Accretion Disks Il

1 The dynamical equations for accretion discs

1.1 Setting up the model

Thin accretion disc A

C

Compact object
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The simplest accretion disc model to construct 1s that of the thin
disc. We obtain a simplified set of equations by integrating over
the z-dimension and by assuming that the flow i1s steady in the
mean and that 1t 1s axisymmetric in the mean. Because of this ap-
proximation, we can regard our ensemble average as an azimuth-
al average, 1.e. we average over independent regions around the
annulus of an accretion disc.

Assumptions

In the following development of the theory of accretion discs, we
assume that:

* The disk is steady in the mean, 1.e. time derivatives of the
mean flow variables are zero.
* The disk 1s axisymmetric, 1.e. there is no dependence of the

mean flow on the azimuthal angle ¢
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e The disk 1s thin. This means that we can construct useful
equations by vertical averaging. The validity of this assump-
tion can be justified a posteriori

e The velocity 1n the disk 1s dominated by the Keplerian veloc-

ity v o = JGM /R. In particular Vo<V o Again this can be

justified a posteriori
* The disk does not have a substantial wind.

Coordinates

* In view of the geometry and the physical assumptions, we use
cylindrical polar coordinates, (7, ¢, 2).
e Occasionally use the spherical radius, R.

High Energy Astrophysics: Accretion Disks 11 3/59



Mathematical approach

* We develop the accretion disk equations by examining the sta-
tistically averaged equations for conservation of mass,
momentum and energy in this axisymmetric coordinate sys-

tem.
* Integrated equations are obtained by integrating the equations

over a disk height, 1.e. between z = —h and z = h.

1.2 Continuity

J ,—~ 1o, - ~
a—z(pvz)+;5(prvr) =0 (1.2-1)
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Multiply by 2nr and integrate over z:

d ,~ ~ Jd ,~ ~
2:rcj]jha—z(prvz)dz+2:rcj]zh$(prvr)dz =0

= 2:rcrp\~/z

d _ -
. + aTr[ZTE _h(prvr)dz} =0

We define the mass accretion rate by:

M, = -2n _hprvrdz

a

(1.2-2)

(1.2-3)

We have assumed that there 1s no wind from the top and bottom

surfaces of the disc. Therefore \72 = 0 at z = =h. Hence,

c%Ma = (0= M, = constant
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1.e. the accretion rate 1s constant with radius.

1.3 Momentum
All three components of the momentum equations

i(ﬁ{}{} .)+i<pV’-V, > — _@_F—)i<_G_j\4>
8x]. LJ axj L] 8xi le. R
_ (1.3-1)
B aﬁ pGMx
— _a_xl._ 3

give us essential information.
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Since the accretion disc is confined tonear z = 0 (1.e. h « r) we
treat the gravitational term 1n the following way. The spherical
polar radius

R=(r2+z2)1/2zr at z=0 (1.3-2)
Therefore:

GM = GM 0, )~ (S, 0, S 139

R2 R3 r2 3

In the following we write the hydrodynamical equations in cy-
lindrical polars. This can be accomplished 1n a number of ways

1.Use the Christoffel symbols for a cylindrical coordinate sys-
tem to calculate the divergence terms etc.

2.Look up the equations in Landau & Lifshitz
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1.4 Radial momentum
The radial momentum balance 1s given by:

1o, —~» 0 ,—~ ~ l1_-»
,@(rpv,,) + a—z(pv,,vz) —-PVg
10 , d o
+ - (r{pv, %)) +8—Z<pvr v, (1.4-1)
__-GM dp
- 2 0r
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We integrate 2mr times this equation with respect to z and ob-

tain:
d -9 -~
dr[an oV dz} +2nrpyv, N 21 jh 0dz
; _[zm ﬂ (pv '2>dz] (1.4-2)
GM h _ d _
— Zﬂr—z i de — E.|:2TU" hde:|
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We neglect all but the blue terms since:

