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Turbulence        Stars        Feedback 
Magnetic Fields 

Turbulence-regulated Star Formation 

Dynamics 
(shear) 

Turbulence driven by 
 
 

 - MRI / shear 
 

 - Jets / outflows 
 

 - Ionization regions 
 

 - Supernova explosions 
 
 

 - Gravitational infall 
(Mac Low & Klessen 2004) 

(Federrath & Klessen 2012; Padoan et al. 2014) 

Solenoidal 

 
Compressive 
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Turbulence driving – solenoidal versus compressive 

Solenoidal forcing Compressive forcing 

∇⋅f = 0 ∇x f = 0 

Ornstein-Uhlenbeck process (stochastic process with autocorrelation time) 
  → forcing varies smoothly in space and time, 

   following a well-defined random process 
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Turbulence driving – solenoidal versus compressive 

Compressive forcing produces stronger density enhancements 

Column Density 

(Federrath 2013, MNRAS 436, 1245: Supersonic turbulence @ 40963 grid cells) 

Df ~ 2.6 Df ~ 2.3 
(see Federrath et al. 2009; 
 Roman-Duval et al. 2010; 
 Donovan-Meyer et al. 2013) 

solenoidal forcing compressive forcing 
Movies available: http://www.mso.anu.edu.au/~chfeder/pubs/supersonic/supersonic.html 
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The density PDF 

Density PDF 

comp 

sol 

Federrath et al. (2008, 2010);  
Price et al. (2011); Konstandin et al. (2012); 
Molina et al. (2012); Federrath & Banerjee 
(2014); Nolan et al. (2015) 

b = 1/3 (sol) 
b = 1  (comp) 

log-normal: 

Vazquez-Semadeni (1994); Padoan et al. (1997); 
Ostriker et al. (2001); Hopkins (2013) 

(Federrath et al. 2010) 
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PDF → The dense gas fraction  

Kainulainen, Federrath, Henning (2014, Science 344, 183) 

Unfolding the Laws of Star Formation:
The Density Distribution of
Molecular Clouds
Jouni Kainulainen,1* Christoph Federrath,2 Thomas Henning1

The formation of stars shapes the structure and evolution of entire galaxies. The rate and efficiency
of this process are affected substantially by the density structure of the individual molecular
clouds in which stars form. The most fundamental measure of this structure is the probability
density function of volume densities (r-PDF), which determines the star formation rates predicted
with analytical models. This function has remained unconstrained by observations. We have
developed an approach to quantify r-PDFs and establish their relation to star formation.
The r-PDFs instigate a density threshold of star formation and allow us to quantify the star
formation efficiency above it. The r-PDFs provide new constraints for star formation theories
and correctly predict several key properties of the star-forming interstellar medium.

The formation of stars is an indivisible com-
ponent of our current picture of galaxy
evolution. It also represents the first step

in defining where new planetary systems can
form. The physics of how the interstellar me-
dium (ISM) is converted into stars is strongly
affected by the density structure of individual
molecular clouds (1). This structure directly af-
fects the star-formation rates (SFRs) and efficien-
cies (SFEs) predicted by analytic models (2–5).
Inferring this structure observationally is chal-
lenging because observations only probe pro-
jected column densities. Hence, the key parameters
of star-formation models remain unconstrained.
Here, we present a technique that allows us to
quantify the grounding measure of the molec-
ular cloud density structure: the probability den-
sity function of their volume density (r-PDF).

The SFRs of molecular clouds are estimated
in analytic theories from the amount of gas in
the clouds above a critical density, rcrit (2–5)

SFR ¼ ecore
f

∫
∞

scrit

tff ðr0Þ
tff ðrÞ

r
r0

pðsÞds ð1Þ

where s = ln(r/r0) is the logarithmic, mean-
normalized density, and scrit = ln(rcrit/r0). We
use the number density, n ¼ r=mmp, where m is
the mean molecular mass and mp is the proton
mass, as the measure of density. The parameter
ecore in Eq. 1 is the core-to-star efficiency, giving
the fraction of gas above scrit that collapses into a
star. The tff (r) is the free-fall time of pressure-less
gas that approximates the star-formation time
scale, and f is the ratio of the free-fall time to the
actual star-formation time scale. The critical
density, commonly referred to as the (volume)
density threshold of star formation, indicates
that stars form only above that density. General-
ly, the critical density depends on gas properties
(2–5), but theoretical considerations suggest that

it could be relatively constant under typical
molecular cloud conditions (5).

