
ASTR 4003/8003, Class 3: Classical theory of light 6 March

In the past two classes we established a basic statistical theory for radiation fields and their
transport through matter. In the course of setting up that theory, we found it necessary to
introduce a series of ad hoc terms describing the rate at which matters emits, absorbs, or
scatters radiation. Our goal in the next part of the class is to develop the framework necessary
to calculate these matter-radiation interaction terms from first principles. We will begin with
a review of classical electrodynamics and the classical theory of light, in order to build up the
background necessary to calculate radiation from astrophysical sources at a microscopic level.
Hopefully at least the beginnings of this material will seem familiar from undergraduate E&M
courses.

I. Electromagnetic fields

A. Maxwell’s equations in vacuum

We begin by reviewing Maxwell’s equations. For simplicity we shall use Gaussian
units throughout, so the only constant that appears is the speed of light; this is
the natural unit system for astrophysics, where relativistic considerations are im-
portant, and the various other constants introduced by the SI unit system become
cumbersome. We will also focus on the “microscopic” forms of Maxwell’s equations,
where we do not bother worrying about the presence of a polarisable or magnetis-
able background medium, since in astrophysical appliations there is usually no such
medium.

In Maxwell’s equations, the fundamental objects are the electric field E and the
magnetic field B, both of which are functions of position x and time t. These fields
are ultimately generated by charges. We define ρe as the density of electric charge,
and je as the density of electric current; because charge is conserved, these two obey
a simple conservation law:

∂ρe
∂t

+∇ · je = 0. (1)

This equation asserts that any change in the local density of electric charge over
time (∂ρe/∂t) must be a result of charges converging into or diverging out of the
point under consideration (∇ · je).

Maxwell’s Laws describe how the electric and magnetic fields relate to the each other
and to the charge. The first asserts that charges generate diverging or converging
electric fields,

∇ · E = 4πρe. (2)

The second asserts that time-varying magnetic fields induce a divergence-free com-
ponent of in the electric field:

∇× E = −1

c

∂B

∂t
. (3)

The third asserts that there are no magnetic monopoles capable of inducing a di-
verging or converging component of the magnetic field,

∇ ·B = 0, (4)

while the fourth assets that both a flow of charge and a time-varying electric field
induce a divergence-free part in the magnetic field,

∇×B =
4π

c
je +

1

c

∂E

∂t
. (5)
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Shu, in his book, points out that in some ways it is much more natural to rewrite
Maxwell’s equations as evolution equations for the electric and magnetic fields, which
tell us how those fields change in time from some specified initial state. Viewed this
way, Equation 3 and Equation 5 describe the time-evolution of the electric and
magnetic fields:

∂E

∂t
= c∇×B− 4πje (6)

∂B

∂t
= −c∇× E. (7)

In this view, the other two of Maxwell’s equations, Equation 2 and Equation 4, de-
scribe initial conditions. This is because taking the divergence of Equation 6, noting
that the divergence of a curl is zero, and using charge conservation (Equation 1)
gives

∂

∂t
(∇ · E− 4πρe) = 0, (8)

so that if ∇·E+ 4πρ0 = 0 initially, as asserted in Equation 2, then this combination
must remain zero for all times. Similarly, taking the divergence of Equation 7 gives

∂

∂t
(∇ ·B) = 0, (9)

so that if ∇ ·B = 0, as asserted by Equation 5, then it must remain so for all time.

B. The energy content of electromagnetic fields; Poynting’s theorem

Maxwell’s equations describe part of the relationship between electromagnetic fields
and charges: how charges and their motion produce fields. We now examine the
other half of that relationship, how fields affect the motion of charges. This in turn
will allow us to define the energy content of electromagnetic fields, since if they do
work on matter, they must contain energy.