‘71” Vr' « \~/¢ ﬁz(ih) =0
(1.4-3)
(pv,'v,)(=h) = 0 P « F—)‘;(%
The last inequality 1s equivalent to:
_ 72
]g « qu) = CS2 « qu) = C—(; » | (1.4-4)

\)

that 1s, the azimuthal speed is highly supersonic. This is justified
a posteriori below.
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Surface density

This important parameter 1s defined by

S(r) = fjh 5dz (1.4-5)
The radial momentum balance equation therefore has the form:
s GM
22 (r)-2 = 2mE(r) 5
4 r (1.4-6)
= 2 = GM
¢ r
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Keplerian speed

The Keplerian speed (1.e. the speed of a particle 1n a circular or-
bit around the central object) 1s given by

2
.
K GM » GM
— = = VT = —— 1.4-7
R Sl (1.47)
Hence, the radial momentum equation tells us that
V o = VK (1.4-8)

Disks 1n which this equation 1s valid are called Keplerian.
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1.5 Azimuthal momentum
The ¢-component of the momentum equations 1s:

1 0,7~ -~ 0,—~ ~
r—zw(r pvrv¢)+a—z(pv¢vz)
o a (1.5-1)
L v 2 Pt v / ' —
+r28r[r (pv' v ¢)]+8Z<pv o ) =0
Multiply through by 272
0 )~ ~ 0 )~ ~
5[2751” pvrv¢]+a—z[2rmr pvq)vz]
(1.5-2)

a 2 / / a 2 / / —
+5[2nr (pv' v ¢>]+8—Z[2:n:r (pvq) VZ>] =0
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Integrate over z:
~ |h

d .
jh (2mrpyv )(rv¢)dz+2:rupr2 0Vzlh

(1.5-3)

i 9 P 2 AN h _
=] 27 (pv' v ¢>dZ+2J‘W‘ (pv o Z>‘—h =

Since v, = 0 and <pV'¢V'Z>(ih) = 0 are both zero at the sur-
face of the disk,

_d_D{hQnrp\?r)(r\?q))dz +j]jh2ﬂr2<pv’rv’¢>dzJ

- (1.5-4)

=0
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The term rv o 1s the z-component of angular momentum per unit

mass.

Write the first term in the brackets as:

IV X ZTEKhrpvrdz = —Ma(rvq)) (1.5-5)
Integrate the above equation:

) ~ 9 / / _ g
—Mgrv +2mr Kh (pv' v ¢>dz = Constant (1.5-6)
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Evaluate the constant using values at
»  the mmnermost stable orbit.

Also define:

G, (1) = j]jh<pv’rv’¢>dz (1.5-7)

Hence the azimuthal equation reads:

—Mar\7¢(r) + anzGrq)(r)
o (1.5-8)
= — Marovq)(rO) + 2Jtr(2)Gr¢(r0)
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Physical meaning of the angular momentum equation

Consider J]jh (2nrp\7r)(r\7¢)dz

. z component of angular

rv, = .

®  momentum per unit mass
. - Flux of z component of angular
(pV,,) Ve = . S
momentum 1n 7 direction

2nrdz = Element of area

Therefore:

- - Flux of angular momentum
[ @urpv )(rig)de = e T
—h in r direction
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As we have seen this flux is nega-
tive and we have put 1t equal to

-M ,rv o 1.e. accretion implies that

there 1s a flux of angular momen-
tum inwards.

Also, since M, is constant, the flux

of angular momentum 1s larger at

larger r because r\?q)(r) = (GMr)l/?2

This means that as a result of the accretion there 1s more angular
momentum transported by accretion into the annulus between r
and r(, than 1s transported out at the smaller radius r = r,.
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Now consider:

23137'2]]1}1 (pv’rv’q))dz (1.5-13)

o Flux of turbulent ¢ momentum density
(pv', V') = (1.5-14)

1n r direction

o Flux of z component of turbulent
r{pv’ v ¢> = (1.5-15)

angular momentum 1n r direction

Therefore
Turbulent flux of angular

2:rcrjh r{pv’ v' )dz = (1.5-16)
—h (P r ¢> momentum in r direction

High Energy Astrophysics: Accretion Disks I1 19/59



It 1s this flux that balances the build up of angular momentum be-
tween r and r,.