The decisive density structure of molecular
clouds is encapsulated in the function p(s) de-
scribing the probability of a volume dV to have a
log density between [s, s + ds]—the r-PDF. In
current understanding, the r-PDF is determined
by supersonic turbulence that induces a log-normal
r-PDF (6–9):

pðsÞ ¼ 1

ss
ffiffiffiffiffi
2p

p e
ðs−mÞ2

2s2s ð2Þ

where m and ss are the mean and width, respec-
tively. The r-PDF width is linked to the turbulent

gas properties through s2s ¼ ln 1þ b2M2
s

b
bþ1

" #

(10), where Ms (sonic Mach number) is a mea-
sure of the turbulence energy, b is a parameter
related to the turbulence driving mechanism
(9), and b is the ratio of thermal to magnetic
pressures.

Despite their decisive role for star forma-
tion, the r-PDF function and the critical density
are not observationally well-constrained. Instead,
studies have measured their two-dimensional
(2D) counterparts: the column density PDFs
(11, 12) and the column density threshold of
star formation (13, 14). We must, however, ac-
cept that these cannot be used in the theories
based on Eq. 1 because of the nontrivial trans-
formation between the volume and column den-
sities (15, 16). An analytic technique to estimate
r-PDFs from column densities exists (16) but is
not widely applied because of its stringent re-
quirements for the isotropy of the data. A tech-
nique exploiting molecular line observations also
exists (17), but it samples the r-PDF sparsely,
hampering the determination of its shape. To
overcome the problem, some studies have de-
rived SFRs using the mean densities of the clouds
instead (18). Even though reasonably successful
in predicting SFRs, the approach does not con-
nect the processes shaping the ISM to SFRs as
directly as do the theories usingEq. 1. Consequently,
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Fig. 1. r-PDFs of two
molecular clouds. (A) The
star-formingSerpens South
cloud. (B) The non–star-
forming Chamaeleon III
cloud. The solid lines show
fits of log-normal mod-
els. Dark brown indicates
the star-forminggas. Light
brown indicates the ma-
jor structures enveloping
star-forming gas. Green
indicates the relatively
nonstructured gas.
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Active star formation No star formation 

(Brunt et al. 2010a,b) 

2D → 3D  
conversion 

Schneider et al. 2012–2015; Federrath & Klessen 2013; 
Girichidis et al. 2014; Sadavoy et al. 2014; Myers 2015; Cunningham et al., in prep. 

Power-law tails → 
gravitational collapse 
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Density PDF → Star Formation Rate 

Why is star formation so inefficient? 

Turbulence → Density PDF 
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Density PDF is key for star formation theories: 

-  Initial Mass Function  (Padoan & Nordlund 02, Hennebelle & Chabrier 08,09,  

-  Star Formation Efficiency (Elmegreen 08, Federrath & Klessen 13) 

-  Kennicutt-Schmidt relation (Elmegreen 02, Krumholz & McKee 05, Tassis 07, Ostriker+10, 

-  Star Formation Rate (Krumholz & McKee 05, Padoan & Nordlund 11, Renaud+12, 

All based on integrals over the turbulent density PDF 

Krumholz & McKee (2005), Padoan & Nordlund (2011); Hennebelle & Chabrier (2011,2013) 

Density PDF → Star Formation Rate 

Elmegreen 11, Veltchev+11, Hopkins 12, Federrath 13, Salim+15) 

Federrath & Klessen 2012) 
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Statistical Theory for the 
Star Formation Rate: 

Unfolding the Laws of Star Formation:
The Density Distribution of
Molecular Clouds
Jouni Kainulainen,1* Christoph Federrath,2 Thomas Henning1

The formation of stars shapes the structure and evolution of entire galaxies. The rate and efficiency
of this process are affected substantially by the density structure of the individual molecular
clouds in which stars form. The most fundamental measure of this structure is the probability
density function of volume densities (r-PDF), which determines the star formation rates predicted
with analytical models. This function has remained unconstrained by observations. We have
developed an approach to quantify r-PDFs and establish their relation to star formation.
The r-PDFs instigate a density threshold of star formation and allow us to quantify the star
formation efficiency above it. The r-PDFs provide new constraints for star formation theories
and correctly predict several key properties of the star-forming interstellar medium.