Consider a point mass of charge q moving with velocity v. The force F exerted by
the fields on the charge is the Lorentz force, given by

F = q
(
E +

v

c
×B

)
. (10)

This force can do work on the charge. In particular, the rate at which a force F does
work on an object moving with velocity v is

dW

dt
= v · F = qv · E. (11)

Now consider that we have more than one point charge. The charge density associ-
ated with a collection of N point charges qi at positions xi is

ρe(x) =
N∑
i=1

qiδ (x− xi) , (12)

i.e., the charge density is the sum of a bunch of δ functions at the positions of each
charged particle. The associated current if the charges are moving at velocity vi is
just

je(x) =
N∑
i=1

qiviδ (x− xi) . (13)
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If we consider a volume ∆V much larger than the mean distance between the charges,
we can also define a volume-averaged charge density and current density ρe

ρe =
1

∆V

∫
∆V

ρe(x) dV (14)

je =
1

∆V

∫
∆V

je(x) dV. (15)

Now consider placing this averaging volume in an electromagnetic field. The rate
per unit volume at which the field does work on the charges will be

d2W

dt dV
=

1

∆V

∫
∆V

N∑
i=1

qivi · E δ (x− xi) dV = je · E. (16)

We can re-express this in a more convenient form by replacing the charge density
by field quantities using Maxwell’s Laws. If we take the dot product of Equation 5
with E and re-arrange, we obtain

je · E = − 1

4π
E · ∂E

∂t
+

c

4π
(∇×B) · E. (17)

We next make use of a vector calculus identity to handle the triple product. For
arbitrary vector fields E and B, we have

E · (∇×B) = B · (∇× E)−∇ · (E×B) , (18)

giving

je · E = − 1

4π
E · ∂E

∂t
+

c

4π
[B · (∇× E)−∇ · (E×B)] . (19)

Using Equation 3, we in turn rewrite this as

je · E = − 1

4π
E · ∂E

∂t
− 1

4π
B · ∂B

∂t
− c

4π
∇ · (E×B) (20)

= − ∂

∂t

(
E2

8π
+
B2

8π

)
−∇ · S, (21)

where
S ≡ c

4π
(E×B) (22)

is known as the Poynting vector. This is usually re-arranged into the form

∂

∂t

(
E2

8π
+
B2

8π

)
+∇ · S = −je · E, (23)

for reasons that will become apparent momentarily.

Equation 23 is known as Poynting’s Theorem, and has an important physical mean-
ing. It takes the form of a conservation law with a source term. Specifically, it says
that the rate of change of the quantity in parentheses, (E2 +B2)/8π, plus the diver-
gence of some quantity S, is equal to some source term on the right-hand side. Recall
that this source term, −je ·E, is just the negative of the rate per unit volume at which
the electromagnetic field does work on the charged particles, which must be equal
to the rate of change of the electromagnetic energy density. Thus the interpretation
of Equation 23 becomes clear: (E2 +B2)/8π is the energy per unit volume stored in
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the electromagnetic field, and S is the flux of electromagnetic energy. Equation 23
simply says that any change in the electromagnetic energy density at a given point
must be due to energy being carried away by the Poynting flux (∇ · S), or due to
the field doing work on the matter (−je · E).

From Poynting’s theorem we can immediately also deduce expressions for the linear
and angular momentum content of electromagnetic fields as well. Recall that radia-
tion obeys a relationship between momentum and energy E = pc. Thus if S is the
flux of energy, and this flux is carried at speed c (as we shall verify momentarily),
then the momentum per unit volume of an electromagnetic field must be

g =
1

c2
S =

1

4πc
E×B. (24)

The corresponding angular momentum per unit volume is

L = x× g, (25)

where x is the vector to the point about which the angular momentum is being
computed.

II. Electromagnetic waves

A. Plane waves

Now consider a region of space containing no free charges or currents. In this case
Equation 6 and Equation 7 reduce to

∂E

∂t
= c∇×B (26)

∂B

∂t
= −c∇× E. (27)

Taking the time derivative of the first equation and then substituting in the second
gives

∂2E

∂t2
= −c2∇× (∇× E) . (28)

Next we invoke the general vector identity

∇× (∇× E) = ∇ (∇ · E)−∇2E. (29)

The first term on the right hand side is zero for the problem we are considering,
because ∇ · E = 4πρe, and we have assumed ρe = 0. Thus our problem reduces to

∂2E

∂t2
− c2∇2E = 0. (30)

A completely analogous set of operations, but where we take the time-derivative
of Equation 27 and substitute using Equation 26 rather than the reverse, gives an
identical equation for the magnetic field:

∂2B

∂t2
− c2∇2B = 0. (31)
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For simplicity consider a system that is uniform in the x and y directions and varies
only in the z direction. All derivatives with respect to x and y vanish, so our equation
for the electric field becomes

∂2E

∂t2
− c2 ∂

2

∂z2
E = 0. (32)

