
ASTR 4003/8003, Problem set 2 Due: 27 March 2019

1. Polarised scattering halos. [25 points]
Consider a point source of incoherent, unpolarised light (e.g., a compact object) sur-
rounded by spherical distribution of ionised gas with a density profile ρ ∝ r−p for some
power p > 1. Light from the central object Thomson scatters off the free electrons in the
ionised gas, causing us to observe a “halo” of scattered light around the central object.
Assume that ionised gas is optically thin, so that we can neglect multiple scattering, i.e.,
the amount of material is small enough that light coming from the central object is very
unlikely to be scattered more than once.

(a) Compute the distribution of total intensity I of the halo as a function of angular
distance θ from the central object. Just determine the functional form of I(θ); don’t
worry about the overall normalisation. You may adopt the small angle approxima-
tion for θ, i.e., assume θ � 1. [10 points]

(b) Compute the polarisation fraction Π observed at Earth, and show that it depends
on p but not on θ. Plot the dependence on p. [10 points]

(c) Sketch the direction of polarisation as a function of position relative to the central
source as seen in the sky from Earth. Do the polarisation vectors point toward the
central source? Perpendicular to the direction to it? Somewhere in between? Ex-
plain the reasoning behind your sketch. [5 points]

2. Muon backgrounds. [10 points]
Muons are unstable particles with a lifetime of 2.197 µs and a rest mass m0 = 105.7
MeV/c2; they decay into electrons and neutrinos. Naturally occurring muons on Earth
are mostly produced by cosmic rays colliding with atoms in the upper atmosphere, at
heights of ≈ 5− 10 km. These muons represent a significant source of background noise
for neutrino telescopes because, even though the telescopes are located deep underground
to provide shielding, muons are able to penetrate large amounts of matter. In this problem
we will make some estimates of how the muon background works.

(a) Consider a muon produced at h = 10 km, headed directly downward. Estimate the
minimum energy it must have for it to be likely that the muon reaches the Earth’s
surface before decaying. [5 points]

(b) For relativistic muons passing through solid matter, the main stopping mechanism
is deceleration by bremmstrahlung between the muon and nuclei in the matter. A
rough fit to the data on penetration of silicon dioxide (a reasonable stand-in for
rock) by high-energy electrons from the NIST ESTAR database suggests that elec-
trons with energies E & 1 GeV can penetrate a distance d ≈ 85 ln(E/GeV) cm of
rock before stopping.1 Based on these data and the general bremmstrahlung formula,
how much rock would you expect a muon of about the minimum energy required to
reach the Earth’s surface to be able to penetrate? Can you see why muons are a
significant background even for underground detectors? [5 points]

1I am using the NIST database rather than the bremmstrahlung formula derived in class because in rock
there are a number of complicating effects that are not relevant for diffuse ions in space, including screening of
nuclear charges by electrons and multiple-scattering by closely-spaced nuclei. I used the stopping power listed
in the database, and assumed a mean density of 3 g cm−2 for rock.
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https://physics.nist.gov/PhysRefData/Star/Text/ESTAR.html


3. Gamma-ray burst jet breaks. [15 points]
Gamma-ray bursts (GRBs) are a class of emitter characterised by a sudden pulse of
gamma-rays lasting ∼ 1 sec, and then at much later times an afterglow visible at longer
wavelengths from optical to radio. One particular feature of GRB light curves is “jet
breaks”: the luminosity of the afterglow varies as a broken powerlaw in time, i.e., a
powerlaw with one slope up to some time tbreak, and a different slope later. In this
problem we will understand the origin of this behaviour.

(a) Suppose that the material emitting the light we see as a GRB consists of a portion
of a thin spherical shell of gas of radius r moving radially outward with a Lorentz
factor γ. The gas has an isotropic emissivity j′ν in its rest frame. Calculate the
emissivity of this gas as seen from Earth. [5 points]

(b) If γ � 1 and the emitting material forms a complete spherical shell, show that the
total intensity received at Earth is dominated by a small patch of the shell near
the line of sight to Earth. Estimate the characteristic angular size of this patch. [5
points]

(c) Suppose that the emitting material is not in fact a filled spherical shell, but instead a
thin jet of angular size θ0. Further assume that the jet is ploughing into an ambient
medium, so that its Lorentz factor decreases with time. Argue in a few sentences
that this scenario should produce a jet break in the light curve. [5 points]
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