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A B S T R A C T 

The total luminosity and spectral shape of the non-thermal emission produced by cosmic rays depends on their interstellar 
environment, a dependence that gives rise to correlations between galaxies’ bulk properties – star-formation rate, stellar mass, 
and others – and their non-thermal spectra. Understanding the physical mechanisms of cosmic ray transport, loss, and emission 

is key to understanding these correlations. Here, in the first paper of the series, we present a new method to compute the non- 
thermal spectra of star-forming galaxies, and describe an open-source software package – CONGRUENTS (COsmic ray, Neutrino, 
Gamma-ray, and Radio Non-Thermal Spectra) – that implements it. As a crucial innovation, our method requires as input 
only a galaxy’s ef fecti ve radius, star-formation rate, stellar mass, and redshift, all quantities that are readily available for large 
samples of galaxies and do not require e xpensiv e, spatially resolv ed gas measurements. From these inputs we deriv e individual, 
g alaxy-by-g alaxy models for the background gas and radiation field through which cosmic rays propagate, from which we 
compute steady-state cosmic ray spectra for hadronic and leptonic particles in both the galactic disc and halo by solving the full 
kinetic equation. We invoke modern models for cosmic ray transport and include all significant emission and loss mechanisms. 
In this paper, we describe the model and validate it against non-thermal emission measured in nearby star-forming galaxies that 
span four orders of magnitude in star-formation rate. 

Key words: neutrinos – radiation mechanisms: non-thermal – cosmic rays – galaxies: ISM – gamma-rays: ISM – radio contin- 
uum: ISM. 
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 I N T RO D U C T I O N  

tar formation is a prolific and often dominant source of cosmic
ays (CRs), non-thermal particles believed to be predominantly
ccelerated in the shock waves of supernova (SN) remnants. This
cceleration process yields a particle distribution in the form of a
ower law in particle momentum (Bell 1978 ; Blandford & Eichler
987 ) d N /d p ∝ p −q , where q is the injection index. Subsequent
o escape from their acceleration region, the generally energy-
ependent processes of cooling and transport through the interstellar
edium (ISM) set in to shape the CR distribution. While at low

nergies ionization losses significantly dominate the o v erall loss rate
or CR electrons and positrons (hereafter, ‘electrons’), at higher
nergies inverse-Compton and synchrotron losses become the im-
ortant cooling channels. At intermediate energies, bremsstrahlung
nd dif fusi ve losses also become competiti v e in some systems. F or
adrons the picture is somewhat simpler, with only two relevant
ompeting loss mechanisms in the form of hadronic collisions that
orm pions and dif fusi ve escape; ionization losses only become
ignificant at proton energies below the pion production threshold,
nd therefore below the energy at which protons produce observable
on-thermal emission. The transition between these loss regimes
 E-mail: Matt.Roth@anu.edu.au 
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s imprinted in the steady-state CR spectrum and affects the non-
hermal spectra derived from such a population. 

Accurate modelling of these cooling mechanisms is challenging
ecause they depend not just on the energies of individual CRs, but
lso on properties of the galactic environment. Rele v ant properties
nclude the interstellar and circumgalactic gas density and magnetic
eld strength, and the intensity and spectral shape of the interstellar
adiation field (ISRF). 

Given this complication, detailed models of the non-thermal
pectra of galaxies have tended to adopt one of two strategies.
he first is a ‘single zone’ approach whereby one approximates

he galaxy as a single, uniform medium (e.g. Akyuz, Brouillet &
zel 1991 ; Sreekumar et al. 1994 ; Paglione et al. 1996 ; V ̈olk,
haronian & Breitschwerdt 1996 ; Romero & Torres 2003 ; Torres

t al. 2004 ; Domingo-Santamar ́ıa & Torres 2005 ; de Cea del Pozo,
orres & Rodriguez Marrero 2009 ; Rephaeli, Arieli & Persic 2010 ).
acki, Thompson & Quataert ( 2010 ) pioneered the use of this
pproach in the context of a systematic study of non-thermal emission
cross the star-forming main sequence. While conceptually simple,
 disadvantage of this method is that it typically relies on a large
uite of observational inputs to characterize mean environmental
arameters, e.g. gas density and ISRF strength, important to shaping
he non-thermal radiation (e.g. Yoast-Hull et al. 2013 ; Yoast-Hull,
allagher & Zweibel 2016 ; Sudoh, Totani & Kawanaka 2018 ;
ang & Fields 2018 ; Peretti et al. 2019 ; Krumholz et al. 2020 ). 
© 2023 The Author(s) 
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The second approach is detailed three-dimensional (3D) models or 
umerical simulations that follow both the CRs and the gas through 
hich the y mo v e (e.g. Ackermann et al. 2012 ; J ́ohannesson et al.
016 ; Werhahn et al. 2021a , b ; Werhahn, Pfrommer & Girichidis
021c ; Hopkins et al. 2022a ). In principle this latter approach should
rovide a higher level of accuracy than the single zone technique. 
or sufficiently nearby systems, moreover, these detailed predictions 
an be then be compared against observ ation. Ho we ver, the detailed,
D modelling approach is not easily scalable, at least for no w, gi ven
hat 3D simulations are computationally e xpensiv e, and that direct 
bservations of the 3D structure of the gas density, magnetic field 
trength, and ISRF are extraordinarily difficult even in nearby galax- 
es, and completely inaccessible in large samples of galaxies beyond 
he local Universe. This practical consideration means that accurate 

odels capable of predicting CR emission in terms of data that are
ore accessible—e.g. star-formation rates (SFRs) and total stellar 
asses—are key to understanding the population-level connections 

etween non-thermal emission in different spectral bands and other 
alaxy properties, as embodied in empirical relations such as the 
ar-infrared (FIR)–radio correlation (Voelk 1989 ; Chi & Wolfendale 
990 ; Condon 1992 ; Bell 2003 ; Brown et al. 2017 ) and the FIR–γ

orrelation (Ajello et al. 2020 ; Kornecki et al. 2020 ). While there
ave been fruitful theoretical attempts to address these large-scale 
orrelations (e.g. Thompson et al. 2006 ; Lacki & Thompson 2010 ;
acki et al. 2010 ; Schober, Schleicher & Klessen 2016 ), these gener-
lly adopted simple models for the background galaxy state that have 
 limited range of applicability. Here, extending previous single-zone 
pproaches, we present a new method to predict the broad-band, non- 
hermal spectra of individual star-forming galaxies and calculate CR 

nd non-thermal spectra self-consistently. Our model takes careful 
ccount of recent advances in the understanding of CR transport and 
akes use only of galactic SFRs, stellar masses, sizes, and redshifts.
hese quantities are all readily accessible observ ationally, e ven at 
oderate-to-high redshift. There are, moreo v er, samples of tens of

housands of individual objects for which these quantities are readily 
v ailable (e.g. v an der W el et al. 2012 , 2014 ). W e use these quantities
s inputs to a detailed and accurate treatment of all microphysical loss
rocesses. This allows us to predict the full CR proton and electron
istributions—both within a galactic disc and in its circumgalactic 
alo—and the emission they produce. 
A preliminary version of our computational method was verified 

n Roth et al. ( 2021 ) wherein we demonstrated that star-forming
alaxies seem to explain the isotropic, diffuse γ -ray flux observed 
rom the Universe in the Fermi Large Area Telescope band. In this
aper, we verify our extended method by direct comparison to a 
umber of nearby star-forming galaxies that have been observed from 

he radio to γ -rays and whose spectra do not appear to be significantly 
olluted by emission from active galactic nuclei. We show that our 
odel performs well o v er a very wide range of absolute and specific

tar-formation rates (sSFRs), from Arp 220 (SFR ≈ 220 M � yr −1 , 
og sSFR ≈ −8.29 yr −1 ) down to M31 (SFR ≈ 0.26 M � yr −1 , log
SFR ≈ −11.4 yr −1 ). In the second paper in this series (Roth et al., in
reparation), we apply our model to large galaxy catalogues in order 
o explain the origin of the various population-level correlations 
entioned abo v e. 
Our plan for the remainder of this paper is as follows. We first

iscuss in Section 2 how we obtain the galaxy properties required 
o calculate CR losses from easily observable data. We follow in 
ection 3 with a description of our method for computing the steady-
tate spectra for CR protons and electrons. In Section 4 , we explain
ow we compute non-thermal emission rates from the steady-state 
pectra. We compare the results of our models to observations in 
ection 5 , and summarize and discuss future plans and prospects in
ection 6 . 

 G A L A X Y  PROPERTIES  

e extend the model of Roth et al. ( 2021 ) to obtain a basic two-
one model for a galactic disc and halo. We take as input the stellar
ass M ∗, the SFR Ṁ ∗, and the ef fecti ve or half-light radius R e ,

upplemented by a redshift z. We purposefully limit ourselves to this
asic set of parameters as they can be measured for a large number
f galaxies out to high redshift. We model galaxies as plane-parallel
labs consisting of a disc (Section 2.1 ) and a halo (Section 2.2 ), both
ervaded by an ISRF (Section 2.3 ). 

.1 The disc 

he first component in our model is a galactic disc, which we
haracterize by mid-plane values of the number density of H nuclei
 H , ionization fraction by mass χ , gas velocity dispersion σ g , gas
cale height h g , and magnetic field amplitude B ; there is also an
SRF, discussion of which we defer to Section 2.3 . We derive these
uantities from our basic observables – M ∗, Ṁ ∗, and R e – using a
ix of empirical correlations and simple physical arguments. 
The first step in our procedure is to derive the gas surface density

nd velocity dispersion from two empirical correlations. For the first 
f these we invert the extended Schmidt law obtained by Shi et al.
 2011 ). 

 g = 10 4 . 28 

(
�̇ ∗

M � Myr −1 pc −2 

)(
� ∗

M � pc −2 

)−0 . 48 M �
pc 2 

, (1) 

here � ∗ = M ∗/ 2 πR 

2 
e and �̇ ∗ = Ṁ ∗/ 2 πR 

2 
e are the stellar mass and

FR per unit area, respectiv ely. F or the second, we use a linear fit to
he correlation shown in Fig. 7 of Yu et al. ( 2019 ), which yields 

g = 39 . 81 

(
Ṁ ∗

M � yr −1 

)0 . 2 

km s −1 . (2) 

We next compute the gas scale height by assuming that the gas
s in hydrostatic equilibrium. This requires some care, because the 
ontribution of stars to the gravitational potential felt by the gas
epends on the ratio of gas and stellar scale heights. We therefore
dopt the approximation proposed by Forbes, Krumholz & Burkert 
 2012 ), 

 g ≈
σ 2 

g 

πG 

[
� g + 

(
σg /σ∗

)
� ∗

] (3) 

here G is the gravitational constant and σ ∗ is the stellar velocity
ispersion. If the gas and stars are well-mixed, as we expect to be
pproximately the case in starburst and high-redshift galaxies where 
he gas velocity dispersion is large, then we have σ g / σ ∗ ∼ 1, but if
he stellar scale height is much larger than the gas scale height, as is
he case for most gas-poor, low-velocity dispersion modern galaxies, 
∗ is expected to be much larger than σ g and hence the contribution
f � ∗ to maintaining the equilibrium is likewise much smaller, since
ny parcel of gas is confined only by the gravity of stars closer to the
id-plane than it (i.e. σ g / σ ∗ � 1). We take our values of σ ∗ from the

mpirical correlation obtained by Bezanson, van Dokkum & Franx 
 2012 ), who derive an inferred (stellar) velocity dispersion of the
orm σ∗ = 

√ 

GM ∗/ [ 0 . 557 K ν( n ) R e ] , where K ν( n ) = 73.32/[10.465 
 ( n − 0.94) 2 ] + 0.954 is a virial constant (Bertin, Ciotti & Del
rincipe 2002 ) that depends on the S ́ersic index n . We set n = 1 as
ppropriate for spiral galaxies. 
MNRAS 523, 2608–2629 (2023) 
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Once we have determined the scale height, we compute the ISM
ydrogen number density as 

 H = 

� g 

2 μH m H h g 
(4) 

here μH = 1.4 is the mean mass per hydrogen nucleus in units of
he hydrogen mass m H for the usual cosmic mix of 74 per cent H, 25
er cent He by mass. We assume that the ionization fraction by mass
n this gas is χ = 10 −4 ; this value is expected in rapidly star-forming
alaxies based on astrochemical modelling (Krumholz et al. 2020 ),
nd is also intermediate between the ionization fractions ≈10 −2 and
10 −6 found in the atomic and molecular phases of more slowly

tar-forming galaxies like the Milky W ay. W e do not attempt a more
ccurate estimate of χ because Roth et al. ( 2021 ) show that its effects
re minimal. 