One can immediately verify by substitution that this equation can be solved by an
arbitrary function of the form

E = E+ (z − ct) + E− (z + ct) , (33)

where E+ and E− are arbitrary vector functions. This represents a wave solution:
one starts with some arbitrary arrangement of the electric field as a function of z at
time t = 0, and the solutions simply slide along in z at speed ±c, so that whatever
pattern in z was initially present at t = 0 has moved to position z±ct at a later time.
The solution must be a plane wave, since we have assumed that there is variation
only in the z direction. The E+ part of the solution propagates in the +z direction,
while the E− part propagates in the −z direction. Since the functional form of the
equation for B is identical, the solutions for it are as well.

We can learn several useful things about these solutions by substituting back into
Maxwell’s Laws. First take the divergence of our solution:

∇ · E =
∂

∂z
[E+,z (z − ct) + E−,z (z + ct)] , (34)

where E+,z is the z component of E+ and similarly for E−,z. Note that the x and y
derivative parts of ∇ vanish under our assumption that nothing varies with x and
y. However, since there are no charges present, Maxwell’s Laws also tell us that
∇ · E = 0. Thus our functions E+ and E− cannot actually be arbitrary. For this
equation to hold, it must be the case that E+,z and E−,z are constant. If we consider
a case where there is no background, constant electric field, then E+,z and E−,z must
be zero. Thus the field has only x and y components, meaning that the wave we
are describing is transverse, i.e., the electric field of the wave is orthogonal to the
direction in which the wave is moving.

Next, let us substitute our plane wave solution, Equation 33, back into Equation 27.
For simplicity we will just use the + component (i.e,. the part of the wave propa-
gating in the +z direction), since the treatment for the − component is identical.
This gives

∂

∂t
B+(z − ct) = −c∇× E+(z − ct) (35)

−cB′+(z − ct) = −c
[
−E ′+,y(z − ct)x̂ + E ′+,x(z − ct)ŷ

]
(36)

B′+(z − ct) = ẑ× E′+(z − ct) (37)

where primes denote differentiation with respect to the argument z − ct. If we
integrate both sides with respect to z− ct, and assume that there is no background,
constant magnetic field (so that the constants of integration on both sides vanish),
then we have B+ = ẑ × E+. Repeating the same exercise for the − component of
the solution yields a result that is identical except for a sign flip. Thus we learn that

B± = ±ẑ× E±, (38)
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i.e., only if the electric and magnetic fields are also orthogonal. Thus our plane
wave has an electric field pointed perpendicular to the direction in which the wave
is moving, and a magnetic field that is perpendicular to both the direction the wave
is moving and the electric field. Note that this in turn implies that E± ×B± points
in the direction ±ẑ in which the wave is propagating. Thus the Poynting vector S
is in the direction of wave propagation, again supporting our idea from Poynting’s
theorem that S represents the flux of electromagnetic energy.

B. Spectral decomposition of electromagnetic waves

While Equation 30 admits arbitrary solutions for the electric field as a function of
z ± ct, it is convenient to decompose this arbitrary solutions into spectral modes.
This relies on the basic idea of Fourier decomposition, which is that we can write an
arbitrary function of z ± ct as a sum of (possibly infinitely-many) terms that vary
as eik(z±ct). Thus, we can build up arbitrary solutions simply by taking the sum of
single-frequency plane waves.

Specifically, let us consider solutions of the form

E = E0e
i(kz−ωt), (39)

where E0 is a vector with zero z component (which can depend on k) and ω = kc.
This represents a wave propagating in the +z direction; the equivalent expression for
the −z direction just changes the −ct to a +ct, but we can without loss of generality
choose to orient our coordinate system so that the +z direction is the direction of
wave propagation. Recall the usual convention in Fourier analysis that we consider
only the real parts of the exponential imaginary terms, but we write things in term
of them rather than sin’s and cosines because it makes the bookkeeping easier. Also
note that we need not worry about the magnetic field separately, since we have also
shown that the electric and magnetic fields are trivially related to one another.

The solution we have just written down varies in position with spatial frequency
2πk, and in time with frequency ν = 2πω = 2πkc. Note that the relation between
the spatial frequency and the temporal frequency follows simply from the fact that
the solution is a function only of z − ct, i.e., that the wave moves at c.