The equation:

~M vy (r) + 2nr?G, NG
(1.5-17)
= — Mar0§¢(r0) + 2nr8Gr¢(rO)
tells us that
Flux of angular momentum _ Flux of angular (1.5.18)
through r momentum through r,
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That 18 angular momentum 1s conserved in between r and r.

This 1s correct since there are no torques acting on the disk ma-
terial.

Note also that this analysis applies to any annulus, not just one
involving the innermost stable orbit.

We can now solve for Gp = j]jh (pv' v q))dz:

2 ¢_1 rof/q)(ro)_

’”(i)(r) B (r()) ¢(r0) T o | r\7¢(r)

- (1.5-19)
2 1/2

. (r()) Grolro) 27(:1’(')[ (?) |
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The effect of the inner boundary condition decreases quite rap-
1dly with r so that we often neglect it and take:

G,y(r) = M“V“’[l _ <r0> Uz} (1.5-20)

27r r

1.6 Vertical equilibrium
The momentum equation in the z—direction reads:

SO (pv, v,y + 07,5 1+~ pv2)
(1.6-1)
— 5+ (pv, H1- 55

r
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We assume:

1. There is no wind (17Z = 0).

2. The turbulent stresses are much less than the pressure

((pv'2> « p). This means that we can neglect the terms involv-
ing (pv,'v,') and (pvz’2>.
Thus the equation for vertical equilibrium reduces to:

0 _ _GM7
—p = - 1.6-2

r

Isothermal disk

In order to get a quantitative feel for the implications of this
equation, let us assume that the disk 1s isothermal.
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We put

— _ kT
P=pP— (1.6-3)
W
P
With T = constant
KT 105 _ _GM,
Mmpﬁaz 73
) ) (1.6-4)
— — = &XpP|— — pZ2
P i 2kTr> |
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This defines the disk scale height

12 _ 2KTr3 _\<h5>2 B 2( kT ><GM>—1
2 = s (3) =
uGMmp r wm J\ 1
, (1.6-5)
L% _ 2
YY)
vk Mg

Hence the condition that the disc be thin 1s equivalent to the con-
dition that the Mach number of the Keplerian flow be superson-
iC.
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1.7 The energy equation

In the following we take a sec-
tion of an accretion disk and
calculate the radiation emitted

from the surface as a result of
the dissipation within the disk.
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Rate of production of turbulent energy

Knowing the Reynolds stress from the angular momentum equa-
tion, we can evaluate the local rate of production of turbulent en-

ergy. This 1s
—(pvi'vj’)sl.jz—Z(pvr’vq)’)srq) (1.7-1)
where the r¢ component of shear 1s given by:

) 1
Sr(l) = irQ (77'2)

The angular velocity 1s given by the Keplerian value

Q = (%) He (1.7-3)
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The derivative of this quantity 1s:

3(Gm2 30 174
2 512 27 |

Q' =

The production rate per unit volume of turbulent energy 1s there-
fore

A(r, 2) _<pvi"’j'>§ij = —<PV,,'V¢'>rQ’

(1.7-5)

3 ! /
E(pvr Yo Y Q
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The production rate of turbulent energy per unit area of the disk
1S

/ / / 39 / /
A(r) J]jh—(pvr Vo yrQ'dz = —i—fjh(pvr Vo Ydz

B gG (r) B 3MVKQ|:1_ I/'_O 1/2:|
2 ey A4mr (r)

where we have used the result from the analysis of the angular
momentum equation:

(1.7-6)

G,o(r) = Ma%[l _ (IE) 1/2] (1.7-7)

2r r
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Now

_(GM\1/2/,GM\1/2  GM
w2 = () (5F) =
r r
so that
AG) = [ <2(pv, vy )5, g2
3GMM,, 1 oy 1/2
43 [ (r) }
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Radiative flux