Finally, we also estimate the magnetic field strength following
oth et al. ( 2021 ), who note that dynamo processes tend to force
agnetic field strengths in galaxies to lie in a fairly narrow range of
lfv ́en Mach number M A (also see the discussion in Beattie et al.
022 ). For CONGRUENTS (COsmic ray , Neutrino, Gamma-ray , and
adio Non-Thermal Spectra), we adopt a fiducial value M A = 2.
ssuming equipartition between turbulent modes on large scales (see

imulations by e.g. Federrath 2016 ), the velocity dispersion in Alfv ́en
odes is M A v A = σg / 

√ 

2 as adopted by Krumholz et al. ( 2020 ),
here v A = B/ 

√ 

4 πn H μH m H is the Alfv ́en speed, and therefore 

 = 3 . 84 M 

−1 
A 

(
σg 

10 km s −1 

)( n H 

1 cm 

−3 

)1 / 2 
μG . (5) 

his completes specification of all the mid-plane quantities in the
isc. 

.2 The halo 

he second environment treated in our model is a low-density halo
hat exists outside the disc; this component is required because,
hile losses from CR protons occur primarily in the disc (simply
ecause the disc dominates the total gas mass and thus the set of
vailable targets for hadronic interactions), electron losses can also
e driven by magnetic and radiation fields present in regions of very
ow matter density. Indeed, observations of edge-on galaxies show
hat synchrotron emission has a substantially larger scale height than
as (Krause et al. 2018 ). On the other hand, the scale heights of
ynchrotron emission are still significantly smaller than galactic scale
engths, and thus it is reasonable to continue to use a plane-parallel
eometry even in the halo. 
We set the density of gas in the halo to 10 −3 of the disc value, and

he scale height of the halo to 50 h g . In practice, both these choices
ake almost no difference to the final result, as we now explain:
ur choice of density is moti v ated by simulations by Wibking &
rumholz ( 2023 ). For any reasonable choice of density in the
alo away from the inner disc; ho we ver, losses due to collisional
nteractions with matter (hadronic interactions, bremsstrahlung, and
onization or Compton losses) are only rele v ant at the very lowest
nergies where they have negligible impact on the non-thermal
mission. Similarly, we adopt a scale height because one is required
n our numerical method (see below), but our choice is essentially a
laceholder, as the scale height matters only for dif fusi ve losses,
hich are al w ays negligible for CR electrons in the halo. We

herefore only require a value of h g large enough to guarantee this
ondition. We emphasize that these ob viously o v ersimplified choices
re justified only because we are interested only in the integrated non-
hermal emission, not in actually computing the spatial distribution of
NRAS 523, 2608–2629 (2023) 
mission; doing would require a more detailed model that accounts
or the decay of the matter density with height. Ho we ver, as we
ill discuss now, we are essentially only interested in the balancing
f synchrotron (approximately ∝ u mag ) and inverse-Compton losses
approximately ∝ u rad ), which are the dominant loss processes that
roduce non-thermal emission. 
We set the halo magnetic field amplitude to one third the disc

alue, B /3, based on simulations (Wibking & Krumholz 2023 ) for
igorously star-forming systems. For more quiescent systems we set
t to B /1.5 based on observational results that show the decay of
he magnetic field amplitude to be less pronounced in weakly star-
orming galaxies (Mora & Krause 2013 ; Mulcahy et al. 2018 ); we
lace the cut between these two regimes at a sSFR of log (sSFR) =
10 yr −1 . We also adopt a plane-parallel approximation whereby

he ISRF in the halo (Section 2.3 ) is the same as that in the plane.
ote that, under our assumption that collisional losses and dif fusi ve

scape are unimportant, these choices for the halo matter only to
he extent that they specify what fraction of halo losses will be into
ynchrotron versus inverse-Compton radiation, and thus the balance
etween halo radio and γ -ray emission. 

.3 Interstellar radiation field 

oth the electron energy loss rate and the spectrum of photons emit-
ed in the inverse-Compton process depend on the spectrum of the
SRF that provides the target photons for the scattering interactions.

hile some authors approximate the spectrum as monochromatic
e.g. Peretti et al. 2019 ) or single component (e.g. Yoast-Hull et al.
013 ) for this purpose, this approach cannot be applied o v er a broad
ange of galaxy properties, and adopting it may hide important
eatures in the deriv ed inv erse-Compton spectrum. In particular, the
SRF energy density in dust-poor galaxies is dominated by a direct
tarlight component with an ef fecti ve temperature of thousands of
, while in dust-rich starbursts it is dominated by an infrared (IR)

omponent with an ef fecti ve temperature of tens of K. This shift in
he peak frequency of the ISRF has important consequences for the
requencies at which inverse-Compton emission from these galaxies
merges, and, thanks to the energy-dependence of the inverse-
ompton loss rate in the Klein–Nishina regime, the partition of
lectron losses between synchrotron and inverse-Compton channels.
e thus use a more realistic model for the ISRF that is individually

etermined for each galaxy. Our model consists of six components:
 blackbody spectrum for the CMB at a temperature of T CMB = (1 +
) 2.725 K, a dilute modified blackbody for FIR dust emission, and
hree dilute blackbodies at 3000, 4000, and 7500 K plus a broken
ower-law model for the FUV radiation with the shape given by
athis, Mezger & Panagia ( 1983 , see also Draine 2011 ) to represent

he starlight field. The photon number density distribution for the
lackbody components has the usual functional form 

d n ph 

d E ph 

∣∣∣∣
BB ,T 

= 

8 πE 

2 
ph 

( hc ) 3 
1 

exp 
(
E ph /k B T 

) − 1 
, (6) 

here T is the blackbody temperature, h the Planck constant, k B the
oltzmann constant, and c the speed of light, while for the modified
lackbody we use the functional form proposed by Yun & Carilli
 2002 ) and Persic, Rephaeli & Arieli ( 2008 ), 

d n ph 

d E ph 

∣∣∣∣
modBB ,T 

= 

(
E ph 

E 0 

)
d n ph 

d E ph 

∣∣∣∣
BB ,T 

, (7) 

here E 0 / h = 2000 GHz. We set the temperature T of the modified
lackbody using the empirical scaling relation for dust ef fecti ve
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Figure 1. Total dust-absorbed luminosities estimated for spiral and irregular 
galaxies in DustPedia (blue and green points; Nersesian et al. 2019 ), together 
with our power-law fit (red line; equation 11 ). 
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Figure 2. Observed luminosity of the old stellar population in spiral and 
irregular galaxies in DustPedia (blue and green points; Nersesian et al. 2019 ), 
together with our power-law fit (red line; equation 12 ). 
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emperature obtained by Magnelli et al. ( 2014 ), 

 dust = 

[
98 ( 1 + z ) −0 . 065 + 6 . 9 log 10 

(
Ṁ ∗
M ∗

yr 

)]
K . (8) 

hus our total expression for the ISRF photon number density takes 
he form 

d n ph 

d E ph 
= 

d n ph 

d E ph 

∣∣∣∣
BB ,T CMB 

+ C dil , dust 
d n ph 

d E ph 

∣∣∣∣
modBB ,T dust 

+ 

C dil , 3K 
d n ph 

d E ph 

∣∣∣∣
BB , 3000 K 

+ C dil , 4K 
d n ph 

d E ph 

∣∣∣∣
BB , 4000 K 

+ 

C dil , 7 . 5K 
d n ph 

d E ph 

∣∣∣∣
BB , 7500 K 

+ C dil , FUV 
d n ph 

d E ph 

∣∣∣∣
FUV 

, (9) 

here the factors C dil are the dilution factors of the various compo-
ents, and d n ph /d E ph | FUV is the photon number density distribution
orresponding to the energy distribution given by equation 12.7 of 
raine ( 2011 ). To obtain the dilution factors, we associate each term

n equation ( 9 ) with a particular source of radiant luminosity L for
he galaxy. If we assume that this radiates from the mid-plane o v er a
egion of ef fecti ve radius R e , we then have C dil = L/ u rad 2 πR 

2 
e c . Here

 rad is the radiation energy density corresponding to the undiluted 
eld, which is u rad, BB = a rad T 

4 for the blackbody, where a rad is the
adiation constant, and 

 rad , modBB = 24 . 89 
8 π

( hc ) 3 
( k B T ) 

5 

E 0 
(10) 

or the modified blackbody. Thus our final step is to associate a
uminosity to each component, and express that luminosity in terms 
f our input quantities, M ∗ and Ṁ ∗. 
To obtain the luminosities for each spectral component we follow 

he approach of DustPedia (Nersesian et al. 2019 ) by dividing galactic
uminosities into four components: light from old (age � 200 Myr)
nd young stars, each of which contains a part that is absorbed by dust
nd a part that is unattenuated and thus can be observed directly; we
efer to these components as L abs,young , L abs,old , L obs,young , and L obs,old ,
espectively. 

We assume that the 3000 and 4000 K dilute blackbodies are 
owered by the unattenuated old stellar population L obs,old , with 
 3000 K = 0 . 57 L obs , old and L 4000 K = 0 . 43 L obs , old ; the factors of 0.57
nd 0.43 are set to be equal to the ratio of these two components
n the fit provided by Draine ( 2011 ) for the Milky Way’s ISRF. We
ssume that these factors are the same for all systems because they
rimarily depend on the initial mass function (IMF), which sets the
atio of K stars (ef fecti ve temperature ∼4000 K) to M stars (ef fecti ve
emperature ∼3000 K). A more detailed model would also include 
he effects of the star-formation history, but these are not major,
ince red colours evolve only very slowly with time for older stellar
opulations. Similarly, we assume that the 7500 K dilute blackbody 
nd the FUV field are supplied by the unattenuated young stars,
 obs,young , with L 7500 K = 0 . 76 L obs , young and L FUV = 0.24 L obs,young ;
gain, the numerical factors are the same as those provided by
raineDraine for the Milky Way. These factors are somewhat more 
ncertain, since they likely do depend on both the SFR and the
mount of dust extinction in the galaxy; ho we ver, in galaxies with
igh SFRs and a great deal of dust extinction, the 7500 K and FUV
omponents tend to be highly subdominant in any event, so we do not
ttempt to model this effect more carefully . Finally , the dust emission
onsists of the portion of the (old and young) luminosity that is
bsorbed and subsequently re-emitted in the FIR by dust grains, i.e.
 dust = L abs,tot = L abs,old + L abs,young . To obtain the various luminosities

n terms of M ∗ and Ṁ ∗, we perform simple power-law fits to the
ustPedia data set (Nersesian et al. 2019 ), which provides estimates
f each luminosity component derived by fitting the observed 
ptical plus IR spectral energy distributions using the CIGALE 

ode (Boquien et al. 2019 ); we exclude elliptical and lenticular (S0)
alaxies from our sample, leaving spiral and irregular galaxies to 
btain our relations. For the FIR emission (which we fit using the
um of the old and young absorbed components), we find a best
t 

L abs , tot 

10 9 L �
= 5 . 13 

(
εṀ ∗

M � yr −1 

)1 . 10 

, (11) 

here we have introduced ε = 1.79 to convert from a Chabrier to
 Salpeter IMF (Panter et al. 2007 ). We show this fit together with
he data in Fig. 1 . For the unattenuated old stellar population, our fit 
s 

L obs , old 

10 9 L �
= 1 . 48 

(
εM ∗

10 9 M �

)0 . 85 

, (12) 

nd we show the fit and data together in Fig. 2 . Finally, for the young
omponent, we observe that the data are better fit by a two-component 
MNRAS 523, 2608–2629 (2023) 
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M

Figure 3. Observed luminosity of the young stellar population in spiral and 
irregular galaxies in DustPedia (blue and green points; Nersesian et al. 2019 ), 
together with our broken power-law fit (solid red line; equation 13 ). The 
break accounts for the saturation of L obs, young to a maximum possible value 
in quiescent, dust-poor systems where none of the starlight is absorbed by 
dust; the dashed red line illustrates this upper envelope, and is obtained 
simply by extending our fit for log ( Ṁ ∗/ M � yr −1 ) < −2 . 6 to higher 
SFR. 
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ower law than a single one, with the low-luminosity portion of the
ower law likely representing galaxies with so little dust content that
bsorption is negligible. Our fit for this quantity is 

L obs , young 

10 9 L �
= 

⎧ ⎪ ⎨ 

⎪ ⎩ 

1 . 02 
(

εṀ ∗
M �yr −1 

)0 . 797 
, if log 

(
εṀ ∗

M � yr −1 

)
> −2 . 6 

2 . 30 
(

εṀ ∗
M �yr −1 

)0 . 987 
, otherwise . 

e show the fit and data in Fig. 3 . 