How much flux of energy does this wave carry? The Poynting flux gives the flux at
any given point in space and time, and is

S =
c

4π
E×B =

c

4π
E× (ẑ× E) = ẑ |E|2 (40)

= ẑ
c

4π
E2

0

∣∣∣ei(kz−ωt)∣∣∣2 . (41)

This is a function of both position and time, but since we are usually interested in
the average energy flux carried by the wave over many oscillation periods, it makes
sense to average this over time. This is trivial, since the average of cos2(ωt+ const)
over t is just 1/2. Thus the time-averaged energy flux carried by the wave is

〈S〉 = c
E2

0

8π
ẑ, (42)

where E0 = |E0|. The time-averaged energy density is

〈U〉 =

〈
E2

8π
+
B2

8π

〉
=

E2
0

16π
, (43)
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where we again invoke the fact that the average of cos2 over a full period is 1/2.
Thus we find that

〈S〉 = c〈U〉ẑ, (44)

i.e., the flux of energy is just the energy density times c, in whichever direction the
wave is moving.

C. Energy spectrum of waves

In real life radiation always consists of a spectrum of frequencies, and we can use
this result to derive how the power transmitted varies with frequency. Specifically,
suppose the electric field of the wave varies following some arbitrary function E(t).
We can decompose this into a combination of plane waves by taking the Fourier
transform:1

Ê(ω) =
1

2π

∫ ∞
−∞

E(t)eiωt dt. (45)

The energy per unit area per unit time carried by a wave is given by the Poynting
vector,

dW

dAdt
=

c

4π
E2(t), (46)

so the total energy per unit area delivered over all time is

dW

dA
=

c

4π

∫ ∞
−∞

E2(t) dt. (47)

However, Parseval’s theorem tells us that∫ ∞
−∞

E2(t) dt = 2π
∫ ∞
−∞
|Ê2(ω)| dω = 4π

∫ ∞
0
|Ê2(ω)| dω, (48)

where the last step follows because the Fourier transform of a real function obeys
Ê(ω) = Ê∗(−ω), where the ∗ denotes complex conjugation. In words, we can add
up the energy in time or in frequency, but it comes out the same either way. Thus
the total energy radiated over all time is also

dW

dA
= c

∫ ∞
0
|Ê2(ω)| dω, (49)

and we can immediately identify the energy per unit area per unit frequency carried
by a spectrum of waves of different frequency as

dW

dAdω
= c|Ê2(ω)|. (50)

D. Polarisation and Stokes parameters for monochromatic light

In our plane wave solution, the vector E0 describes the direction and magnitude of
the electric field in the xy plane. In general this vector can be complex, as a complex
E0 is a perfectly valid solution to Equation 30, though of course we will follow our
usual convention of taking only the real part when we want to evaluate some physical
quantity. In its most general complex form, we can write out E0 as

E0 = Exeiφxx̂ + Eyeiφy ŷ, (51)

1When taking Fourier transforms, there is always some ambiguity about where to put the factors of 2π. Here
I am following Rybicki & Lightman’s convention to put the 1/2π into the forward transform.
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where Ex, Ey, φx, and φy are all real numbers; the first two of these describe the
magnitude of the electric field, and the second two the phase.

Consider an observer sitting at z = 0. What electric field will he or she measure from
the plane wave? To answer this, we can just plug our general E0 into Equation 39
and take the real part to get

E = Ex cos(ωt− φx)x̂ + Ey cos(ωt− φy)ŷ. (52)

This is the parametric equation of an ellipse, so the electric field that the observer
measures will orbit around an ellipse in the xy plane, with a frequency 2πω.

Just like elliptical orbits of planets, this ellipse can be described by four parameters.
One of these is uninteresting, and just specifies where in the orbit the planet / electric
field vector is at time zero. The second describes the orientation on the ellipse in
space, relative to our coordinate system. The remaining two parameters describe
the semi-major and semi-minor axis of the ellipse, or, alternatively, the semi-major
axis and the eccentricity.