The formation of stars is an indivisible com-
ponent of our current picture of galaxy
evolution. It also represents the first step

in defining where new planetary systems can
form. The physics of how the interstellar me-
dium (ISM) is converted into stars is strongly
affected by the density structure of individual
molecular clouds (1). This structure directly af-
fects the star-formation rates (SFRs) and efficien-
cies (SFEs) predicted by analytic models (2–5).
Inferring this structure observationally is chal-
lenging because observations only probe pro-
jected column densities. Hence, the key parameters
of star-formation models remain unconstrained.
Here, we present a technique that allows us to
quantify the grounding measure of the molec-
ular cloud density structure: the probability den-
sity function of their volume density (r-PDF).

The SFRs of molecular clouds are estimated
in analytic theories from the amount of gas in
the clouds above a critical density, rcrit (2–5)

SFR ¼ ecore
f

∫
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where s = ln(r/r0) is the logarithmic, mean-
normalized density, and scrit = ln(rcrit/r0). We
use the number density, n ¼ r=mmp, where m is
the mean molecular mass and mp is the proton
mass, as the measure of density. The parameter
ecore in Eq. 1 is the core-to-star efficiency, giving
the fraction of gas above scrit that collapses into a
star. The tff (r) is the free-fall time of pressure-less
gas that approximates the star-formation time
scale, and f is the ratio of the free-fall time to the
actual star-formation time scale. The critical
density, commonly referred to as the (volume)
density threshold of star formation, indicates
that stars form only above that density. General-
ly, the critical density depends on gas properties
(2–5), but theoretical considerations suggest that

it could be relatively constant under typical
molecular cloud conditions (5).

The decisive density structure of molecular
clouds is encapsulated in the function p(s) de-
scribing the probability of a volume dV to have a
log density between [s, s + ds]—the r-PDF. In
current understanding, the r-PDF is determined
by supersonic turbulence that induces a log-normal
r-PDF (6–9):

pðsÞ ¼ 1
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where m and ss are the mean and width, respec-
tively. The r-PDF width is linked to the turbulent

gas properties through s2s ¼ ln 1þ b2M2
s
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(10), where Ms (sonic Mach number) is a mea-
sure of the turbulence energy, b is a parameter
related to the turbulence driving mechanism
(9), and b is the ratio of thermal to magnetic
pressures.

Despite their decisive role for star forma-
tion, the r-PDF function and the critical density
are not observationally well-constrained. Instead,
studies have measured their two-dimensional
(2D) counterparts: the column density PDFs
(11, 12) and the column density threshold of
star formation (13, 14). We must, however, ac-
cept that these cannot be used in the theories
based on Eq. 1 because of the nontrivial trans-
formation between the volume and column den-
sities (15, 16). An analytic technique to estimate
r-PDFs from column densities exists (16) but is
not widely applied because of its stringent re-
quirements for the isotropy of the data. A tech-
nique exploiting molecular line observations also
exists (17), but it samples the r-PDF sparsely,
hampering the determination of its shape. To
overcome the problem, some studies have de-
rived SFRs using the mean densities of the clouds
instead (18). Even though reasonably successful
in predicting SFRs, the approach does not con-
nect the processes shaping the ISM to SFRs as
directly as do the theories usingEq. 1. Consequently,
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Hennebelle & Chabrier (2011) : “multi-freefall model” 

mass 
fraction 

freefall 
time 

scrit 

SFR ~ Mass / time 

The Star Formation Rate 

Federrath & Klessen (2012) 
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Statistical Theory for the 
Star Formation Rate: 

Hennebelle & Chabrier (2011) : “multi-freefall model” 

mass 
fraction 

freefall 
time SFR ~ Mass / time 

The Star Formation Rate 

Federrath & Klessen (2012) 
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Statistical Theory for the 
Star Formation Rate: 

Hennebelle & Chabrier (2011) : “multi-freefall model” 

mass 
fraction 

freefall 
time 

(Krumholz & McKee 2005, Padoan & Nordlund 2011) 

(e.g., Federrath et al. 2008) 