 C R  SPECTRA  

ow that we have specified our model for the background galaxy,
he next step in CON GRuEN T S is to calculate steady-state CR
pectra by balancing CR injection and loss. We describe our treatment
f CR injection in Section 3.1 , our method for calculating proton
pectra in Section 3.2 , and our method for electron spectra in
ection 3.3 . 

.1 CR injection 

ur treatment of CR injection follows the approach described in
oth et al. ( 2021 ). We refer readers to that paper for full details,
ut to summarize here, we assume that a fraction of the kinetic
nergy injected into the ISM by SNe is ultimately deposited in
on-thermal particles in a process of dif fusi ve shock acceleration,
ielding a particle distribution in the form of a power law in particle
omentum d Ṅ CR / d p ∝ p 

−q , where q is the injection index. Test
article analytical calculations for this process yield a spectrum with
 = 2.0, whereas observational results suggest a CR injection index
etween ≈2.1 and ≈2.5. We adopt q = 2.2 as our fiducial choice
Caprioli 2011 , 2012 ). We normalize the injection rate by assuming
hat 10 per cent of SN kinetic energy is deposited in CR protons,
NRAS 523, 2608–2629 (2023) 
qui v alent to 10 50 erg per SN (Woosley & Weaver 1995 ; Dermer &
owale 2013 ), ignoring the smaller fraction of heavier ions, and a
urther 2 per cent (1 × 10 49 erg) in primary CR electrons (Lacki
t al. 2010 ). We note here that our choice of normalization, while
 standard assumption and shown to be successful (see e.g. Lacki
t al. 2010 ; Roth et al. 2021 ) has some uncertainty attached to it.
or instance Krumholz et al. ( 2020 ) required a proton injection
raction of 5 per cent for M82. Under these assumptions, Roth
t al. ( 2021 ) shows that the particle injection rate per unit energy
s 

d Ṅ CR 

d E CR 
= 
 Ṁ ∗

(
p 

p 0 

)−q d p 

d E CR 
e −E CR /E cut (14) 

or CR protons, the normalization 
 = 6 . 22 ×
0 42 s −1 GeV 

−1 M 

−1 
� yr with p 0 = 1 GeV/ c , and we adopt

 cutoff energy E cut = 100 PeV ; only the ultrahigh energy
eutrino spectrum is sensitive to E cut , due to the effects of γ γ

pacity on γ -rays of similar energy (Roth et al. 2021 ). For
R electrons, we have 
 = 2 . 98 × 10 34 s −1 GeV 

−1 M 

−1 
� yr

ith p 0 = 1 MeV/ c , and a lower cutoff energy E cut =
00 TeV . 

.2 CR protons 

oss processes for CR electrons are varied and strongly dependent
n the galactic environment. On the other hand, as discussed in
ore detail in the following sections, CR protons predominantly

uffer two fates: (i) they survive long enough to dif fusi vely escape
nto the halo, where loss times become of order the Hubble time
r longer or (ii) they suffer hadronic collisions and lose energy
y producing mesons. Other loss mechanisms are insignificant for
Rs with energies abo v e the pion production threshold, which
re the only protons of interest here, since only they produce
bservable non-thermal emission. To determine the fraction of CR
rotons that lose their energy in these hadronic collisions rather
han escaping, we adopt as a fiducial choice the model for CR
ransport proposed by Krumholz et al. ( 2020 ). We choose this
odel because it is physically moti v ated rather than purely phe-

omenological, and has been shown to provide good predictions for
he γ -ray spectral shapes of nearby starburst galaxies (Krumholz
t al. 2020 ) and of the integrated cosmological γ -ray background
Roth et al. 2021 ). Ho we ver, we caution that no CR transport
odel to date successfully reproduces all the CR phenomenology

f the Milky Way (see Kempski & Quataert 2022 and Hopkins
t al. 2022b for more discussion). For this reason, the CONGRUENTS

ode allows users the option of varying this model and adopting a
odified prediction for CR transport, as we discuss in more detail

elow. 
The Krumholz et al. ( 2020 ) model suggests that within the

redominantly neutral disc of the galaxy, CR transport is go v erned
y the balance of the growth rate of the streaming instability
xcited by CRs and ion-neutral damping. This leads to diffusion
y streaming along magnetic field lines and field line random
alk processes, which can be approximated, at sufficiently large

cales, by an energy-dependent diffusion coefficient in the form 

f 

 

(
E p 

) ≈ V st 
h g 

M 

3 
A 

, (15) 
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Figure 4. Sample galaxies in the � g – f cal plane, where f cal is taken at the low- 
energy limit. The starred galaxies are the ‘corrected’ versions as discussed in 
Section 5.2 . 
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here the streaming velocity V st is given by 1 

 st ≈ min 

[ 

c , V Ai 

( 

1 + 

γd χM A c μ
3 / 2 
H m 

3 / 2 
H n 

3 / 2 
H 

4 π1 / 2 Ce u LA μi γ −q+ 1 

) ] 

. (16) 

ere, V Ai is the ion Alfv ́en speed given by V Ai = u LA / 
(
χ1 / 2 M A 

)
,

 LA = σg / 
√ 

2 is the velocity dispersion in Alfv ́en modes at the outer
cale of the turbulence, γd = 4 . 9 × 10 13 cm 

3 g −1 is the ion-neutral
rag coefficient, C is the CR proton number density in the mid-plane,
i is the atomic mass of the dominant ion species (here C 

+ , so μi =
2), e is the elementary charge, and γ = E p / m p c 2 is the proton Lorentz
actor. While this choice is our default expression for the diffusion
oefficient, as noted abo v e we allow users to make different choices.
n practice, we accomplish this by adopting a modified expression 
or the streaming speed 

 st ≈ min 

[ 

c , f st V Ai 

( 

1 + 

γd χM A c μ
3 / 2 
H m 

3 / 2 
H n 

3 / 2 
H 

4 π1 / 2 Ce u LA μi γ −q+ 1 

) ] 

, (17) 

here f st is an arbitrary user-specified factor. We adopt f st = 1,
orresponding to the original Krumholz et al. ( 2020 ) model, for all
esults shown in the main text, but we show results for alternative
alues of f st in Appendix A . The energy-dependent calorimetry 
raction f cal ( E p ), which is the fraction of CRs that lose their energy in
adronic collisions, in a disc geometry can be written as (Krumholz 
t al. 2020 ) 

 cal 

(
E p 

) = 1 −
[

0 F 1 

(
1 

5 
, 

16 

25 
τeff 

)
+ 

3 τeff 

4 M 

3 
A 

0 F 1 

(
9 

5 
, 

16 

25 
τeff 

)]−1 

,

(1

here 0 F 1 is the generalized hypergeometric function and τ eff the 
imensionless ef fecti ve optical depth of the ISM, in turn, is given by 

eff = 

σpp ηpp � g h g c 

2 D μp m H 
, (19) 

here σpp = 40 mbarn is the mean inelastic cross-section for proton–
roton collisions, ηpp = 0.5 is the elasticity of proton–proton colli- 
ions, and μp = 1.17 is the number density of nucleons per proton.
or a more detailed description we direct the reader to Krumholz 
t al. ( 2020 ) and to Roth et al. ( 2021 ) for the implementation used
o compute the results presented here. The steady-state spectrum for 
rotons within the disc can be obtained approximately by taking 

 p = τloss 
d Ṅ p 

d E p 
, (20) 
 The halo gas is fully ionized, hence damping by ion neutral damping is 
ot applicable. Ho we ver, the v alue of the dif fusion coef ficient in the halo 
s unimportant. This is a significant contrast between our model and those 
dopted by some earlier authors, e.g. Jones et al. ( 2001 ). In these earlier 
orks, CR transport in the halo is assumed to be described purely by isotropic 
iffusion, in which case CRs in the halo can randomly walk back into the disc; 
f this possibility exists, the diffusion coefficient in the halo does matter. By 
ontrast, we assume that CR transport is primarily by streaming, for which 
iffusion is only an approximate description; in this case CRs that reach the 
alo do not re-enter the disc, because the strong CR pressure gradient outward 
rom the disc causes them to stream away. Since we further assume that 
if fusi ve escape of leptons from the halo is negligible, and dif fusi ve escape 
f protons does not matter because halo protons do not produce observable 
mission, the exact value of the diffusion coefficient in the halo does not 
atter at all for us. 
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 user on 24 Aug
here 1/ τ loss = 1/ τ col + 1/ τ diff with τ col = n H σ pp ηpp c and τdiff =
 

2 
g /D. We use this to obtain C by integrating q p over all energies,
sing the mid-plane diffusion coefficient D 0 = V Ai h g / M 

3 
A . 

2 

The relationship between calorimetry fraction and surface gas 
ensity has been studied previously by a number of authors (e.g.
hompson, Quataert & Waxman 2007 ), and it is therefore interesting

o see how our prescription compares to theirs. This is not entirely
rivial since in our model f cal depends indirectly on galaxy properties
uch as h g and σ g (through the diffusion coefficient D ) as well as
 g , so the f cal – � g relationship is not one-to-one as it was in some

arlier models. We can nonetheless get a sense of the relationship
y e v aluating both � g and f cal for the sample of galaxies we analyse
elow (see Section 5 ). We show this relationship for low E p (i.e.
 p small enough that V st ≈ V Ai ) in Fig. 4 . We see that, while the

elationship is not one-to-one, there is nevertheless a very strong 
orrelation between f cal and � g , which is similar to that obtained by
arlier authors, i.e. normal star-forming galaxies like the M31, M33, 
nd the Magellanic Clouds are typically ≈10 per cent calorimetric, 
hile the most extreme starbursts such as Arp 220 approach full

alorimetry. A detailed discussion of proton calorimetry and results 
or some of the systems we investigate here can be found in Lacki
t al. ( 2011 ), summarized in fig. 2 of that paper. 

.3 CR electrons 

e next describe our method for computing steady-state CR electron 
pectra, beginning with the overall framework (Section 3.3.1 ) and 
MNRAS 523, 2608–2629 (2023) 

 Note that it is a reasonable approximation to adopt V st = V Ai across 
ll energies in calculating C because, for physically plausible CR spectra, 
he number density of CRs in the mid-plane is vastly dominated by CRs 
t lower energies where this assumption is true. CONGRUENTS reports the 
pproximate steady spectrum as part of its output. Ho we ver, we compute 
he γ -ray spectrum directly from the injection spectrum in combination with 
he calorimetry fraction, as described in Section 4 . The steady-state proton 
pectrum is not used in any further calculations. Nor do we require a solution 
or the protons in the halo, since we assume that CR protons in the halo do not 
roduce any significant number of γ -rays due to the very low matter density. 

ust 2023
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hen describing our implementation of the various source and loss
rocesses to which electrons are subject (Section 3.3.2 ). 

