
ASTR3007/4007/6007: Part I: Stars Semester 1, 2017

Problem set 3
Due Monday, 17 April, 2017

1. Evolutionary Tracks with Radiation Pressure. [15 points]
In class we asserted that including radiation pressure in our calculation of evolutionary
tracks in the (log T, log ρ) plane would not change the results that much from what we
obtained using gas pressure only, even for fairly massive stars. In this problem we will
check that assertion by considering a star with β 6= 1, where β = Pgas/(Pgas + Prad).

(a) [5 points] In class we combined the polytropic relationship between central density
and central pressure with the equation of state to derive the result

log ρc = 3 log Tc − 2 logM − 3 logG− log(4πB4
n) + 3 log

R
µ
.

This was for a star with no radiation pressure, i.e., β = 1. Repeat the calculation
for a star with β 6= 1, and arrive at an analogous equation for log ρc that includes a
term proportional to log β.

(b) [5 points] For what value of β will the value of ρc (not log ρc) change by a factor
of 10 from the previous result you obtained without radiation pressure? (If you
examine the figures for lecture 9, you will see that changing ρc by a factor of 10
wouldn’t make any qualitative difference in the results.)

(c) [5 points] Assuming that the star can be described by an Eddington model and has
Solar composition, what is the mass of a star that has the value of β you found in
part (b)? For stars below this mass, omitting radiation pressure changes the central
density by less than a factor of 10.

2. Red Giant Energetics. [20 points]
We can make a rough estimate of how much the envelope of a red giant should expand as
a result of the contraction of its core based on conservation of energy. We will consider
a star of mass M and initial radius R, with a core of mass Mc and radius Rc. We will
focus on the phase when there are no nuclear reactions in the helium core, and when
hydrogen burning in the shell above it either does not occur or occurs too slowly to make
a significant contribution to the energy budget.

(a) [4 points] Compute the gravitational binding energy and the total energy of the
core, assuming that the electrons are non-relativistic and that radiation pressure is
insignificant. Your answer will involve a constant of order unity the depends on the
density distribution within the core, which you can simply write as αc.

(b) [4 points] Compute the gravitational binding energy and the total energy of the
envelope by itself. Again, you will have a constant of order unity, which you can
write as αe. You may neglect changes in the structure of the envelope due to the
gravitational pull of the core.

(c) [4 points] Compute the potential energy associated with gravitational attraction
between the core and the envelope, assuming R� Rc. This will involve yet another
constant αce.

(d) [4 points] Now suppose that the core contracts from its initial radius Rc,0 to a
smaller radius Rc,1. This causes the envelope to expand from its initial radius R0 to



a new radius R1. Assuming that the total energy content of the star is conserved in
the process, compute R1/R0 in terms of R0, Rc,0, Rc,1, Mc, and M . For numerical
convenience, you may set all the α factors equal to 1.

(e) [4 points] Evaluate the ratio of the new and old radii, R1/R0, for a core near the
Schönberg-Chandrasekhar limit, Mc/M ≈ 0.1 with an initial radius Rc,0/R0 = 0.02
that shrinks by a factor of 2, so that Rc,1/R0 = 0.01.

3. The Supernova Energy Budget from Nickel and Cobalt Decay. [20 points]
In class we computed the rate of energy release by radioactive decay in supernova ejecta
just considering the decay of cobalt to iron, effectively assuming that all the nickel turns
into cobalt instantaneously. In this problem we will check that approximation. We
consider a supernova that initially creates N0

56Ni nuclei, and no 56Co nuclei. The rate
of decay of nickel to cobalt is λNi, and the rate of decay of cobalt into iron is λCo.

(a) [4 points] Suppose that at a given time there are NNi nickel-56 nuclei present in
the ejected material. Write the equation for dNNi/dt, the time rate of change of the
number of nickel nuclei, and solve the equation to find NNi as a function of the time
t since the explosion.

