
 

Magnetohydrodynam.is MHD

First we assume thatthefluid isalmost completely neutral
withonly a small charge density Se present Thisconditioncanbewritten

Sev E 3 a

where Se is small will check Eq attheend
Here it is thegasvelocity andJ is the current density which
hasunitsof currentperunit area

AssumptionEq 1 is reasonable because for agood conductor

any net charge wouldimmediatelybe neutralisedby a current
An important consequence ofthis assumption is that inMHDthere
arepractically no electricfields ice

any charge separation
would

leadto currents that immediatelydestroy the E field However
the currents produce a magneticfield hence the name

Magnetohydrodynamics

Now we need to couple Maxwell's equations inthe non

relativistic approximation ie ki o withthe momentumeq
of hydrodynamics



Maxwell's equations in Cas units
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In a highly conducting fluid we expect thefields to

vary on the same length L and timescale T asthe
fluiditself where 4T n v is thefluidvelocity ie
theB field is basically producedImaintainedby the
fluidmotion

Approximating it L and It T the 3rd
Maxwelleq TxE hOtb saysthattheEfield is a factor
Vc smallerthantheB field

E E B 6

Usingthis we see that the a displacement current in the
last MaxwellEq theterm kit E can be neglected
because it is oforder

ox B II I 7



Now we need to couple this to the fluidequations
First the EM force is theLorentzforce permitvolume

Ei SeE t I I xD 8

Thanks to our assumption Eq andusingEq
we see the E fieldterm inEq 8 is small and canbe
neglected hence

E E j x is 9

Thus theEuler eq withtheadditionoftheLorentzforce
becomes

sift T P t E Ix B ko

UsingEq 7 itxD EI I thisbecomes

s IIe TP t fxD xD
s fit P t Faf f rB't a BY

s II r Pt EI t ButB H
MHD Euler Equation



The term 1348 is themagnetic pressure while the
Ha Bx B term is the magnetictension f seelater
Now we know how I affectsthemotionofthegas buthow
do thegasmotions affect generate5
Westartfrom the non relativistic Ohm's Law

o isthej o É I ExB A2 conductivity

SubstitutingEq e intoEq 7 gives

É Go TxB I IxD B

Thenthis intothe 3rd Maxwelleq
FB CTX É TX B Eg TX XB 14

We can expand the2ndterm on theRHS

QB Tx XB GI rGFI AB
2ndMaxwell

IF Tx XB go AB 45

Y magneticresistivity
MHD inductionequation



Wesee in Eq 5 thatthe AB termwiththemagneticresistivity
Y is a diffusiontem Otg dig o whichleadsto diffusion
of overtime magnetic ohmic diffusion

In the limitof infinite conductivity o o N Eq45
simplifies to Cy o

deB ox fixB 461

Inductioneq inthe limitof idealMHD

Recallthat evenif the ionisationfraction isverysmall
say to

8
e.g inmolecularclouds theconductivitycanstill

beveryhigh suchthat theideal MHD approximation is
goodformany astrophysicalgases
However idealMHDbreaksdownforexample inthe dense
partsof accretiondiscs where non ideal MHD is active
0hm Ambipolar Hall diffusion

Notethat I and E do notoccurexplicitly intheMHD
equations but are stillthere andgivenbyEq 2 and 3

Also note divB O immediately clearfromEq 14



Finally let's checkfor consistency with our very
first assumption Se small Eqd i Sev n E f
Usingthe 1stMaxwelleq

se ta r E
EE

it I I I exist
O

se n it Exist
Now again it I Se n I I B
AndfromEq 7 itxD II I B n ko f

Se E E f
or Sev n Ia f which is EqG

finallgithecompeete.se ofMHDequation

mass deg t it gii 0

velocity It t F I 1g T Pt Bha tyg e B
energy offset.tl t it get.ttRot t B f B 0
induction dtB ox xD t fat AB j div free T B 0

withsetof ksv't seint BI andPtot P tBYE