.3.1 Solution method 

o obtain the steady-state spectra for the CR electron components
primary and secondary) in the disc and the halo, q e = d N e /d E e , we
olve the kinetic equation 

∂ q e ( E, t ) 

∂ t 
= D∇ 

2 q e ( E, t ) + Q ( E, t) − ∂ 

∂ E 

(
Ė q e ( E, t ) 

)
− q e ( E, t ) 

∫ E 

m e c 2 

d  

d k 
( E) d k + 

∫ ∞ 

E 

q e ( k, t ) 
d  

d E 

( k ) d k (21) 

he terms appearing on the right-hand side here are, from first to last,
he rate of electron diffusion in space (characterized by a spatially
ndependent dif fusion coef ficient D ), the rate per unit time per unit
nergy at which sources inject CR electrons Q , the rate of electron
ransport in energy by continuous processes (where Ė is the rate of
ontinuous energy loss), the rate per unit energy at which catastrophic
rocesses cause electrons to jump from energy E to a lower energy
where d /d k ( E ) is the differential transition rate from initial energy
 to final energies in the range k to k + d k ), and the rate at which
atastrophic processes cause electrons to jump from some higher
nergy down to energy E . We discuss the terms that contribute to Q ,
˙
 , and d /d k below. 
Our goal is to find a steady-state solution, one for which the

eft-hand side is zero. As in the rest of our model, we divide the
roblem into a disc region and a halo region, and we solve the
quation separately in each. We assume that the diffusion coefficient
 is the same for electrons as for protons of equal rigidity, and
e approximate the diffusion term D ∇ 

2 q e ( E , t ) as constant across
he disc so that it can be written as D ∇ 

2 q e = q e D /h 

2 
g ; while this

s obviously a significant simplification, a more accurate treatment
ould require more detailed knowledge of the structure of the ISM,

omething that is not consistent with our goal of making a model that
an be applied to large samples for which no direct measurements of
as properties are available. With this approximation, to obtain the
nal equation we must solve, 

 = 

∂ 

∂ E 

(
Ė q e 

) + q e 
D 

h 

2 
g 

+ Q 

+ q e 

∫ E 

m e c 2 

d  

d k 
( E) d k −

∫ ∞ 

E 

q e ( k ) 
d  

d E 

( k ) d k , (22) 

here for brevity we have omitted the explicit dependence of q e ,
˙
 , D and Q on energy E . Solving equation ( 22 ) requires some care,
ecause it is an integro-differential equation: The final term involves
n integral of q e over all energies from E to infinity. We describe our
olution algorithm in Appendix B . 

.3.2 Source and loss processes for CR electrons 

e next describe each of the processes and terms that contribute to
 , Ė , and d /d E f in equation ( 22 ). 
Electr on sour ces 
In the disc, the source term Q contains two contributions: Q 1 ,

epresenting primary electrons directly accelerated by SNe, and Q 2 ,
epresenting secondary electrons produced when primary protons
roduce charged pions, which subsequently decay. We neglect the
ontribution from tertiary electrons produced in γ γ pair-production
ithin the galaxy, since these are significantly subdominant com-
ared to primaries and secondaries (Peretti et al. 2019 ). For primary
NRAS 523, 2608–2629 (2023) 
lectrons, we have Q 1 = d Ṅ CR / d E CR from equation ( 14 ) e v aluated
sing the values of 
 and E cut appropriate for electrons. For
econdary electrons, we adopt the spectrum of pions from Kelner,
haronian & Bugayov ( 2006 , 2009 ), giving 

d Ṅ π

d E π

= 

n H c 

K π

βσpp ( E p ) 
d Ṅ p 

d E p 
f cal 

(
E p 

)
, (23) 

nd then compute the resulting electron injection spectrum as 

 2 = 

d Ṅ e 

d E e 
= 

∫ 1 

E e /E π

f ( x ) 
d Ṅ π

d E π

(
E e 

x 

)
d x 

x 
. (24) 

ere d Ṅ p / d E p and f cal ( E p ) are the CR proton injection rate and
alorimetry fraction e v aluated as described in Section 3.2 , x = E e / E π

so d Ṅ π/ d E π is e v aluated at pion energy E π = E e / x ), and f ( x) =
 f 

ν
(2) 
μ

is the fitting function for secondary electron injection taken
rom Kelner et al. ( 2006 , 2009 ). Thus our total injection rate in
he disc is Q disc = Q 1 + Q 2 . By contrast, in the halo we have no
ocal sources of CR electrons; instead, the only source is electrons
iffusing out of the disc. The rate at which this process provides
lectrons simply follows from our adopted form of the diffusion
erm, 

 halo = 

D 

h 

2 
g 

q e , disc , (25) 

here q e,disc is the solution we obtain for equation ( 22 ) in the disc. 
Continuous losses: synchr otr on emission and ionization 

The term Ė in equation ( 22 ) represents continuous losses—those
here the change in electron energy per interaction is small enough

hat it can be approximated as infinitesimal. The two loss mechanisms
o which this approximation applies are synchrotron emission and
onization/Coulomb losses. For the former, we adopt the standard
xpression from Blumenthal & Gould ( 1970 ): 

˙
 sync = −4 

3 
σT c 

(
E e β

m e c 2 

)2 
B 

2 

8 π
, (26) 

here σ T is the Thomson cross-section and β the reduced velocity
f the electron. For the latter, we adopt the model by Schlickeiser
 2002 ) for an ISM composed of 91 per cent H and 9 per cent He by
umber with average electronic excitation energies � E H = 15 eV
nd � E He = 41.5 eV. For the disc, which is predominantly neutral,
e have 

˙
 ion = −9 

4 
c σT m e c 

2 n H μISM 

[
ln 

(
E e 

m e c 2 

)
+ 0 . 91 

2 

3 
ln 

(
m e c 

2 

�E H 

)

+ 0 . 09 
4 

3 
ln 

(
m e c 

2 

�E He 

)]
, (27) 

here μISM 

is the ratio of the total to the hydrogen number density
f ISM constituents and n H is the mid-plane density of H nuclei. For
he halo, where the gas is ionized and Coulomb losses dominate, we
ave instead 

˙
 Coul = −3 

4 
c σT m e c 

2 n H μISM 

[
ln 

(
E e 

m e c 2 

)
+ 2 ln 

(
m e c 

2 

hνp 

)]
, (28) 

here νp = e 
√ 

n H μISM 

/πm e is the plasma frequency. Thus our final
ontinuous loss rates are Ė = Ė sync + Ė ion in the disc, and Ė =
˙
 sync + Ė Coul in the halo. 
Catastrophic losses: inverse-Compton and bremsstrahlung 
Our terms d /d E f in equation ( 22 ) represent processes that can

ause large jumps in the electron energy. The two processes of
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his type that we include are inverse-Compton scattering 3 and 
remsstrahlung. For the latter, if we ignore recoil of the nucleus, 
he final electron energy k and initial electron energy E are related
y k = E − E γ , where E γ is the energy of the emitted photon. We
herefore have 

d  

d k 
( E) = 

d Ṅ γ

d E γ

∣∣∣∣
E γ = E−k 

, (29) 

here d Ṅ γ / d E γ is the rate per unit time per unit photon energy at
hich photons are emitted, e v aluated at photon energy E γ = E − k .
e compute the distribution of photon energies from the differential 

ross-section given by Blumenthal & Gould ( 1970 ): 

dσbs 

d E γ

= 

3 

8 π
σT αE 

−1 
γ

{ [ 

1 + 

(
1 − E γ

E i 

)2 
] 


 1 − 2 

3 

(
1 − E γ

E i 

)

 2 

}

(3

here α is the fine structure constant and the functions 
 1 and 
 2 for
ydrogen in the shielded regime are given in table 2 in Blumenthal &
ould ( 1970 ). For an ISM that is mostly in the form of atomic
ydrogen the shielded regime is the appropriate choice. Thus our final 
xpression for the photon production rate (and thus the catastrophic 
oss rate) due to bremsstrahlung is 

d Ṅ γ

d E γ

= cn H 
d σbs 

d E γ

, (31) 

here n H is the hydrogen number density of the medium through 
hich the CRs propagate. In principle we should use the unshielded 
remsstrahlung cross-section in place of equation ( 30 ) in the halo,
ince the gas is fully ionized, but in practice the halo density is so
ow that bremsstrahlung is unimportant compared to synchrotron 
nd inverse-Compton losses, and thus we do not bother to make this
orrection. 

F or inv erse-Compton scattering the relationship between E i , E f ,
nd E γ is somewhat more complex, since the initial photon that is
pscattered by the electron also carries a non-zero energy E ph that 
annot be neglected because, in the Thomson limit, weak scattering 
vents for which E γ / E ph − 1 � 1 contribute significantly to the total
nergy loss rate. By conservation of energy we have E i + E ph = E f 

 E γ . Consider CR electrons of energy E i scattering photons with
nergies in the range E ph to E ph + d E ph , and let d n ph be the number
ensity of such photons. In this case we can write the rate per unit
ime per unit energy at which electrons are scattered to energy E f as 

d  

d k 
( E) = d n ph 

d Ṅ γ

d E γ

∣∣∣∣
E ,E ph ,E γ = E + E ph −k 

, (32) 

here the term on the right-hand side is the rate per unit time per unit
cattered photon energy that an electron of energy E scatters photons 
f initial energy E ph to final photon energy E γ = E + E ph − k . For an
sotropic field of photons to be scattered, we can write this scattering
ate as (Jones 1968 ; Blumenthal & Gould 1970 ) 

d Ṅ γ

d E γ

= 

3 

4 
σT c 

m 

2 
e c 

4 

E 

2 
i E ph 

G ( q,  e ) , (33) 
 In fact inverse-Compton scattering is catastrophic only in the Klein–Nishina 
egime where the initial electron and photon energies E i and E ph obey 
 

E i E ph � m e c 
2 . In the opposite limit, the Thomson regime, it is well- 

pproximated as continuous. We choose to treat inverse-Compton scattering 
s catastrophic in all cases because doing so a v oids the need to impose 
n arbitrary switch between them. The treatment we adopt below correctly 
eco v ers the Thomson regime limit where it should. 

4

W
m
a  

e
t  
here q = E γ /  e ( E i − E γ ) and  e = 4 E ph E i /m 

2 
e c 

4 . The function
 ( q ,  e ) encodes the Klein–Nishina cross-section and is given as 

 ( q,  e ) = 2 q ln q ( 1 + 2 q ) ( 1 − q ) + 

1 

2 

(  e q ) 
2 

1 +  e q 
( 1 − q ) . (34) 

o e v aluate the total catastrophic transition rate that appears on the
eft-hand side of equation ( 32 ), we must integrate over the distribution
f photon energy d n ph /d E ph present in the ISRF being scattered,
 v aluating the cross-section at photon energy E γ such that the final
lectron energy k is held constant. Doing so gives 

d  

d k 
( E) = 

3 

4 
σT c 

m 

2 
e c 

4 

E 

2 
×∫ E ph , max 

E ph , min 

d n ph 

d E ph 

G ( q,  e ) | E γ = E+ E ph −k 

E ph 
d E ph . (35) 

ere the function G ( q ,  e ) is e v aluated at the initial photon energy E ph 

nd final photon energy E γ as indicated, and the limits of integration
 ph,min and E ph,max correspond to the kinematic limits on the minimum 

nd maximum photon energies that can give rise to a scattering
n which the electron energy changes from E to k . These limits
orrespond to q being in the range m 

2 
e c 

4 / ( 4 E ) < q ≤ 1, which from
he definition of q implies 

E ph , min = 

( E − k ) m 

2 
e c 

4 

4 Ek − m 

2 
e c 

4 

E ph , max = 

1 

2 

⎡ 

⎣ 

(
k − m 

2 
e c 

4 

4 E 

)
+ 

√ (
k + 

m 

2 
e c 

4 

4 E 

)2 

− m 

2 
e c 

4 

⎤ 

⎦ . (36) 

elow we shall also require the spectrum of scattered photons, which
e can again obtain by integrating equation ( 32 ) o v er E ph , but this

ime at constant E γ rather than constant k as in equation ( 35 ); the
esulting expression is 

d Ṅ γ

d E γ

∣∣∣∣
E 

= 

3 

4 
σT c 

m 

2 
e c 

4 

E 

2 

∫ E ph , max 

E ph , min 

d n ph 

d E ph 

G ( q,  e ) 

E ph 
d E ph , (37) 

ith limits 

E ph , min = 

E γ m 

2 
e c 

4 

4 E 

(
E − E γ

) , 

E ph , max = 

E γ E 

E − E γ

. (38) 

 N O N - T H E R M A L  EMISSION  

nce we have determined the steady-state CR spectra, the next step
n our modelling procedure is to calculate the non-thermal emission 
hey produce. Our model includes both hadronic γ -rays and neutrinos 
Section 4.1 ) and leptonic γ -rays and radio emission (Section 4.2 ),
nd also includes the effects of free–free emission and absorption 
Section 4.3 ), which are important for the radio spectra in some
ystems. 