(b) [4 points] Suppose there are NCo cobalt-56 present at any given time. Write down
an equation for dNCo/dt, the time rate of change of the number of nickel nuclei,
accounting for both creation of cobalt nuclei by decay of nickel and the destruction
of cobalt nuclei by decay into iron.

(c) [4 points] Solve the differential equation you obtained in part (b) to find the number
of cobalt nuclei a time t after the explosion. Hint: search for solutions of the form

NCo = ae−λCot + be−λNit,

where a and b are constants, and use the fact that the explosion creates no cobalt
initially.

(d) [4 points] If each nickel decay releases an energy ∆ENi and each cobalt decay
releases an energy ∆ECo, compute the total rate at which energy is released by the
decay of both cobalt and nickel at time t.

(e) [4 points] Verify that, for large times t, your answer to part (d) approaches the
rate of energy release one would have found if the supernova had simply created N0

cobalt nuclei at time 0. Hint: use the approximation that λNi � λCo, i.e., the decay
rate of nickel-56 is much larger than the decay rate of cobalt-56.

4. Sedov-Taylor Expansion of Atomic Bomb Blasts. [20 points]
The Sedov-Taylor solution we used to understand supernova blast waves in the inter-
stellar medium was first used to understand nuclear weapons detonations in the Earth’s
atmosphere. In this problem we will re-create G. I. Taylor’s calculation of the energy
yield of the first atomic bomb test at Trinity, New Mexico.

(a) [10 points] At http://www.atomicarchive.com/Photos/Trinity/ you will find
photos of the blast wave from the Trinity Test at times from 0.016 − 0.090 sec.
Measure the radius of the blast versus time, and make a plot of the result. How well
does it fit the idealised Sedov-Taylor solution?

(b) [10 points] Compute the energy released in the Trinity Test from your plot. Explain
your procedure. (For reference, air is mostly diatomic molecules – N2 and O2 – so it
has adiabatic index γa ≈ 7/5.) How does this compare to the estimate given on the
web page? (For reference, 1 ton of TNT is equivalent to 4.2× 109 J.) Suggest some
reasons why your result might differ from the stated estimate.

http://www.atomicarchive.com/Photos/Trinity/


5. Accretion-Powered Emission from Compact Objects. [ASTR 4007/6007 only;
20 points]
Compact objects like white dwarfs, neutron stars, and black holes do not emit much on
their own, but they can be very luminous when accreting. In this problem we will ask in
what portions of the electromagnetic spectrum blackbody emission from accretion power
should fall.

(a) [5 points] Consider a spherical object of mass M and radius R that is radiating as a
blackbody. The object’s opacity comes from electron scattering. Use the Eddington
limit to compute the minimum wavelength that can be reached by the peak of the
object’s blackbody emission in terms of M , R, and its hydrogen mass fraction X.

(b) [5 points] Consider radiation produced by accretion of hydrogen-rich material (X ≈
0.7) onto black holes, which have radii given by the Schwarzschild radius. Is the
wavelength of blackbody emission produced by this process longer or shorter for
more massive black holes? If the lowest mass stellar black holes have masses ≈ 2
M�, what is the longest / shortest wavelength of emission that could be explained
by blackbody emission from accretion onto a black hole?

(c) [5 points] Next consider accretion of hydrogen-rich material onto non-degenerate
white dwarfs. Use the mass-radius relation for white dwarfs to derive a limit on the
wavelength of peak blackbody emission as a function of white dwarf mass. If white
dwarfs have masses from 0.2−1.4 M�, do you expect blackbody emission from white
dwarfs to be mostly at longer or shorter wavelengths than black hole emission?

(d) [5 points] If the material that is being accreted is hydrogen-poor (X ≈ 0), does the
limiting wavelength for the peak of the blackbody curve shift to shorter or longer
values? By how much? Give a physical interpretation for your result? Why does X
matter?