We assume that the production of turbulence per unit area is
equal to the dissipation into heat per unit area and that this heat
1s radiated 1n a quasi steady state away from the surface of the

disk. The luminosity of the disk emitted between radii r; and

1"218
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LdiSC(rl’ rz) = e flf‘l r3 7) :|23'U"dl"

2 1/2

3GMMa r
2r0 fr?(:rg) [1_(:1*9) Jd<;_%> (1.7-10)

y P 1/2- 1/2+-
3GMM (1 2(”0) 1 2(’”0)

1 -2 _—|1=%2
p) *rl 3 ry 3

"1

)

The total luminosity emitted by the disc i1s obtained by integrat-
ing between ry and o:

GMM,

L =Ly (rg®) = T (1.7-11)
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Relationship to overall energetics

Consider the energy of a parcel of gas with a mass, m, at radius
r. This 1s:

r - 1mv2 _GMm _ m(lGM_GM)
b 27K ro 2 r r
(1.7-12)
B _1GMm
2

This gas has been accreted, essentially from r = oo so that this
represents the energy that has been lost by this parcel of gas dur-

ing the time that 1t has spiralled in from r = o to r.
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By the time the gas has reached the innermost stable orbit, the
energy lost per unit mass is:

GM

— (1.7-13)
2r0

The mass accreted per unit time is M - Hence, the total power
associated with the accretion 1s
GM GM M a

M, x — = (1.7-14)
2r0 2r0

Hence the total luminosity of the disk 1s the power associated
with the energy lost per unit mass at radius r(, times the mass

flux.
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The gravitational radius

With black holes or neutron stars in mind, we express the radius
in units of the gravitational radius

— (1.7-15)
g~ 2
In terms of the gravitational radius, the luminosity 1s
GMM,  GMM, M c?
L = (1.7-16)

2rg - ng(ro/rg) B 2(r0/rg)
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For a spherical black hole, the innermost stable orbit is at 6 grav-
itational radii. If our Newtonian treatment were to be adequate at
such radi1

L~0.083M ,c? (1.7-17)

1.e. approximately 8% of the infalling rest mass energy 1s con-
verted into radiation. The exact answer from the general relativ-

istic treatment is L ~0.057M acz. That 1s, 5.7% of the mass

energy 1s converted into luminosity. For a rotating black hole the
figure goes up to 42%. Typically, for order of magnitude purpos-
es, we assume that black holes are 10% efficient.

Neutron stars are actually slightly more efficient than spherical
black holes because the kinetic energy of the infalling material
1s converted 1nto radiation at a shock on the surface.
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2 Accretion disk temperature

2.1 Use of Stefan’s law for an optically thick disk

If we assume that the disc 1s optically thick (true in a large
number of cases) then the dissipation per unit area appearing in
radiation from each side of the disc 1s

1 3GMM,, oy 172
“A(r) = [1-(-) } (2.1-1)
2 8> r
The temperature of the disk surface 1s given by
/ 1/2
oT4 = 3¢ M“(’")_3[1_<r—0) } (2.1-2)
4nG%M? " r |
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Hence,

- ( 3.0 >1/4 Mclz/4 <r)_3/4[1_(,f_()>1/2}1/4 219
B 43'[?0'G2 M1/2 rg r '
The constant
6 .1/4
( 3¢ 2) =~ 2.88x10"" SI units 2.1-4)
dnoG
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Typical parameters for a galactic mass black hole are

M, = 104 Kg/s and M = 3M ,, giving

a

L = 75x10°W
) - 12174
T - 3.7x107<1) 3/4[1—<—0) J °K
I’g 2
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Typical parameters for an extragalactic supermassive black hole
inan AGN are M, = 0.1M ,/yr and M = 1()8M0 giving:

L~47x10>" W
) - 12174 2.16)
Tz5.7x105(i> 3/4[1—<—0> J °K
I”g r

High Energy Astrophysics: Accretion Disks I1 40/59



10 em 1 cem 1 mm 100 10 1 u 1000 A 1 keV 10 keV
- 1 | I I I 1 | 1
o F Te"% %lﬂ% ?9@-‘
2044 uv Har{X —
9 - Bump Gap component .
— _E'l B -
,_§“42 — .
=
W | i
L 40 | 4C 34.47 (radio loud) -
A PR DR PR ]
o 'I— T T L I ¥ T L I l L] L LA _I _1
46 mm-break _ 1
' & 4 EE@’ S i
044 |- / >
O - ‘ XUV .
~ i T Inflection excess 1
342 =
e
- y
S 40 _—g g ¥ Mkn 586 (radio quiet) -
I T R P