.1 Hadronic emission 

e calculate the hadronic γ -ray spectrum using the same simple 
odel we use for the steady-state proton spectrum, whereby we 

ssume that the only two loss mechanisms of rele v ance are dif fusi ve
scape and collisional pion production. Making the same assump- 
ions as in Section 3.2 , the γ -ray emission rate per unit time per unit
MNRAS 523, 2608–2629 (2023) 
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nergy is 

γ ≡ d Ṅ γ

d E γ

= 

∫ ∞ 

m p c 2 

[
1 

σpp 

d σγ

d E γ

]
f cal 

d Ṅ p 

d E p 
d E p . (39) 

ere f cal is the calorimetry fraction as a function of proton energy E p 

c.f. Section 3.2 ), d Ṅ p / d E p is the energy-dependent proton injection
ate by SNe, d σγ /d E γ is the differential γ -ray production cross-
ection as a function of proton energy taken from Kafexhiu et al.
 2014 ), and σ pp ≈ 40 mbarn is the mean inelastic cross-section for
roton–proton collisions. 
We calculate hadronic neutrino emission following the approach

f Kelner et al. ( 2006 , 2009 ). Once initial CR proton collisions
roduce charged pions (at a rate per unit energy d Ṅ π/ d E π given by
quation 23 ), neutrinos are emitted in a two-stage process. In the
rst stage, the pions decay to muons and muon neutrinos, and in

he second the muon decays to an electron, a muon neutrino, and
n electron neutrino (where we do not distinguish neutrino from
ntineutrino). The neutrino production rates as a function of energy
or both stages, and for both neutrinos during the second stage, can
e expressed approximately using the same functional form we use
or the distribution of secondary electron energies (equation 24 ), i.e. 

d Ṅ ν

d E ν

= 

∫ 1 

E ν /E π

f ( x) 
d Ṅ π

d E π

(
E ν

x 

)
d x 

x 
, (40) 

here x = E ν / E π (and thus d Ṅ π/ d E π is e v aluated at E π = E ν / x ).
nly the fitting functions f ( x ) differ between the channels. For the
uon emission during the first stage we have f ( x) = f 

ν
(1) 
μ

( x) = 2 /λ

or x < λ and f ( x ) = 0 for x > λ, where λ = 1 − ( m μ/ m π ) 2 , and
 μ and m π are the muon and (charged) pion rest mass, respectively.
or the second stage, the fitting functions for the electron and muon
eutrinos are given by Kelner et al.’s functions 2 f νe 

( x) and 2 f 
ν

(2) 
μ

,
espectively. The total emitted neutrino spectrum over all neutrino
a v ours is the sum of these contributions, i.e. equation ( 40 ) e v aluated
sing f ( x) = 2[ f 

ν
(1) 
μ

( x) + f 
ν

(2) 
μ

+ f νe 
( x)]. 

.2 Leptonic emission 

o obtain the total emitted spectra for CR leptons d Ṅ γ / d E γ we
ntegrate the photon production rate per electron (d Ṅ γ / d E γ ) i from
ll emission processes i – bremsstrahlung, inverse-Compton, and
ynchrotron emission – o v er the CR electron energy distribution q e : 

γ = 

∑ 

i 

∫ ∞ 

m e c 2 

(
d Ṅ γ

d E γ

)
i 

q e d E e . (41) 

or bremsstrahlung and inverse-Compton emission, we have already
ro vided e xpressions for the rele v ant photon production rates—these
re given by equations ( 31 ) and ( 32 ), respectiv ely. F or synchrotron
mission we have (

d Ṅ γ

d E γ

)
sync 

= 

π
√ 

3 e 3 B 

2 hm e c 2 

F 

(
E γ /E γ, c 

)
E γ, c 

, (42) 

here the function F ( E γ /E γ, c ) is the integral over the modified
essel function of order 5/3, and E γ, c = 3 e BE 

2 
e h/ 

(
2 π2 m 

3 
e c 

5 
)

is the
nergy corresponding to the synchrotron critical frequency. 

.3 Fr ee–fr ee absorption and emission 

ree–free absorption by ionized gas can be a significant source of
pacity at higher radio wavelengths and is therefore important to
onsider when predicting galaxies’ non-thermal radio continuum
NRAS 523, 2608–2629 (2023) 
mission. One common approach to estimating this effect is to treat
his absorption as a uniform screen with an optical depth determined
y an average ionization fraction for the ISM (e.g. Kornecki et al.
022 ). Ho we ver, the geometry implicitly assumed in this approach
s unrealistic: in reality, the ISM is se gre gated into discrete phases,
ith the ionized phase existing mainly in regions of near complete

onization around ionizing sources and the intervening space filled
ostly by material with very low ionization fraction. Compared to
 uniform screen this geometry leads to a lower co v ering fraction of
bsorption, but also vastly higher opacity within each ionized region,
ince the free–free opacity scales as the square of density. Due to this
ffect, we find that the uniform screen approximation underestimates
he free–free optical depth somewhat. For this reason, we employ a

ore detailed procedure, explained below, that assumes that fully
onized H II regions are the main source of opacity. 

On average star formation produces an ionizing photon budget
er unit mass of stars formed of approximately � = 4 . 2 × 10 60 M 

−1 
�

Krumholz 2017 ). We assume that these photons ionize Str ̈omgren
pheres of characteristic radius r s . Within such a sphere the total
ecombination rate is then R = ( 4 / 3 ) πr 3 s αB f e n 

2 
i , where n i is the

umber density of H nuclei in the ionized region, and f e is the
umber of free electrons per hydrogen nucleon; assuming He is
ingly ionized, as is the case for o v er the bulk of the volume of H II

egions, f e = 1.1. The hydrogen recombination rate for case B αB is
iven by (this and following expressions from Draine 2011 ) 

B = 2 . 54 × 10 −13 T 
−0 . 8163 −0 . 0208 ln T 4 

4 cm 

3 s −1 , (43) 

here T 4 is the temperature T of the ionized gas divided by 10 4 K; we
dopt T 4 = 1. The coefficient for free–free absorption by the ionized
 as, ag ain assuming that He is singly ionized and thus that the mean
on charge Z i ≈ 1, is 

ν, ff = 

4 e 6 

3 ch 

(
2 π

3 m 

3 
e k B T 

)1 / 2 (1 − e −hν/k B T 
)

ν3 
f e n 

2 
i g ff, i (44) 

here g ν, ff is the Gaunt factor. We compute this using a piecewise
pproximation taken from Draine ( 2011 ) 

 ν, ff = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

4 . 691 

[
1 − 0 . 118 ln 

(
ν9 

10 T 3 / 2 4 

)]
, ν9 < 1 

ln 
{ 

exp 
[ 
5 . 960 −

√ 

3 
π

ln 
(
ν9 T 

−3 / 2 
4 

)] 
+ e 

} 

, ν9 > 1 , 
(45) 

here ν9 = ν/10 9 Hz. The optical depth across a single Str ̈omgren
phere is 

ν, ff ≈ κν, ff r s , (46) 

here we have omitted geometric factors of order unity that depend
n the exact path-length through the H II region. 
Now consider a segment of a galactic disc with a SFR per unit area

˙
 ∗, and thus an ionizing photon production rate per unit area �̇ ∗�.
rom ionization balance, the number of Str ̈omgren spheres per unit
rea must therefore be �̇ ∗�/ R , and the fraction of the galactic disc
o v ered by Str ̈omgren spheres is thus πr 2 s �̇ ∗�/ R . Now consider a
cenario where a photon is emitted close to the galactic mid-plane
nd then intersects some number of H II regions on its way out of the
alaxy. Since the photon will traverse on average half the thickness
f the disc, the expected number of Str ̈omgren spheres through which
t passes before escaping is 

 N 〉 = 

1 

2 

�̇ ∗� 

R 

πr 2 s = 

3 ̇� ∗� 

8 r s αB f e n 2 i 

= 

3 ̇� ∗�κν

8 τν, ff αB f e n 2 i 

. (47) 

ote that, contrary to appearances, this expression does not contain
n y e xplicit dependence on the ionized gas density n i , since κν, ff ∝
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Table 1. Galaxy properties used in our calculations; from left to right, these are the distance D , the stellar 
mass M ∗, the ef fecti ve radius R e , and the SFR Ṁ ∗. For convenience we also report the sSFR = Ṁ ∗/M ∗. Values 
are taken from the following sources: (1) Kornecki et al. ( 2020 ), (2) Rodr ́ıguez Zaur ́ın, Tadhunter & Gonz ́alez 
Delgado ( 2008 ), (3) Wright et al. ( 1990 ), (4) Skibba et al. ( 2011 ), (5) Sudoh et al. ( 2018 ), (6) Ponomare v a 
et al. ( 2018 ), (7) Jarrett et al. ( 2003 ), (8) Mineo, Gilfanov & Sunyaev ( 2012 ), (9) Parkash et al. ( 2018 ), (10) 
Rahmani, Lianou & Barmby ( 2016 ), (11) Iijima et al. ( 1976 ), (12) Williams, Gear & Smith ( 2018 ), (13) 
de Vaucouleurs ( 1960 ), (14) van der Marel, Kalli v ayalil & Besla ( 2009 ), (15) Jarrett et al. ( 2019 ), and (16) 
Strickland & Heckman ( 2009 ). 

Galaxy D (Mpc) M ∗ (10 10 M �) R e (kpc) Ṁ ∗ (M � yr −1 ) log ( sSFR ) 
(
yr −1 

)

Arp 220 80.9 (1) 4.3 (2) 3.4 (3) 220 (1) −8.29 
NGC 2146 17.2 (1) 2.0 (4) 1.8 (5) 10.5 (4) −9.28 
NGC 2403 3.18 (1) 0.14 (6) 1.7 (7) 0.37 (1) −9.58 
M82 3.53 (1) 2.4 (8) 1.0 (7) 4.0 (16) −9.66 
NGC 253 3.56 (1) 2.5 (9) 4.2 (7) 4.68 (9) −9.73 
LMC 0.050 (1) 0.27 (14) 2.63 (13) 0.2 (1) −10.1 
SMC 0.060 (1) 0.031 (14) 1.15 (13) 0.027 (1) −10.1 
M33 0.91 (1) 0.41 (15) 1.51 (7) 0.17 (12) −10.4 
M31 0.77 (1) 6.92 (11) 2.46 (11) 0.26 (1) −11.4 
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2 
i . All the dependence on ionized gas density is implicitly contained

n the optical depth τν, ff . Assuming, for the moment, that the 
onization regions are uniformly distributed in the ISM and that non- 
hermal photons are launched from regions uncorrelated with these 
onization regions, the probability that any such photon trajectory 
ntersects N of the spheres, is given by a Poisson distribution: 

 ( N ) = 

〈 N〉 N e −〈 N〉 

N ! 
. (48) 

he mean transmittance is obtained by summing o v er all lines of
ight: 

 f trans 〉 = 

∞ ∑ 

N= 0 

P ( N ) e −Nτν, ff , (49) 

n expression that can be e v aluated analytically to yield 

 f trans 〉 = exp 
[〈 N〉 (e −τν, ff − 1 

)]
. (50) 

We now introduce the effective mean optical depth 〈 τ ν, ff 〉 = 

ln 〈 f trans 〉 , which e v aluates to 

 τν, ff 〉 = 〈 N〉 (1 − e −τν, ff 
) = 

3 ̇� ∗�κν

8 αB f e n 2 i 

(
1 − e −τν, ff 

τν, ff 

)
. (51) 

he non-thermal radio emission is attenuated by a factor 
xp ( −〈 τν, ff 〉 ). F or consistenc y we must also include the free–free
mission itself in our predicted spectra, since the absorption of the 
on-thermal radiation will be filled in by thermal free–free emission; 
er Kirchhoff’s law, in the limit of high 〈 τν, ff 〉 , the observed photon
ux must approach that of a blackbody at temperature T . Thus our
nal expression for the photon spectrum escaping the galaxy is 

γ = e −〈 τν, ff 〉 φγ, emit + 

(
1 − e −〈 τν, ff 〉 ) 4 πR 

2 
e cφγ, BB , 10 4 K , (52) 

here φγ, emit is the intrinsic emitted spectrum (computed from 

quation 41 ) and φγ, BB , 10 4 K is the photon energy distribution for 
 blackbody radiation field at a temperature of 10 4 K. 