2 Ekin / Egrav forcing Mach number 

SFR ~ Mass / time 

From sonic and Jeans scales: 

The Star Formation Rate 

Federrath & Klessen (2012) 
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2 Ekin / Egrav forcing Mach number 

(solenoidal forcing) 

Federrath & Klessen (2012) 

Density PDF → Star Formation Rate 
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2 Ekin / Egrav forcing Mach number 

(compressive forcing) 

Federrath & Klessen (2012) 

Density PDF → Star Formation Rate 
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Mach 10 solenoidal driving 

Federrath & Klessen (2012) 

Density PDF → Star Formation Rate 
Numerical Simulation varying the turbulent Mach number: 

SFRff (simulation) = 0.14 
SFRff (theory)        = 0.15  

SFRff (simulation) = 7.3 
SFRff (theory)        = 7.8  

x 52 
x 52 

Theory and Simulations agree well. 

Mach 50 compressive driving 

The Astrophysical Journal, 761:1 (32pp), 2012 ??? Federrath & Klessen

Figure 6. Column density projections of the simulations with solenoidal forcing (left panels) and compressive forcing (right panels) for Mach numbers M ∼ 3 (top),
M ∼ 10 (middle), and M ∼ 50 (bottom), when 10% of the initial gas mass is accreted by sink particles (shown as circles with the sink particle radius). The mass
and size of the three-dimensional domains, and the number of sink particles formed, are given in each panel. In addition to the morphological differences between the
forcings for a given Mach number, the elapsed time in units of the freefall time at the mean density (see label in the top right corner of each panel) is significantly
different between the two extreme cases of turbulent forcing, suggesting extremely different star formation rates for solenoidal and compressive forcing.

(An animation and a color version of this figure are available in the online journal.)
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Figure 6. Column density projections of the simulations with solenoidal forcing (left panels) and compressive forcing (right panels) for Mach numbers M ∼ 3 (top),
M ∼ 10 (middle), and M ∼ 50 (bottom), when 10% of the initial gas mass is accreted by sink particles (shown as circles with the sink particle radius). The mass
and size of the three-dimensional domains, and the number of sink particles formed, are given in each panel. In addition to the morphological differences between the
forcings for a given Mach number, the elapsed time in units of the freefall time at the mean density (see label in the top right corner of each panel) is significantly
different between the two extreme cases of turbulent forcing, suggesting extremely different star formation rates for solenoidal and compressive forcing.

(An animation and a color version of this figure are available in the online journal.)
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Movies available: http://www.mso.anu.edu.au/~chfeder/pubs/sfr/sfr.html 
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Statistical Theory for the 
Star Formation Rate: 

2 Ekin / Egrav forcing Mach number 

The Star Formation Rate – Magnetic fields 

mass 
fraction 

freefall 
time 

MAGNETIC FIELD: 

SFR ~ Mass / time 

plasma β= Pth / Pmag 

(Padoan & Nordlund 2011; Molina et al. 2012) 

Federrath & Klessen (2012) Federrath – Astronomical Computing – ANU, 2016 



The Star Formation Rate – Magnetic fields 

SFRff (simulation) = 0.46 
SFRff (theory)        = 0.45  

SFRff (simulation) = 0.29 
SFRff (theory)        = 0.18  

x 0.63 
x 0.40 

Magnetic field reduces SFR and fragmentation (by factor ~2).  

B = 0 (MA = ∞, β = ∞) B = 3 µG (MA = 2.7, β = 0.2) 

Numerical Test at Mach 10 with mixed forcing 

Federrath & Klessen (2012); see also Padoan & Nordlund (2011), Padoan et al. (2012) 

Movies available: http://www.mso.anu.edu.au/~chfeder/pubs/sfr/sfr.html 
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The Star Formation Rate 

Simulations vs. Theory 

Simulation study with 
 

    � cloud masses of 300 – 4✕106 M¤ 
    � solenoidal, mixed, and compressive forcing 
    � sonic Mach numbers 3 – 50 
    � Alfvén Mach numbers 1 – infinity 

Federrath & Klessen (2012) 

Convergence with 
numerical resolution 
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(Heiderman et al. 2010) 

Simulations vs. Observations 

Simulation study with 
 

    � cloud masses of 300 – 4✕106 M¤ 
    � solenoidal, mixed, and compressive forcing 
    � sonic Mach numbers 3 – 50 
    � Alfvén Mach numbers 1 – infinity 

