
ASTR 4003/8003, Problem set 3 Due: 24 April 2019

1. Magnetic dipole radiation from pulsars. [25 points]
In this problem we will show that a time-varying magnetic dipole produces radiation much
like a time-varying electric dipole, with an emission rate governed by a formula directly
analogous to the Larmor formula. Our approach will be analogous as well: just as we
modelled electric dipoles by considering a single accelerating charge, and then adding up
a collection of them to make an arbitrary time-varying electric dipole, we can similarly
make an arbitrary time-varying magnetic dipole by adding up individual time-varying
current loops. We will then apply the relation we derive to calculate the luminosities of
pulsars.

(a) Consider a current moving in a circle with radius b lying in the xy plane, centred
on the origin, carrying a time-dependent electric current I(t) in the φ̂ direction.
Calculate the vector potential in the far-field limit (|x| � b), making the dipole
approximation that the current varies only on timescales much longer than the light-
crossing time of the loop (I/İ � b/c). Hints: (1) you must retain the n̂ · x′ term in
the retarded time, for the reasons discussed in the lectures; (2) Taylor expand I(t),
and use the dipole approximation to argue that you only need to keep up to the
linear term in the expansion. [10 points]

(b) Derive the electric field, magnetic field, and Poynting vector produced by the loop.
[5 points]

(c) We can write the results derived in the previous parts in terms of the magnetic dipole
moment, which the current loop is m(t) = πb2I(t)ẑ. Based on this, argue that the
total power radiated by an arbitrary magnetic dipole, and its dependence on angle,
are the same as for an electric dipole provided that one replaces the electric dipole
moment d with the magnetic dipole moment m. [5 points]

(d) Consider a pulsar with magnetic dipole momentm = B0R
3/2, whereB0 is the surface

magnetic field strength and R is the radius. The pulsar rotates at angular velocity
ω, and the rotation axis is tilted with respect to the magnetic dipole moment by an
angle α. Derive an expression for the total luminosity of the pulsar, and evaluate
this numerically for typical pulsar parameters B0 = 1012 G, R = 10 km, α = 30◦,
ω = 1 rad s−1. [5 points]

2. Synchrotron spectra and polarisation for powerlaw populations. [15 points]
In class we wrote down a result for the synchrotron spectrum emitted by a population of
relativistic electrons with a powerlaw distribution of Lorentz factors, dne/dγ = neγ

−p/(1−
p). Here we will derive and extend that result.

(a) Calculate the synchrotron emissivity in both the x and y polarisations from a power-
law electron population, where x and y are the directions parallel and perpendicular
to the projection of the magnetic field on the plane of the sky. Hints: (1) make a
change of variable in your integral from γ to x = ν/νc; (2) assume ν � νL in order
to change a limit of integration. [10 points]

(b) Derive the polarisation fraction of the resulting emission. What is the expected
polarisation level for p ≈ 2.5? [5 points]

3. Synchrotron Self-Compton Emission. [25 points]
Synchrotron emission is produced when relativistic electrons emit photons as they spiral
around magnetic field lines, but since this means that there are relativistic electrons
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and photons co-mingled, the electrons can also inverse Compton scatter the photons,
producing high-energy emission. This phenomenon is called synchrotron self-Compton
emission, and produces a distinctive double-powerlaw emission spectrum that we will
calculate.

(a) Suppose that a region contains a magnetic field of strength B relative to the line of
sight, mixed with relativistic electrons with total number density ne and a distribu-
tion of Lorentz factors dne/dγ ∝ γ−p up to some maximum γmax � 1. Argue that
the emissivity jν is still close to a powerlaw jν ∝ ν−(p−1)/2, as derived in class for
the case γmax → ∞, but only up to some maximum frequency νmax; estimate νmax.
[5 points]

(b) Assume these photons are emitted from within a region of characteristic size R,
which is optically thin. Roughly estimate the radiation energy density Uγ inside this
region; order of magnitude accuracy is sufficient. [5 points]

(c) Now consider the spectrum produced when the same electrons responsible for pro-
ducing the synchrotron emission inverse Compton scatter the photons. Show that
this also produces a powerlaw emissivity jν ∝ ν−(p−1)/2 up to a maximum frequency
νIC,max; estimate νIC,max, and either describe in words or sketch the overall (syn-
chrotron plus inverse Compton) spectrum. [5 points]

(d) Suppose that we observe the spectrum at two frequencies ν1 and ν2, chosen so that
synchrotron emission dominates at ν1 and inverse Compton dominates at ν2. Assume
the region is optically thin at both frequencies. Show that, ignoring constants of
order unity, the ratio of the fluxes observed at these two frequencies depends only on
ν1/ν2 and on the combination of parameters neσTR. Hints: (1) set the normalisations
of the powerlaws for each part by calculating the total power, and assuming that the
spectral index p is such that most power lies near the cutoff; (2) use your results for
parts (b) and (c) to simplify. [10 points]
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