The final step is to e v aluate 〈 τν, ff 〉 , which depends only on physical
onstants, on the SFR per unit area �̇ ∗ (which is known for each
alaxy), and on τν, ff the optical depth of a single H II region, which
s not. Ho we ver, we note that the term in parentheses on the right-
and side of equation ( 51 ), which contains the dependence on τν, ff ,
s strictly < 1, and is close to unity if τ ν,ff � 1. We are most
oncerned with free–free absorption at frequencies ν9 ∼ 1, and 
bserved individual H II regions generally have optical depths of 
t most unity at this frequency (Draine 2011 ); we therefore adopt the
mall τ ν,ff limit and set the factor in parentheses to unity. 

 APPLI CATI ON  TO  N E A R B Y  G A L A X I E S  

e have now specified the full procedure by which CONGRUENTS 

redicts the steady-state CR spectra (Section 3 ) and non-thermal 
mission (Section 4 ) of galaxies from the minimal set of observables
o which we have access. Our next step is to apply our model to nearby
alaxies for which observations of the non-thermal spectrum are 
vailable. This serves the dual purpose of validating our methodology 
Section 5.1 ) and identifying areas where (inevitably given the 
xtraordinarily limited range of observational inputs) our method 
ncounters problems (Section 5.2 ). For this purpose, we choose a
umber of nearby radio- and γ -ray-observed star-forming galaxies, 
 xcluding an y that are suspected to have a significant contribution
rom an active galactic nucleus. This sample spans three orders 
f magnitude in SFR, from the nearly quenched galaxy M31 to
he ultraluminous IR galaxy Arp 220 that is undergoing a nuclear
tarburst. The measured input parameters we have used in the 
alculation of our results are given in Table 1 . We also show where
ur sample galaxies sit relative to the star-forming main sequence at
edshift ( z) = 0 (Speagle et al. 2014 ; Tacconi et al. 2018 ) in Fig. 5 ; the
gure makes it clear that our sample offers good co v erage in terms of
oth stellar mass and sSFR. Note that we not include the Milky Way
s one of our comparison galaxies due to the difficulty of obtaining
 total integrated spectrum for it from our vantage point within the
alactic plane. Any such comparison would be dominated by the 

ignificant uncertainties on the observed quantities, and therefore 
ot be useful for the purposes of constraining the model. 

.1 Obser v ational comparison 

e find that our models agree very well with the observations for
ll the galaxies in our sample except Arp 220, the Large Magellanic
loud (LMC), and M31; we defer a discussion of these galaxies

o Section 5.2 . Here, we first focus on the other six galaxies in the
ample. For each of them, we first compute the ISRFs and show
he results in Fig. 6 . High-SFR systems display a spectrum that is
ominated (in terms of photon number and total energy) by the FIR
MNRAS 523, 2608–2629 (2023) 
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M

Figure 5. Sample galaxies in relation to the star-forming main sequence. 
The black line is the star-forming sequence obtained by Speagle et al. ( 2014 ) 
and Tacconi et al. ( 2018 ) at redshift ( z) = 0. 
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4 We discount here the discrepancies for the γ -ray spectrum of the SMC, where 
the observations themselves clearly suffer significant systematic uncertainty, 
as highlighted by the very lar ge diver gence between the Ajello et al. ( 2020 ) 
and Fermi 4FGL DR3 (Abdollahi et al. 2022 ) spectra. These differ from each 
other by significantly more than our model differs from either one. 
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mission from reprocessed starlight. In contrast, quiescent systems
re dominated by the CMB by number of photons and by the sum of
he high energy (3000 K BB and abo v e) components by total energy.

We then proceed to calculate the steady-state CR spectra within
he disc and the halo, and plot the results in Fig. 7 . We also show the
oss times for CR electrons in each galaxy’s disc and halo in Fig. 8 ,
here we define the loss time as τ(ion , Coul , sync) = E/ ̇E for ionization,
oulomb, and synchrotron losses (which are continuous), τ(bs , iC) =
 / 
∫ 

(d / d E f ) d E f for bremsstrahlung and inverse-Compton losses
which are catastrophic), and τdiff = h 

2 
g /D for diffusion out of the

isc. Note that, although we do not show protons in the figure to
 v oid clutter, the dif fusi ve loss times for protons are nearly identical
o those of electrons; they differ from the electron ones only at
nergies � 1 GeV, where electrons and protons of the same kinetic
nergy have different rigidities. 

The results for protons are essentially the same as those obtained
y Krumholz et al. ( 2020 ) and Roth et al. ( 2021 ), since the underlying
odel is the same. The degree of calorimetry varies from galaxy to

alaxy (Fig. 4 ) and as a function of proton energy. The curvature
nd inflections visible in the proton spectra visible at energies in the
TeV–PeV range, depending on the galaxy, are a result of the energy

ependence of the dif fusi ve loss time. At lo w energies the loss times
re nearly energy-independent, since all protons stream at speeds
ery close to the ion Alfv ́en speed, but at higher energies the loss
imes drop as the energy densities decrease and the streaming speeds
ncrease, causing curvature in the spectral shape. At sufficiently high
nergies the streaming speed saturates at c , causing the high-energy
nflections visible in the spectra. Turning to electrons, we find that
he discs of the starbursts with large sSFR are mostly calorimetric
i.e. τ diff is not the shortest time-scale, so electrons lose most of their
nergy before escaping the disc) o v er the majority of the electron
nergy range, but that the energy range o v er which diffusion is the
ost rapid process, and thus there is significant escape into the

alo, expands for galaxies closer to the star-forming main sequence
c.f. Fig. 5 ). For all systems, CR electron losses at low energies are
ominantly by ionization and Coulomb interactions in the disc and
alo, respectively, and scale approximately as τion ∝ R 

2 
e Ṁ 

−1 . 6 
∗ M ∗E e 

this scaling follows simply from the functional dependence of
 H on R e , Ṁ ∗, and M ∗ through the scaling relations in Section 2.1 ,
NRAS 523, 2608–2629 (2023) 
nd the very weak dependence of the ionization loss rate on CR
lectron energy (c.f. equation 27 ). At intermediate energies, ∼0.1 to
10 GeV, bremsstrahlung losses, for which our adopted empirical

caling relations imply a loss time that scales as τbs ∝ R 

2 
e Ṁ 

−1 . 6 
∗ M ∗,

onstitute a significant but subdominant loss channel in essentially
ll galaxies. 

At still higher energies, � 10 GeV, synchrotron losses compete with
nverse-Compton losses. Again making use of the scaling relations
erived in Sections 2.1 and 2.2 , the loss times for these two scale,
espectively, as τsync ∝ R 

2 
e Ṁ 

−2 
∗ M ∗E 

−1 
e and τiC ∝ R 

3 
e Ṁ 

−1 . 7 
∗ M 

0 . 5 
∗ E 

−1 
e 

in the Thomson regime) which together imply a weak increase in the
atio of synchrotron to inverse-Compton losses ( ∝ R e Ṁ 

0 . 3 
∗ M 

−0 . 5 
∗ ) as

he SFR increases and the stellar mass decreases. Synchrotron losses
ecome clearly dominant once inverse-Compton is suppressed in
he Klein–Nishina regime. In Fig. 8 , this effect manifests as the
urvature in τ iC at large energies. We note that this effect would
ot be captured in earlier attempts to model galactic non-thermal
pectra that do not properly include the frequency-dependence of the
adiation field and its variation with galactic properties—note e.g.
hat the energy at which Klein–Nishina effects become apparent in
ig. 8 is much lower in low-sSFR galaxies such as SMC or M33 than
igh-sSFR galaxies such as NGC 253 or NGC 2164, simply because
he photon field in the starburst systems is dominated by lower
nergy IR photons while that in the weakly star-forming galaxies
s dominated by the harder starlight radiation field. Despite this,
he Klein–Nishina effect is most important for starburst systems,
here the magnetic field amplitudes are larger (and thus synchrotron

osses are more important in general), and where the high calorimetry
raction for protons provides a significant population of very high-
nergy secondary electrons that, thanks to the Klein–Nishina effect,
eposit almost all of their energy into the synchrotron rather than
nverse-Compton loss channel. 

Finally, dif fusi ve escape of CR electrons into the halo is significant
f the galactic SFR is low enough, with the highest escape rates occur-
ing at intermediate energies where the loss times for synchrotron and
nverse-Compton (dominant at high energy) and ionization (domi-
ant at low energy) are not too short. As a result, the halo population
f CR electrons is largely truncated to below TeV energies (Fig. 7 )
ith the exception of the very lowest luminosity systems where
if fusi ve escape from the disc at high energies is still possible due to
he suppression of all other loss channels. Once in the halo, electrons
ecome fully calorimetric in all galaxies, depositing their remaining
nergy into the synchrotron or inverse-Compton channels. We plot
he non-thermal spectra that CONGRUENTS predicts for our sample
alaxies in Fig. 9 . The figures show that the models provide a good fit
o the observed data at both radio and at γ -ray energies; the models
enerally match the data at the tens of per cent level. 4 While highly
ailored models can achieve better agreement, here we remind readers
hat we achieve this level of agreement without using any input data
ther than these galaxies’ SFRs, stellar masses, and size, and without
aving any tuneable free parameters that we can vary from one galaxy
o another. A single model fits all the galaxies shown in Fig. 9 
imultaneously. 
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Figure 6. Model radiation fields for galaxies as determined using the method described in Section 2.3 . The black line shows the total ISRF, while red through 
blue lines show the individual components that make it up; these are, from left to the right, the cosmic microwave background (CMB), the dust-reprocessed 
radiation field, the 3000, 4000, and 7500 K blackbody starlight components, and the far -ultra violet (FUV) component. For each galaxy we indicate the sSFR in 
units of yr −1 . The high-energy cutoff of the ultraviolet (UV) component corresponds to the 13.6 eV ionization threshold of hydrogen, whereas the low-energy 
cutoff is not physical but a result of the truncated parametrization of the UV spectrum. 
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.2 Problem galaxies 

e next discuss the three cases—Arp 220, the LMC, and M31—
here naive application of CONGRUENTS yields results that do not 
atch the observed spectrum well. In these cases we are able to

dentify a plausible physical origin for the discrepancy, and correct 
or them for Arp 220 and the LMC; we show the ISRFs, steady-state
R spectra, loss times, and non-thermal emission we infer for these 
alaxies before and after making these corrections in Figs 10 , 11 , 12 ,
nd 13 , respectively. 

.2.1 Arp 220 

aive application of CONGRUENTS to Arp 220 yields a predicted 
pectrum that is a factor of ∼5–10 too bright in the radio, as we
llustrate in the left-hand column in Fig. 13 . The reason the model
ails is simple: Star formation in Arp 220 is concentrated in a heavily
ust-enshrouded nuclear starburst. By default CONGRUENTS employs 
he optical half-light radius in determining characteristic values for 
he various local ISM parameters, but for Arp 220 the optical radius
s more reflective of the distribution of the old stellar population
han the size of the nuclear starburst, which is essentially invisible at
ptical wavelengths due to its e xtreme e xtinction. We can impro v e
he fit dramatically simply by replacing R e in our model with the
pproximate size of the starburst region as determined from radio 
bservations, R radio = 200 pc; while more detailed observations 
see e.g. Barcos-Mu ̃ noz et al. 2015 ; Scoville et al. 2017 ) have
esolved the two nuclei at the centre of Arp 220, we adopt our
alue to approximately enclose the entire starburst region which 
as previously been measured by Scoville et al. ( 1991 ). Further
iscussion of the internal structure of Arp 220 and its consequences
or the observed emission can be found in Torres ( 2004 ), Lacki &
hompson ( 2013 ), Yoast-Hull et al. ( 2017 ), and Yoast-Hull & Murray
 2019 ). 

We show the revised prediction we generate from this change in
he right-hand column in Fig. 13 , which agrees much better with
MNRAS 523, 2608–2629 (2023) 
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Figure 7. Steady-state CR spectra computed by CONGRUENTS for galaxies across a range of sSFR. Blue lines show the CR proton spectrum in the disc, solid 
and dashed orange lines show primary and secondary electrons in the disc, and solid and dashed green lines show primary and secondary electrons in the halo. 
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he observations. The primary difference is a significantly greater
ree–free opacity that extends to higher energies and suppresses the
ynchrotron emission. We also show the changes in the shape of the
SRF, predicted CR spectra, and calculated loss times in Figs 10 , 11 ,
nd 12 , respectively. These figures show that, as one might expect,
educing the radius has the effect of making the ISRF much more
ntense and also increasing the density and magnetic field strength,
ramatically reducing the loss times and therefore suppressing the
teady-state CR spectrum considerably. Ho we ver, these ef fects are
ess important for the final emitted non-thermal spectrum than the
hange in free–free opacity, simply because Arp 220 is so dense
hat even using an incorrectly large radius yields essentially full
alorimetry for both protons and electrons. 