In the case of light, it proves convenient to use a slightly different set of four param-
eters, which are known as the Stokes parameters. We derive the Stokes parameters
as follows. First note that the major axis of the ellipse is in general rotated by some
angle χ relative to the x axis. Let us define a unit vector x̂′ that lies along the major
axis of the ellipse, and a corresponding unit vector ŷ′ that lies along its minor axis.
These are related to the x̂ and ŷ of our coordinate system by the usual rotation
matrix: (

x̂′

ŷ′

)
=

(
cosχ sinχ
− sinχ cosχ

)(
x̂
ŷ

)
. (53)

We will take t = 0 to correspond to the moment when the electric field lies solely
along x̂′, so that the electric field vector at any time obeys

E = E1 cosωt x̂′ + E2 sinωt ŷ′. (54)

Note that, since our rotation by angle χ cannot change the time-averaged magnitude
of E, we must have

E2
x + E2

y = E2
1 + E2

2 . (55)

This motivates us to define two other quantities, E0 and β, by

E1 = E0 cos β E2 = E0 sin β. (56)

The reason for this description is that E0 and β have clear meanings: E0 defines
the total magnitude of the electric field, independent of its orientation or degree of
ellipticity, while β (which falls in the range −π/2 to π/2) describes the degree of
ellipticity, since it characterises how much of a difference there are between the two
principal axes. If β = 0 or β = ±π/2, one axis of the ellipse is of zero size, and the
electric field just oscillates about a line. A wave that does this is said to be linearly
polarised. If β = ±π/4, the two axes of the ellipse are equal in size, and the ellipse
becomes a circle; a wave that does this is said to be circularly polarised. The sign of
β determines whether the electric field rotates clockwise (β > 0) or counterclockwise
(β < 0); we call the first case right elliptically polarised, and the second case left
elliptically polarised.

8



While one could of course work directly with E0, β, and χ as the basic parameters,
but an alternative parameterisation is more common, which is quadratic in these.
We define the four Stokes parameters as follows:

I ≡ E2
x + E2

y = E2
0 (57)

Q ≡ E2
x − E2

y = E2
0 cos 2β cos 2χ (58)

U ≡ 2ExEy cos(φy − φx) = E2
0 cos 2β sin 2χ (59)

V ≡ 2ExEy sin(φy − φx) = E2
0 sin 2β. (60)

The meaning here becomes clear if we recall what E0 and β represent. The param-
eter I just describes the intensity of the wave, and is directly proportional to the
energy flux it carries (since the energy flux is itself proportional to the square of the
magnitude of the electric field).

The parameter V describes the circularity of the polarisation: V = 0 corresponds
to β = 0 or ±π/2, and thus to a wave that is purely linearly polarised; V = ±I
corresponds to β = ±π/4, and thus to a wave that is circularly polarised; 0 < |V | < I
corresponds to a wave that is elliptically polarised, and is somewhere in between
circular and linear. Finally, V < 0 corresponds to left polarisation, and V > 0 to
right polarisation.

Finally, since Q and U depend on χ, they must describe the direction of the polar-
isation ellipse relative to the x axis – Q = 0 corresponds to χ = π/4, and thus to
an ellipse that is at a 45◦ angle relative to the x axis, while U = 0 corresponds to
χ = 0, and thus to an ellipse that lies along the x axis.

Note that only three of the Stokes parameters are independent. One can verify
simply by examining the various trigonometric factors in their definitions that

I2 = Q2 + U2 + V 2. (61)

The fact that there are only three independent parameters should not be surprising,
since we eliminated one degree of freedom when we assigned the zero of time to be
the moment when the electric field lies along the major axis of the ellipse.

E. Quasi-monochromatic light

The calculations we have just performed are for a pure, monochromatic plane wave,
which has a single, well-defined polarisation that can be described by the Stokes
parameters. However, in real life we never observe a single pure mode. A purely
monochromatic mode would have to be infinite in duration, and in reality we only
ever observe for a finite amount of time, so what we actually see is quasi-monochromatic
radiation. Consequently, the four quantities Ex, Ey, φx, and φy that describe the mag-
nitude and phase of the electric field may be nearly constant on timescales compara-
ble to a single oscillation period, but can vary over millions or billions of oscillation
periods. Since even a one second exposure to optical light involves integrating over
∼ 1015 oscillation periods, in practice we will not be measuring radiation for which
the electric field quantities are truly constant.

