
ASTR3007/4007/6007: Part I: Stars Semester 1, 2017

Problem set 1
Due Thursday, 9 March, 2017

1. Blackbody Radiation. [20 points]
Consider a spherical blackbody at room temperature, whose emission follow the usual
Planck distribution:

Bλ(T ) =
2hc2

λ5

(
1

ehc/λkBT − 1

)
.

(a) [5 points] Derive a transcendental equation for the value of λ at which Bλ(T )
reaches its maximum at fixed T . Hint: the algebra will be less ugly if you use the
change of variables x = hc/λkBT .

(b) [5 points] Solve this equation numerically to obtain the relation λmax = 0.20hc/kBT
that we asserted in class. Give the numerical constant to four significant digits.

(c) [5 points] Consider applying this relation to a basketball at room temperature,
20◦ C. At what wavelength does the emission peak, and in what part of the electro-
magnetic spectrum does this lie?

(d) [5 points] Given you answer to part (c), why is the basketball orange?

2. Measuring Stellar Masses Using Spectroscopic Binaries. [20 points]
For spectroscopic binaries, we can directly observe the maximum line-of-sight velocities
v1,LOS and v2,LOS of the two stars, and their orbital period P . Given this information,
we want to calculate the masses of the two stars, M1 and M2. For simplicity we will
assume that the orbit is circular, with semi-major axis a. The orbital plane of the binary
is inclined at an unknown angle i relative to our line of sight, where i = 0 corresponds to
an orbit that is perfectly face-on and i = 90◦ to one that is perfectly edge-on.

(a) [4 points] In terms of M1, M2, and a, calculate the velocities v1 and v2 of the two
stars about their common centre of mass.

(b) [4 points] Calculate the orbital period P in terms of M1, M2, and a.

(c) [4 points] In terms of v1, v2, and i, what is the largest component of each star’s
velocity that will lie along our line of sight? We will call these v1,LOS and v2,LOS. You
may neglect the constant offset to v1,LOS and v2,LOS that comes from the motion of
the binary’s centre of mass relative to Earth.

(d) [4 points] Use your answers to the previous parts to calculate M1 and M2 in terms
of the observed quantities and i.

(e) [4 points] Some spectroscopic binary star systems have eclipses, where one stars
blocks the light of the other. Why would these systems particularly useful for mea-
suring stellar masses?

3. Hydrostatic Equilibrium and the Virial Theorem. [20 points]
Suppose that a star of mass M and radius R has a density distribution ρ(r) = ρc(1−r/R),
where ρc is the density at the centre of the star. (This isn’t a particularly realistic density
distribution, but for this calculation that doesn’t matter.)

(a) [4 points] Calculate ρc in terms of M and R. For all the remaining parts of the
problem, express your answer in terms of M and R rather than ρc.

(b) [4 points] Calculate the mass m(r) interior to radius r.



(c) [4 points] Calculate the total gravitational binding energy of the star.

(d) [4 points] Using hydrostatic equilibrium, calculate the pressure P (r) at radius r.
You may assume that the P (R) = 0.

(e) [4 points] Assume that the material in the star is a monatomic ideal gas. Calculate
the total internal energy of the star from P (r), and show that the virial theorem is
satisfied.

4. Powering Jupiter by Gravity. [10 points]
The Sun is in thermal equilibrium because its thermal timescale is short compared to its
age. However, smaller objects need not be in thermal equilibrium, and their radiation
can be powered entirely by gravity.

(a) [5 points] Jupiter radiates more energy than it receives from the Sun by 8.7×10−10

L�. Jupiter’s radius is 7.0×104 km and its mass is 1.9×1027 kg. Compute its thermal
timescale. Could gravitational contraction power this luminosity for Jupiter’s entire
lifetime of 4.5 Gyr?

(b) [5 points] Use conservation of energy to estimate the rate at which Jupiter’s radius
is shrinking to power this radiation. You may ignore the factor of order unity that
arises from Jupiter’s unknown density distribution.

5. Partial Degeneracy. [ASTR 4007/6007 only; 20 points]
In class we derived the equation of state for the limiting cases of non-degenerate and
degenerate gasses. In this problem we will derive general results that apply at all levels
of degeneracy.

(a) [5 points] We showed in class that the momentum distribution for a fully degenerate
electron gas

dn

dp
= 2

4πp2

h3
,

up to a maximum momentum pF , where the factor of 2 comes from the electron
having two possible spin states. The generalisation of this to finite temperature is to
replace the factor of 2 with the number of particles per state expected from Fermi-
Dirac statistics, 〈ni〉 = 1/[e(E−µ)/kBT + 1], where µ is the chemical potential. This
gives
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,

applicable to all p from 0 to∞. Use this expression to derive a relationship between
the total number density of electrons n and the ratio µ′ ≡ µ/kBT . You may leave
your answer in terms of an integral over the dimensionless quantity x = p/

√
2mekBT .

(b) [5 points] Use the distribution to derive an expression for the pressure P in terms
of n, kBT , and µ′. As with part (a), you may leave your expression in terms of an
integral over x.

(c) [5 points] The case µ′ < 0 and |µ′| � 1 corresponds to the non-degenerate limit.
Show that, in this limit, P and n are related by the usual ideal gas law P = nkBT .
You are encouraged to use mathematica, wolfram alpha, or an integral table to look
up the numerical values of the various integrals that appear.

(d) [5 points] Plot P/nkT as a function of µ′. (Evaluate the integrals numerically as
necessary.) You should find that P/nkBT ≈ 1 for µ′ � 0, and that P/nkBT � 1
for µ′ � 0, showing the importance of degeneracy pressure for µ′ > 0.