This result points to one potential failure mode of our model: It
an make poor predictions for galaxies where the ef fecti ve radius is
ot representative of the true radial extent over which star formation
ccurs and thus CRs are injected. Such galaxies likely require an
lternative estimate of the radius. While this is a potential concern for
any nuclear starbursts, the fact that our model does well with NGC

146, M82, and NGC 253 suggests that the problem is moderate,
nd that there should be no major problems in applying our model
o optical data for main-sequence galaxies at z � 1, which tend
o have SFRs and dust extinctions more similar to those of NGC
146, M82, and NGC 253 than to Arp 220. Ho we ver, this result does
NRAS 523, 2608–2629 (2023) 

e  
lso suggest that, for galaxies where wavelengths other than optical
rovide more reliable estimates of the size of the star-forming area,
nd those multiwavelength data are available, it is preferable to use
hem for safety. 

.2.2 The LMC 

aively applying CONGRUENTS to the LMC overpredicts the
bserved γ -ray emission by an order of magnitude, as shown in
ig. 13 (left-hand panel). This is a problem also seen in sophisticated
agnetohydrodynamic (MHD) simulations (Bustard et al. 2020 ),

ssuming currently observed rates of star formation. Fundamentally,
he problem is that the proton calorimetry fraction that our model
erives, consistent with the results of most MHD simulations, is
10 per cent , whereas the observed ratio of γ -ray luminosity to SFR

n the LMC suggests a figure closer to ∼1 per cent (e.g. Crocker,
rumholz & Thompson 2021 ). Even this may be an o v erestimate:
he observed LMC γ -ray spectrum has a characteristic bump around
 GeV that does not look like a classical pion spectrum (for plausible
R spectral index), but instead looks suspiciously like the spectrum
ssociated with prompt millisecond pulsar emission (Crocker et al.
022 ). Consistent with the latter scenario, the dominant γ -ray
omponent appears to be mostly coming from an extended source,
ather than confined to regions of active star formation (Ackermann
t al. 2016 ). If the observ ed γ -rays are largely driv en by millisecond
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Figure 8. Density-normalized inverse-CR electron loss times for the disc and halo, ( n H τloss ) −1 . We plot the inverse-loss time so that the most important 
processes appear at the top of each panel, and we normalize by mid-plane density so that we can compare galaxies with widely different densities on the same 
scale. Colours indicate the loss process; note that ‘ionization’ is shorthand for ionization losses in the disc, and Coulomb losses in the halo. The sharp transition 
to a constant loss time with increasing energy for diffusion for some galaxies is an artefact of the model, and corresponds to the transition where streaming 
becomes limited by the speed of light. Physically this transition can be expected to be smooth, the details of which have not been modelled. 
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ulsars and not CRs, then the CR contribution and the calorimetry 
evel must be even smaller. 

We can get an impro v ed match between our CONGRUENTS MODEL

nd the observed LMC spectrum if we arbitrarily lower the proton 
alorimetry fraction to 1 per cent. We show the result of doing so
s the ‘corrected’ model in the right-hand panel of Fig. 13 . One
ossible physical explanation for why reduced calorimetry might 
e justified is that Harris & Zaritsky ( 2009 ) find that the star-
orming regions 30 Dor, Constellation III and the north-west void, 
ombined, make up approximately 45 per cent of the current SFR
f the entire LMC, and that these comple x es are quite young,
mplying that the LMC’s SFR has increased substantially in the 
MNRAS 523, 2608–2629 (2023) 
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Figure 9. Non-thermal galaxy spectra computed using the described model for nearby γ -ray and radio observed galaxies. The greyed out area is dominated 
by thermal emission not modelled here. Radio data are taken from the NASA/IPAC Extragalactic Database, γ -ray data from Ajello et al. ( 2020 ), Fermi 4FGL 

DR3 catalogue from Abdollahi et al. ( 2022 ), VERITAS data for M82 from VERITAS Collaboration et al. ( 2009 ), and HESS data for NGC 253 from H. E. S. S. 
Collaboration et al. ( 2018 ). 
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ast ≈50 Myr. Since core collapse SNe occur only ≈3–40 Myr
fter star formation, with half delayed by ≈20 Myr or more (e.g.
atzner 2002 ), the CR population in the LMC might not yet have

eached the equilibrium value implied by its present-day SFR. More
enerally, non-equilibrium CR populations may be a significant
ffect in other low-luminosity systems where the o v erall low rate
f star formation implies that stochastic fluctuations in the massive
tar population are non-negligible (da Silva, Fumagalli & Krumholz
014 ). Such systems may spend significant portions of their lives with
R populations that are out of equilibrium with their instantaneous
FRs. 

.2.3 M31 

ur result for Andromeda significantly underpredicts the observed
adio emission from the galaxy, and also misses a bump in γ -ray
mission at ≈1 GeV. There are a number of reasons why this might
e the case. Andromeda features a massive, old stellar bulge that
s not forming stars; star formation is confined to an annulus at a
alactocentric radius of around 10 kpc. As discussed previously, our
NRAS 523, 2608–2629 (2023) 
odel estimates the ISRF from the stellar mass and radius, and in
he case of M31, where most star formation is far from the galactic
entre, this assumption likely leads us to significantly o v erestimate
he strength of the ISRF in the location where star formation is
ctually occurring. Conversely, due to significant diffusion from
heir sources of acceleration, energy losses by CR electrons are not
onfined to the star-forming ring but instead occur throughout the disc
nd halo of M31. Our modelled magnetic field strength of a few μG
or the star-forming region is in good agreement with that measured
here, but measurements of the magnetic field strength in the inner
isc suggest values a factor of several higher (Hoernes, Beck &
erkhuijsen 1998 ; Gießübel & Beck 2014 ; McDaniel, Jeltema &
rofumo 2019 ). Both errors would lead us to o v erestimate inv erse-
ompton losses and underestimate synchrotron ones. Thus M31
ay be a case similar to Arp 220, where our model o v ersimplifies

ecause it characterizes the size of the star-forming disc by a single
umber. 
Ho we ver, a second possibility is that the emission from M31 is

ot driven by star formation at all (or at least not by recent star
ormation). M31 is likely home to a significant MSP population
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Figure 10. Same as Fig. 6 , but for the three galaxies (Arp 220, LMC, and M31) that require corrections. The panel for Arp 220 ∗ shows the shape of the 
spectrum after correcting the radius, while the left-hand panel shows the results before correction—see Section 5.2.1 for details. 

Figure 11. Same as Fig. 7 , but for the three galaxies (Arp 220, LMC, and M31) that require corrections. The panel for Arp 220 ∗ shows the shape of the spectra 
after correcting the radius, while the left-hand panel shows the results before correction, see Section 5.2 . 
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Ackermann et al. 2017 ; Eckner et al. 2018 ; Crocker et al. 2022 ), as
he characteristic ∼GeV bump in the γ -ray spectrum would suggest, 
nd its galactic centre features a bright source of radio emission
hat is not associated with star formation, e.g. see the radio maps
n fig. 2 of Tabatabaei et al. ( 2013 ). This would suggest that a
ignificant fraction of the radio emission in M31 is not star formation
elated but comes from a different source at M31’s galactic centre
MNRAS 523, 2608–2629 (2023) 
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Figure 12. Same as Fig. 8 , but for the three galaxies (Arp 220, LMC, and M31) that require corrections. The top-left and right-hand panels show the loss times 
for Arp 220 before and after applying the corrections detailed in Section 5.2 , respectively. 
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 SUMMARY  A N D  C O N C L U S I O N S  

e introduce CONGRUENTS , a predictive model for non-thermal
mission from star-forming galaxies that relies only on three easily
easurable parameters—the stellar mass, SFR, an ef fecti ve radius—

nd yields good predictions for the spectra of non-thermal emission
roduced by CR electrons and protons. Our calculations are based
n a physically moti v ated model for CR proton transport, and for CR
lectrons include a full solution to the kinetic equation that properly
ccounts for catastrophic loss processes. Our treatment of the galactic
nvironment, particularly the magnetic field and ISRF, is significantly
ore realistic than past models, and enables us to properly account

or effects like the correlation between magnetic field strength and
FR, and the shift from optical-dominated radiation fields in low-
urface density galaxies to IR-dominated ones in dense galaxies. 

We compare our model to γ -ray and radio observations for a
ange of local galaxies that sit below, on, and abo v e the star-forming
NRAS 523, 2608–2629 (2023) 
ain sequence. We show that for the majority of these galaxies the
ONGRUENTS prediction matches the data to within tens of per cent,
ith no inputs other than the three measured parameters listed abo v e,

nd no parameters that can be tuned differently from one galaxy to
nother. 

Of the three galaxies where agreement is poorer, we find that the
isagreement for two of them can be resolved by simple tweaks—
n the case of Arp 220, using a radius taken from radio rather
han optical measurements (which are unreliable due to extreme
xtinction) and, in the case of the LMC, recognizing that the recent
ptick in the SFR implies a CR population that has not reached
he equilibrium that our model assumes. For the remaining and

ost recalcitrant case, M31, the ring-like morphology of the star
ormation, together with substantial non-thermal emission from its
arge bulge—which does not correlate with star formation—largely
efeats our simple assumptions. The silver lining here is that M31
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Figure 13. Same as Fig. 9 , but for the three galaxies (Arp 220, LMC, and M31) that require corrections. The left-hand column shows our predicted non-thermal 
spectra before applying the corrections detailed in Section 5.2 , and the right-hand column shows the results after making corrections. VERITAS data for Arp 
220 are taken from Fleischhack & VERITAS Collaboration ( 2015 ). 
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resents a case where the failure of our model can be used to identify
 situation where, apparently, agents other than star formation are 
ontributing substantially to the galaxy’s non-thermal emission. 
illisecond pulsars are a natural candidate here (cf., Ackermann 

t al. 2017 ; Eckner et al. 2018 ; Sudoh, Linden & Beacom 2021 ;
rocker et al. 2022 ; Gautam et al. 2022 ), an idea that we intend to

nvestigate further in future work. 
More broadly, our ability to reproduce observations across a wide 

ange of environments suggests that CON GRuEN T S is a valuable 
ool for making ‘first look’ predictions of galaxies’ non-thermal 
mission, which can be made without the need for an e xtensiv e suite
f observational inputs or an e xpensiv e campaign of simulations or
bservations. 
Our models also provide new insight into the nature of CR electron

mission in the galaxies we study. We find that all the systems under
onsideration are CR electron calorimeters, but the loss processes 
hat dominate depend on the electron energy range. Loss processes 
n the intermediate energy range (0.1 GeV � E e � 10 GeV) depend
ensitively on the ISM environment, and are different in galaxies with 
ifferent properties, whereas ionization losses generally dominate 
t low energy and synchrotron and inverse-Compton emission at 
igh energy, in a ratio that also depends on galactic environment.
t the highest energies, � 1–10 TeV depending on the galaxy,

ynchrotron emission al w ays dominates because inverse-Compton 
osses are suppressed by the Klein–Nishina effect. We also find that,
or systems with high SFRs and associated high proton calorimetry 
ractions, secondary CR electrons can contribute up to half of the
otal observed emission, particularly at high energies. 

In a forthcoming series of papers (Roth et al., in preparation)
e intend to apply CONGRUENTS to a large sample of galaxies
rawn from optical surveys, in order to understand the origins of
mpirical relations such as the FIR–radio and FIR–γ correlations, 
redict observable extragalactic neutrino emission, and examine the 
arge-scale structure of the non-thermal sky. 
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otal spectrum we predict for the set of galaxies shown in Fig. 9 for
hese alternative values of f st . From the results we can see that while
he change in the radio emission is slight, the γ -ray spectra either
 v erproduce the observed emission for f st = 0.5 in some galaxies,
nd underpredict in some cases where f st = 2 or 4. We can understand
his as follows: By increasing V st , we reduce the residence time of
Rs within the disc; hence, we observe significantly lower emission

rom both CR protons and leptons. For the leptons, ho we ver, this is
artially compensated: increased escape into the halo for CR leptons
eads to more halo synchrotron emission. Ho we ver, because the ratio
f magnetic to radiation energy density is lower in the halo than in
he disc, the compensation is only partial, and more lepton energy
oes into inverse-Compton losses. This leads to the slight uptick of
he inverse-Compton spectrum at lower energies that we observe at
igher f st . 