To accommodate this case, we define the generalised Stokes parameters as just time
averages of our previous definition for monochromatic light:

〈I〉 ≡ 〈E2
x + E2

y 〉 = 〈E2
0 〉 (62)

〈Q〉 ≡ 〈E2
0 cos 2β cos 2χ〉 (63)
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〈U〉 ≡ 〈E2
0 cos 2β sin 2χ〉 (64)

〈V 〉 ≡ 〈E2
0 sin 2β〉, (65)

where the angle brackets indicate averaging over the time variations.2 While this
might seem like a trivial change, there is an important difference between these
Stokes parameters and those describing truly monochromatic light: the generalised
Stokes parameters do not have to obey the equality 〈I〉2 = 〈Q〉2 + 〈U〉2 + 〈V 〉2.
Instead, if we write out the right hand side, we have

〈Q〉2 + 〈U〉2 + 〈V 〉2 = 〈E2
0 cos 2β cos 2χ〉2 + 〈E2

0 cos 2β sin 2χ〉2 + 〈E2
0 sin 2β〉2, (66)

which would add up to 〈E2
0 〉 = 〈I〉 only if β and χ were constant. If they are

not constant, then you should be able to convince yourself intuitively (and one can
formally prove – this is known as the Schwarz inequality) that if β and χ are not
constant then the sum expressed by Equation 66 is bounded above by 〈I〉, i.e., we
have

〈I〉2 ≥ 〈Q〉2 + 〈U〉2 + 〈V 〉2. (67)

The intuitive argument for why this must be the case is that, since we are time-
averaging the various trigonometric terms before squaring them, we are making
them smaller, and potentially even zero, e.g., if β were to vary from −π/2 to π/2
over the course of our measurement interval. Indeed, for “natural light” emitted by
thermal processes, e.g., sunlight, β and χ do vary nearly randomly and uniformly
over time, so 〈Q〉 = 〈U〉 = 〈V 〉 = 0.

F. Partial polarisation and incoherent streams

An important property of the generalised Stokes parameters is that, because they
are defined in terms of time averages, if we have two separate streams of radiation
– say radiation coming from two different parts of an emitting object, or radiation
at two different frequencies – but the phases of the electric fields are random with
respect to one another, the generalised Stokes parameters just add linearly. Two
streams that obey this property as said to be incoherent.

To make this quantitative, suppose we have two streams of plane waves (a) and (b),
each of which has an associated electric field vector Ea and Eb. Then

〈(Ea + Eb) · (Ea + Eb)
∗〉 =

〈
|Ea|2

〉
+
〈
|Eb|2

〉
+ 〈Ea · E∗b〉+ 〈E∗a · Eb〉 , (68)

where the ∗ denotes complex conjugation, keeping in mind that the electric field
vectors can be complex. Notice, however, that if Ea and Eb are independent, then
the time average of their product must vanish – sometimes the electric field vectors
will be aligned, sometimes anti-aligned, but over long times they will spend equal
amounts of time in both orientations, and as a result the time averages vanish. Thus

〈(Ea + Eb) · (Ea + Eb)
∗〉 =

〈
|Ea|2

〉
+
〈
|Eb|2

〉
. (69)

However, the Stokes parameters are nothing more than sums of terms that involve
sums and differences of the squared electric field vectors. Thus we see that, if we
compute the Stokes parameters for the sum of incoherent light sources, the cross

2In these notes we are writing out the angle brackets explicitly to distinguish the Stokes vectors defined as
averages for quasi-monochromatic light versus those defined for a pure mode, but in most cases people simply
use the symbols I, Q, U and V to mean the generalised Stokes parameters. Beware!
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terms all vanish, and the resulting Stokes parameters are just the sum of what we
get for each of the two streams on its own.

The fact that Stokes parameters sum linearly, and the existence of the inequality
given by Equation 67, means that we can in general decompose the light that we
receive from astrophysical objects into the sum of a polarised and an unpolarised
part. That is, we write the Stokes vector (a vector of the four Stokes parameters) as

I
Q
U
V

 =


I −
√
Q2 + U2 + V 2

0
0
0

+


√
Q2 + U2 + V 2

Q
U
V

 . (70)

We have omitted the angle brackets on the Stokes parameters here for compactness.
Here the first term on the right hand side represents completely unpolarised light, for
which Q = U = V = 0, while the second term represents purely elliptically polarised
light, which obeys the relationship between I and the other Stokes parameters that
describes a pure mode. We can further define the polarisation fraction by

Π =

√
Q2 + U2 + V 2

I
, (71)

which is just a measure of what fraction of the total received power (which is just
proportional to I) is in the elliptically polarised component.
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