14

16 18

log(v) (Hz)

High Energy Astrophysics: Accretion Disks I1

The emission for a

1 galactic mass black
1 hole therefore peaks

in the X-ray; that
from a supermassive

| black hole peaks 1n

the UV.

This the reason pro-
posed for the UV
bumps shown 1n the
spectra of AGN at

— the left.
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3 The Eddington Luminosity

3.1 Derivation for spherically symmetric accretion

The luminosity of an accreting object cannot increase indefinite-
ly. There 1s a fundamental limit, known as the Eddington limat,
which limits accretion by the radiation force on the accreting
matter.

Electron An electron 1n a radiation field
feels a force proportional to the

momentum flux density, P

_ Radiation field rad’
00— — of the radiation field. This 1s
— given by
—
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(Intuitively, one can
Force = Pressure x Area.)

think of this

O 1s the Thomson cross-section given by

5. = 3T e? 2
I 3 43'580771662

where the electron radius,

02

r —
0 4313807% c2
e

2
8nr0

3

— 2818x10 > m
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as

= 6.65x10 > m2 (3.1-2)

(3.1-3)
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Calculation of momentum flux density

The momentum flux density per unit frequency is given by:

_ 1 2
P, = . f I cos 0d<2 (3.1-4)
SOUrce
and the flux density 1s
Fv = f IVCOSGdQ (3.1-5)
SOUrce
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For distances large compared to
the dimensions of the source

I F (3.1-6)
AQ P ~—"AQ = Y
vV ¢ C
Source
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For an 1sotropic emitter the total luminosity 1s spread over the ra-
dius of a sphere at the distance r. Hence,

L
> _ v
FVX4J'IJI’ —LV=>FV—4 >
™ 3.1-7)
=P = LV = P = L |
M Atrle rad Antrle

where P ; and L both involve integrations over the frequency,
v. Hence, the force on an electron 1s

LO’T

F = (3.1-8)

4nr20
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Now consider a hydrogen plasma consisting of electrons and

protons 1n the gravitational field of an object of mass M. Consid-
er the nett outward force exerted on each electron-proton pair.

The radiation force 1s primarily exerted on the electron but the
gravitational force i1s primarily exerted on the proton. However,
the two cannot move apart since this would result 1n a large
charge separation. The nett force on the electron-proton pair is:

LOT GMm

F_. = _ P (3.1-9)
nett drirlc r2
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If the above nett force 1s greater than zero, accretion cannot oc-
cur. Thus, for accretion,

LOT ) GMmp -0
Arric r2 3110
4TEGMm C 31 M .
= < P~ 13x10 ( )W
Or Solar mass
The parameter

4nGMcmp

Logq = o (3.1-11)
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1s known as the Eddington luminosity. Although this limit has
been derived here for the case of spherical accretion, this limit is
an 1mportant benchmark in all accretion scenarios. This limit
was originally derived by Eddington in the context of stars.

For compact objects of order a solar mass in size, the Eddington
luminosity is of order 1031 W. For black holes of order 10” so-

lar masses, the Eddington luminosity 1s of order 100 W. 1t is
therefore not surprising that these luminosities represent the up-
per limits of what 1s normally observed in these environments.
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3.2 The Eddington accretion rate

Consider now the case where the luminosity of the central source
1s actually derived from accretion. As we have seen for an accre-
tion disc, we can represent the total luminosity in the form:

L = aM,c? (3.2-1)

where o ~ 0.1 for a black hole. Hence, 1n order to satisty the Ed-
dington constraint:

. dnGMm _c
OcMac2 < P
Or
(3.2-2)
. dnGMm
=M, <o P
COT
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The parameter