SFEs ~ 1-10% (Evans+2009; 
Burkert & Hartmann 2013; 
Federrath & Klessen 2013) 

Federrath & Klessen (2012) 

The Star Formation Rate 

core-to-star efficiency 
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(Heiderman et al. 2010) 

Simulations vs. Observations 

SFEs ~ 1-10% (Evans+2009; 
Burkert & Hartmann 2013; 
Federrath & Klessen 2013) 

Federrath & Klessen (2012) 

The Star Formation Rate 

Simulation study with 
 

    � cloud masses of 300 – 4✕106 M¤ 
    � solenoidal, mixed, and compressive forcing 
    � sonic Mach numbers 3 – 50 
    � Alfvén Mach numbers 1 – infinity 

core-to-star efficiency 
Federrath – Astronomical Computing – ANU, 2016 



(Heiderman et al. 2010) 

Simulations vs. Observations 

SFEs ~ 1-10% (Evans+2009; 
Burkert & Hartmann 2013; 
Federrath & Klessen 2013) 

Federrath & Klessen (2012) 

The Star Formation Rate 

Simulation study with 
 

    � cloud masses of 300 – 4✕106 M¤ 
    � solenoidal, mixed, and compressive forcing 
    � sonic Mach numbers 3 – 50 
    � Alfvén Mach numbers 1 – infinity 

core-to-star efficiency 
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Density PDF → Star Formation Rate 

Why is star formation so inefficient? 

Turbulence → Density PDF 
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Carina Nebula, NASA, ESA, N. Smith (University of California, Berkeley), and The Hubble Heritage Team (STScI/AURA), and NOAO/AURA/NSF 

Turbulence        Stars        Feedback  
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Clouds        è        Cores        è      Disk + Star + Jet / Outflow 

The Star Formation Paradigm 

Beuther 2008 

Star Formation 
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Jets and Outflows 
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NGC1333 
Image credit: Gutermuth & Porras 

Star Formation – Outflow/Jet Feedback 
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Federrath et al. 2014, ApJ 790, 128 

Star Formation – Outflow/Jet Feedback 
Movies available: http://www.mso.anu.edu.au/~chfeder/pubs/outflow_model/outflow_model.html 
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Efficiency 
~ 30-40%? 

Alves et al. (2007); 
Andre et al (2010) 

RESULTS: 

-  Outflow/Jet feedback reduces the SFR by factor ~ 2 
  

-  Outflow/Jet feedback reduces average star mass by factor ~ 3 

1/3 

The role of outflow/jet feedback for star cluster formation  
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Why is Star Formation is so Inefficient? 

Turb+ 
Mag+ 
Jets 

Turb 

Turb+ 
Mag 

Gravity 
only 

Movies available: http://www.mso.anu.edu.au/~chfeder/pubs/ineff_sf/ineff_sf.html  
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Federrath 2015, MNRAS 450, 4035 

Star Formation is Inefficient 
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Conclusions 

�   Jet/outflow feedback in star cluster formation: 

�   Supersonic, magnetized turbulence is key for star formation 

 

-  Star formation rate reduced by ~ 2x 
 

-  Average star mass reduced by ~ 3x → Initial Mass Function! 

-  SFR from density PDF depends on 
   virial parameter, forcing parameter, Mach number, plasma beta 
 

- Very good agreement between theory, simulations and observations 

�   Star Formation is inefficient →  
Only combination of Turb+Mag+Feedback gives realistic SFRs 
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Image credit: M. S. Povich

Introduction to Bash and shell scripting 
 
Bash is a shell program designed to listen to my 
commands and do what I tell it to. 
 
Bash is a simple tool in a vast toolbox of programs that lets me interact with my system 
using a text-based interface. 
 
Distinguish Interactive and Non-interactive mode 
 
 

Astronomical Computing 

Good Bash introduction: http://guide.bash.academy 

Useful shell commands: 
 grep, rsync, redirect stdout/stderr, top, tail, cat, wc, nohup, screen, nice 
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Astronomical Computing 

ASTR4004 / ASTR8004 
 

NEXT (FRIDAY 05/08): plotting with gnuplot, 
                             remote computing (ssh, scp, rsync, nohup, ...) 
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