PPENDIX  B:  N U M E R I C A L  M E T H O D  F O R  T H E  

L E C T RO N  KINETIC  EQUATION  

ere, we describe our method for solving equation ( 22 ). We begin
y making a change of variable from E to ln E , since, given the wide
ange of energies, it is more natural to solve for the spectrum per unit
og energy rather than per unit energy, and we transform the problem
o be conserv ati ve in energy. We therefore define αe = d N e /dln E =
q e , and multiply equation ( 22 ) by E 

2 , one factor of E for the change
f variable and one for the energy conserving scheme. After applying
he chain rule to the first term, this yields 

 = − ∂ 

∂ ln E 

(
Ė αe 

) + Ė αe − DE 

h 

2 
g 

αe + QE 

2 

− E αe 

∫ ln E 

ln m e c 2 

d  

d ln k 
( E ) d ln k 

+ E 

∫ ∞ 

ln E 
αe ( k ) 

d  

d ln E 

( k ) d ln k. (B1) 

The next step is to discretize using a conserv ati ve finite volume
ethod. Consider a set of N energy bins, where E i − 1/2 and E i + 1/2 

epresent the lower and upper limits of energy bin i for i = 1. . . N , and
he bins are uniformly spaced in logarithm, i.e. ln ( E i + 1/2 / E i − 1/2 ) =
 ln E is the same for all i . For all computations shown in this work
e use N = 500. We now average both sides of equation ( B1 ) o v er

n E from ln E i − 1/2 to ln E i + 1/2 , giving 

 = − 1 

� ln E 

[ (
Ė αe 

)
i+ 1 / 2 

− (
Ė αe 

)
i−1 / 2 

] 
+ 

〈
Ė αe 

〉
i 
− 〈 DEαe 〉 i 

h 

2 
g 

+ 

〈
QE 

2 
〉

i 

−
〈

E αe 

∫ ln E 

ln m e c 2 

d  

d ln k 
( E ) d ln k 

〉
i 

+ 

〈
E 

∫ ∞ 

ln E 
αe ( k ) 

d  

d ln E 

( k ) d ln k 

〉
i 

, (B2) 

here for any quantity X we define 

 X〉 i ≡ 1 

� ln E 

∫ ln E i+ 1 / 2 

ln E i−1 / 2 

X d ln E, (B3) 

nd for the first two terms in equation ( B2 ) the subscripts i ± 1/2
ndicate that the quantity in parentheses is to be e v aluated at energy
 i ± 1/2 . 
To produce a second-order accurate scheme, we approximate αe 

ithin each energy bin by a piecewise-linear function, whereby we
NRAS 523, 2608–2629 (2023) 
pproximate αe (ln E ) for ln E i − 1/2 < ln E < ln E i + 1/2 by 

e = αi + m i ( ln E − ln E i ) , (B4) 

here for brevity we define αi ≡ 〈 α〉 i as the mean particle number in
ach bin, ln E i = (ln E i − 1/2 + ln E i + 1/2 )/2 as the bin central energy,
nd 

 i = 

⎧ ⎨ 

⎩ 

( α2 − α1 ) /� ln E, i = 1 
( αi+ 1 − αi−1 ) / 2 � ln E, i = 2 . . . N − 1 
( αN − αN−1 ) /� ln E, i = N 

(B5) 

s the slope within each bin. Note that this approximation is particle
umber conserving within each bin, since 〈 m i (ln E − − − ln E i ) 〉 i =
 by construction; also note that we can produce a simpler, first-order
ccurate scheme simply by setting m i = 0 for all i . 

Using this linear approximation, we can e v aluate all the terms
hat appear in equation ( B2 ). Starting with the first term in square
rackets, we note that our linear approximation does not guarantee
ontinuity at bin edges, but since Ė is al w ays ne gativ e, the upwind
irection at edge i + 1/2 is al w ays i + 1. Thus, we discretize this
erm as 

− 1 

� ln E 

[ (
Ė αe 

)
i+ 1 / 2 

− (
Ė αe 

)
i−1 / 2 

] 
= 

−Ė i+ 1 / 2 

( αi+ 1 

� ln E 

+ 

m i+ 1 

2 

)
+ Ė i−1 / 2 

( αi 

� ln E 

+ 

m i 

2 

)
. (B6) 

he diffusion term discretizes trivially to 

〈 DEαe 〉 i 
h 

2 
g 

= αi 

〈 DE〉 i 
h 

2 
g 

+ m i 

〈 DE〉 ′ i 
h 

2 
g 

� ln E, (B7) 

here for any quantity X we define 

 X〉 ′ i ≡
〈

X 

(
ln E − ln E i 

� ln E 

)〉
i 

. (B8) 

To discretize the final two terms in equation ( B2 ), representing the
ate at which catastrophic collisions remo v e energy from and add
nergy to each bin, respectively, it is helpful to break up the integrals
 v er k into ranges corresponding to different energy bins. That is, we
ewrite these terms as 〈

E αe 

∫ ln E 

ln m e c 2 

d  

d ln k 
( E ) d ln k 

〉
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(B9) 

nd 〈
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〉
i 

= 

〈
E 

∫ ln E i+ 1 / 2 

ln E 
αe ( k ) 

d  

d ln E 

( k ) d ln k 

+ E 

N ∑ 

j= i+ 1 

∫ ln E j+ 1 / 2 

ln E j−1 / 2 

αe ( k ) 
d  

d ln E 

( k ) d ln k 

〉 
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. (B10) 

ote that, in writing out the final equation, we assume that αe 

s negligibly small for energies k > E N + 1/2 , i.e. the number of
lectrons at energies abo v e the maximum energy in our grid can
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e approximated as zero. Substituting our piecewise-linear form into 
he terms gives 〈

−E αe ( E ) 
∫ ln E 

ln m e c 2 
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d ln k 
( E ) d ln k (B11)
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(B13) 

 E〉 i→ i ≡
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[ ∫ ln E 

ln E i−1 / 2 

d  

d ln k 
( E) d ln k −

∫ ln E i+ 1 / 2 

ln E 
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d ln k 
( k) d ln k 

]〉
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, (B14) 

nd similarly for 〈 E 〉 ′ . The physical meaning of these terms is
imple: 〈 E 〉 i → 0 is the rate at which catastrophic collisions mo v e
nergy from bin i to energies below E −1/2 , the lowest energy we
ollow . Similarly , 〈 E 〉 i → j for j �= i and j �= 0 is the rate at which
atastrophic transitions mo v e energy from bin i to bin j , assuming
hat αe is constant across bin i , while 〈 E 〉 i → i is the rate at which
atastrophic collisions remo v e energy from bin i in collisions where
he energy lost per encounter is not large enough to cause electrons
o mo v e to a lower energy bin. All of these terms are computed under
he assumption that αe is constant across the bin, while the terms
 E 〉 ′ represent a first-order correction to this assumption. 

Collecting the various terms, our final discretized equation be- 
omes 

 = −Ė i+ 1 / 2 

( αi+ 1 

� ln E 

+ 

m i+ 1 

2 

)
+ Ė i−1 / 2 

( αi 

� ln E 

+ 

m i 

2 

)
+ αi 〈 ̇E 〉 i + m i 〈 ̇E 〉 ′ i � ln E − αi 

〈 DE〉 i 
h 

2 
g 

− m i 

〈 DE〉 ′ i 
h 

2 
g 

� ln E 

+ 〈 QE 

2 〉 i − αi 

⎡ 

⎣ 〈 E〉 i→ 0 + 

i ∑ 

j= 1 

〈 E〉 i→ j 

⎤ 

⎦ 

+ 

N ∑ 

j= i+ 1 

αj 〈 〉 j→ i 

− � ln E 

⎡ 

⎣ m i 

⎛ 

⎝ 〈 E〉 ′ i→ 0 + 

i ∑ 

j= 1 

〈 E〉 ′ i→ j 

⎞ 

⎠ 

−
N ∑ 

j= i+ 1 

m j 〈 E〉 ′ j→ i 

⎤ 

⎦ . (B15) 

his constitutes a linear system of equations for the αi , and thus the
roblem can be posed as a matrix equation 

 α = S , (B16) 
2023 The Author(s) 
ublished by Oxford University Press on behalf of Royal Astronomical Society 
here α is an ( N + 2)-element vector of αj values ( N real elements
lus two ghost elements to enforce the boundary conditions on the
lope m ), S is a vector of N + 2 source terms with elements S i =
〈 QE 

2 〉 i for i = 1. . . N and S 0 = S N + 1 = 0, and M is an ( N + 2) ×
 N + 2) matrix where for i = 1. . . N the entries are 

 ij = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

0 , i > j + 1 

− Ė i−1 / 2 

4 � ln E + 

〈 DE〉 ′ 
i 

2 h 2 g 
− 〈 ̇E 〉 ′ 

i 

2 

+ 

〈  E〉 ′ 
i→ 0 + 

∑ i 
k= 1 〈  E〉 ′ 

i→ k 

2 , i = j + 1 

Ė i−1 / 2 

� ln E + 

Ė i+ 1 / 2 
4 � ln E − 〈 DE〉 i 

h 2 g 
+ 〈 ̇E 〉 i 

− 〈 E〉 ′ 
i+ 1 → i 

2 − 〈 E〉 i→ 0 

− ∑ i 

k= 1 〈 E〉 i→ k , i = j 

− Ė i+ 1 / 2 
� ln E + 

Ė i−1 / 2 

4 � ln E −
〈 DE〉 ′ 

i 

2 h 2 g 
+ 

〈 ̇E 〉 ′ 
i 

2 

+ 〈 E〉 i+ 1 → i − 〈  E〉 ′ 
i→ 0 + 

∑ i 
k= 1 〈  E〉 ′ 

i→ k 

2 

− 〈 E〉 ′ 
i+ 2 → i 

2 , i = j − 1 

− Ė i+ 1 / 2 
4 � ln E + 〈 E〉 i+ 2 → i 

+ 

〈 E〉 ′ 
i+ 1 → i 

2 − 〈 E〉 ′ 
i+ 3 → i 

2 , i = j − 2 

〈 E〉 j→ i + 

〈 E〉 ′ 
j−1 → i 

2 − 〈 E〉 ′ 
j+ 1 → i 

2 , i < j − 2 

(B17) 

ith the convention that the 〈 E 〉 i → j and 〈 E〉 ′ i→ j symbols are
ero for i or j outside the range 1. . . N . The boundary values, which
nforce the correct values of m 1 and m N (c.f. equation B5 ), are M 00 =
 N + 1, N + 1 = 1, M 01 = M N + 1, N = −2, M 02 = M N + 1, N − 1 = 1, and
 0 i = M N + 1, j = 0 for i > 2 and j < N − 1. The equi v alent matrix

or a first-order accurate scheme, with all slopes m i set to zero, is 

 ij = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

0 , i > j 

( ̇E ) i−1 / 2 

� ln E − 〈 D〉 i 
h 2 g 

+ 〈 〉 i→ 0 

−∑ i 

k= 1 〈 E〉 i→ k , i = j 

− ( ̇E ) i+ 1 / 2 
� ln E + 〈 E〉 i+ 1 → i , i = j − 1 

〈 E〉 j→ i , i < j − 1 

(B18) 

or a first-order scheme we do not require the boundary conditions,
nd thus α, Q , and M are N - rather than ( N + 2)-elements in size. 

The coefficients of the linear system depend on the various terms
n angle brackets, which depend on the properties of the galaxy (e.g.
umber density, radiation field, etc.). Ho we ver, since this dependence 
s linear for all the 〈 E 〉 terms, only the averages 〈 DE 〉 i , 〈 DE〉 ′ i ,
nd 〈 QE 

2 〉 i (which depend on the shape of the proton spectrum)
eed to be e v aluated separately for each galaxy. The integrals for
ll the 〈 E 〉 terms can simply be e v aluated once for fixed values of
umber density, magnetic energy density, radiation field, etc., and 
hen rescaled to the properties of an individual galaxy. For each
alaxy we do so to fill in the entries in M and S , then solve for α
sing a standard LU decomposition method. 
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