AdnGMm
Mgy = P = 1.4x10" (M) kg s
- COr solar
(3.2-3
-9/ M _1
= 2.2x10 ( )Msolar yr
solar

Thus, 1014 kg s~1 is the maximum sort of accretion rate that one
expects 1n a solar mass sized object. For an object with a size of

order 107 solar masses, one expects accretion rates up to about
a solar mass per year.
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4 The viscosity prescription —the o parameter

4.1 General approach

A large number of the relationships we have derived have been
without a specific prescription for the Reynolds stress. All of our
results have been expressed in terms of the accretion rate. This
1s typical of what we often do when modelling turbulent flows,
e.g. jets. However, to derive other information e.g. the inflow ve-

locity f/,, we need to be more prescriptive about the turbulent

model.

High Energy Astrophysics: Accretion Disks I1 52/59



As we 1ndicated earlier the closure relations for turbulence are
difficult to obtain. Shakura & Sunyaev 1n their classic paper on
accretion discs lumped all of the unknowns into one simple
equation:

(pvr’vq)'} ~aP (4.1-1)
Hence
(pv'?) v
o~ ~— (4.1-2)
P C?

Normally, 1n a turbulent flow, the turbulent velocity 1s less than
the sound speed. There are 2 reasons for this:

1. In a turbulent flow sound waves are emitted and the rate of
emission goes up as the 8th power of the Mach number of the
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turbulence. This means that the emission of these waves would
be a very effective dampener of supersonic turbulence.

2.Supersonic turbulence would very quickly form shocks.

Therefore, we usually assume that

o<1 (4.1-3)
and frequently we find that
o« 1 (4.1-4)
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4.2 Use of the a—parameter to obtain the inflow veloc-
Ity
We already have:
00 . "o
22" (pv,'vy)dz = rMavK[l —<—> ] (4.2-1)

and using the a prescription

_ r.. 1/2
20t 5(B\dz = 1M 0 _
27r ocj]jhp<5>dz — rMavK[1—< r) ] (4.2-2)
That 1s,
- 1/2
2ol 5(KL N g = ri 0 -
27r aﬂhp<%>dz = rMavK[l—(r> } (4.2-3)
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Assuming 1sothermality:

7 oo 1/2
2 rer2 (k—T)Z = rMavK[1—<—O> }
ump r
L, (429
-1 . r
= 2mrS = orl(k—T> MavK[l _ (-O) ]
W r
P
Now the mass accretion rate 1s
M, = 2nr _hpf/rdz = -X2m;rv,
7 (4.2-5)
~ a
= = —
Vr 2nrx
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Theretfore:

5 kT 1 rO 1/2-—1
b = (- (5)
P
_ a“_s[l_(’ﬁf/z}_l 42:6)
VK r
ro. 1/2-—1

_1 0
OCaSMK |:1 — <7> :|
Hence, for a < 1 the inflow velocity 1s much less than the sound
speed.
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5 The effect of magnetic fields

The influence of magnetic fields on accretion disc dynamics 1s
very much a current research topic. Let me just note the equation

for the angular momentum of the disc (the p—component of the
momentum equations) which reads

d ) ~ 1 2 / AN = D= /

d—r[Marvq) +57 (B, Bq) ) [ 2mr (pv' v ¢>dZJ 5.0-1)
=0

The term (Br’B (I)’) are related to the flux of the z—component of

angular momentum 1n the radial direction by the magnetic field.
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It 1s important to consider the magnetic field since it 1s impossi-
ble to make an unmagnetised Keplerian disc turbulent. However,
it has been shown by Balbus and Hawley that a weak magnetic
field produces instability. Hence, the present focus on using
magnetic fields to transport angular momentum (cf. the case for

winds). The B and B b components which are responsible for

this are supposed to be generated by the Balbus-Hawley instabil-
ities. If this 1s the case then the dissipation in the disc will be

t!
t!

arough reconnection of magnetic fields. Much of the analysis
nat we have carried out here for unmagnetised disks carries

t!

hrough for magnetised disks.
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