do not follow their evolution and accretion, which limits our
ability to make predictions about mass ratios and angular mo-
mentum transfer between the disk and the companion. Our model
for angular momentum infall is responsible for the largest un-
certainty in our conclusions because different realizations of the
turbulent velocity field can alter the disk size at a given epoch by
a factor of a few. Nevertheless, these variations are well within
the analytic expectations for range of angular momenta in cores
(KM06). Moreover, our approach aims only to predict charac-
teristics of the outer accretion disk and lacks the resolution to
track the radial profiles of the disk’s properties.

Lastly, recall that our models rely on the fundamental assump-
tion (x 3.1) that a disk’s behavior can be separated into dynamical

and thermal properties, and in particular that its dynamics are
governedprimarily by itsmass fraction� andToomre parameterQ.

With these caveats in mind, we summarize our results for two
different regimes: <2 M� and >2 M�.

7.2. The Low-Mass Regime

Our fiducialmodels predict that low-mass starswill have higher
values of � than typically assumed during early phases of forma-
tion. However, they should remain stable against fragmentation
throughout their evolution, dominated byMRI, long-wavelength
gravitational instability, and once again MRI through their evo-
lution through the three types of disks discussed in x 5. During
themain accretion phase, disks will havemasses of order 30% of
the systemmass. Typical outer radii are of order 50AU,with outer
temperatures of 40 K during the main accretion phase, dropping
to �10 K at 2 Myr. The surface density is 10Y20 g cm�2 during
the main accretion phase, dropping off rapidly at late times,
causing the disk to become optically thin to its own radiation. As
accretion shuts down and disks grow due to conservation of an-
gular momentum, two key effects must be considered: truncation
and heating by other stars. At distances of 1000AU, very tenuous
disks are prone to truncation by passing stars, particularly in
denser clusters where average stellar densities are as high as
105 stars pc�3 (Hillenbrand & Hartmann 1998). Similarly, as the
disk edge extends toward other, potentially more luminous stars,
the actual flux received will increase, heating the disk above the
�10 K temperature that we routinely find (Adams et al. 2006).

For core column densities more typical of high-mass star-
forming regions, local instabilities do set in, despite the stabi-
lizing influence of higher temperatures associated with these
regions (neglecting the effects of nearby stars). This implies that
environment may be important in understanding disk evolution.

In contrast to our previous work (KM06; Matzner & Levin
2005), we find fragmentation at smaller radii. This is primarily
due to our modified model for 	GI, which predicts lower accre-
tion rates and consequently more fragmentation than previously
assumed. We note that our results for low-mass systems (final
mass�1M�) are rather sensitive to details of the model, such as
the value of 	MRI and the way it is combined with 	GI.

7.3. The High-Mass Regime

For more massive stars, we find high values of � � 0:35 and
an extended period of local fragmentation as the accretion rates
peak. Temperatures at the disk outer edge at�200 AU approach
100 K for systems >15 M� during accretion. Surface densities
hover around 50g cm�2 during themain accretion phase, although
by 2 Myr, the disks become optically thin in the far-infrared, as
expected. Binary formation occurs regularly for cores of order
30M� and higher, although as discussed in x 3.6, this is strongly
dependent on the cosmic variance of the angular momentum:
cores as small as 20M� form binaries in our model when there is
excess angular momentum infall. Although fragments accrete
with the disk according to equation (25), more massive stars
maintain a small mass in fragments (10�1 to 10�2M�) in the disk
when we end our simulations, suggesting that fragments may
persist to form low-mass companions, as predicted in KM06 and
suggested by the simulations of Krumholz et al. (2007a).

Unlike their low-mass counterparts, the conclusions we draw
for massive stars are minimally affected by the environmental
variables in our model. For the entire range of temperatures, den-
sities, and nearly all angular momentum realizations, the con-
clusions listed above hold true.
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