Emission and Absorption

1 Motivation - the Quasar 3C 273

A MERLIN radio image of
the quasar 3C 273.

his showsthe point source at
the nucleus and the | et.
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HST optical image of
3C273

Note the very strong cen-
tral point source and the
less luminous jet.

Objects such as 3C2/73
radiate as much energy
from a region the size of
the solar system as the
entire galaxy.
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Set of 3 Images of the jet
of 3C273.

Left: HST

Middle: Chandra X-ray
Right: Merlinradio
Credits.

Optical: NASA/ST
X-ray: NASA/CXC
Radio: MERLIN
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2 Radio-loud and radio quiet
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3 Absorption in general

For every emission process, there is an absorption process, wherein
an electromagnetic wave can affect the energy of particles thereby
losing energy itself. We have dealt with the emission of synchrotron
radiation in some detail. The corresponding process of synchrotron
self-absorption whereby synchrotron emitting particles can absorb
the radiation they emit Is an important process in very compact
sources. If 1t Is present, it can be used to estimate the magnetic field
IN a source.

There are two ways of calculating the absorption coefficient.

1. Calculate the dielectric tensor of the plasma and then use this ten-
sor to calculate the effect on an el ectromagnetic wave. This method
IS valuable when more information is required such as when treat-
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Ing the radiative transfer of polarised radiation.

2. Use aremarkable set of generic relations discovered by Einstein
In order to relate absorption to emission for any process. This
method leads quickly to an expression for the absorption coeffi-
cient and we shall use it here sinceit is of general interest.

4 Radiative transfer in a thermal gas

This section isimportant as aprelude to the treatment of the Einstain
coefficients and Is also important for our discussion of the emission
from accretion disks.

High Energy Astrophysics: Emission and Absorption 7/114



4.1 The source function
Consider the radiative transfer equation:

v .
ds Jy = oyly
Divide through by a,,
1 dl, _ _j_‘i_|
a,ds a, V
dl
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where

_jV
e

V
1S the sour ce function.

4.2 Thermodynamic equilibrium
Now consider the situation where the matter and radiation are in
thermodynamic equilibrium.
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In this case we know that the equilibrium ra-

. " diation field is described by the Planck func-
e tion, viz.
. . o3 T
) . — _ 2NV7) kT
° ° . IV — BV(T) = ? e -1

Matter and radiation - -
IN an enclosure.

dl

Since d—;’ = 0 inside the enclosure, the source function is given by
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The surface brightness (specific intensity) of a black body is given
by B,),.

4.3 Kirchhoff’s law

In athermal plasmainwhich the matter isinthermal equilibrium, but
not necessarily with the radiation, the coefficients of emission and
absorption are functions of the temperature only so that the source
function is given by

S = By(T)
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This holds irrespective of whether the matter and radiation are Iin

thermal equilibrium or not. This then relates absorption to emission
via

-
a. = [B,(T)]Le, = ——|ekT —1]e
V [ v( )] V 2hv3_ ) V

Thisrelationship is known as Kirchhoff’s law.

For athermal plasma, in which the matter isin thermal equilibrium,

Kirchhoff’s law Is sufficient to characterise the source function and

the absorption. There are two important cases where Kirchhoff’slaw

IS insufficient:

1. The plasmaisthermal but the levels of the various atoms are not
in thermal equilibrium.
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2.The plasmais nonthermal, i.e. no component of it Is described In
terms of a single temperature.

In both of these cases, one is required to go one step beyond Kirch-
hoff’s law to the Einstein relations.

5 Properties of blackbody radiation

5.1 Energy density
Recall the expression for the energy density per unit frequency
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The total energy density is.

. © 41T 0
€ = Io u,av = ?Io B, (T)dv
_ 81th » v
— 3 IO - 1 av
[expDktD— ]

8Tk?T? o (hv/kt)® v

n3c3 10T g CkiC
[exp Dk_tD — 1:|
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Theintegral is ¢/ 15 so that
8k 4

g = = aT?
rad 15h3(:3
. - 8K*
15h3¢3

Thisis known as Stefan’s Law.

5.2 Flux from the surface of a black body

The total (frequency integrated) flux Is given by:

C 4T[V

00 acC
F = [ TB,(T)dv = 2 x [ B (T)dv = Z°T4 = oT*

A
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where o = 349 1S the Stefan-Boltzmann constant.

Tt Tt :
F, :I(z) d(pIO B, (T)cosBsinBdd = mB, (T)
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6 The Einstein relations

6.1 Definition of the Einstein coefficients

Theserelations are arrived at in asimilar manner to Kirchhoff’ s law
via the inclusion of a new process — stimulated emission. Einstein
found It necessary to include stimulated emission in the analysis of
radiation processes. Neglecting it led to Inconsistencies.

2 Energy = E,
Spontaneous] Stimulated Absor ption
emission emission

1 Energy = E,

Processesin a 2-level atom
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The above diagram refers to a 2-level atom with energy levels E,

and E2.1 Emission corresponds to a transition of an electron from
level 2tolevel 1, with the emission of aphoton with frequency given
by

hv,, = E;,—E4
where h Is Planck’s constant. The transition is not exactly sharp as
Indicated. Absorption isthe reverse process, whereby a photon with

energy = E,—E, causesatransitionfromlevel 2tolevel 1. Ingen-

eral the emitted and absorbed radiation is described by aprofilefunc-
tion @(v) sharply peaked on v = v,,. This function expresses the

fact that In emission there Is a range of photon energies resulting

1.Generalisation to a multilevel atom istrivial since we consider levelsin pairs.
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from the transition. In absorption, photons with afreguency dightly
different from v,,, aso cause atransition. We assume that ¢( v) for

emission and absorption are equal. This Is an adeguate assumption
for the present purposes.

The description of the various termsis as follows:
Spontaneous emission

This is the emission that occurs in the absence of a radiation field.
Thisiswhat we calculate from the Quantum Mechanics of the atom
IN question or in the case of continuum radiation, thisiswhat we cal-
culate from the application of electromagnetic theory.
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L et the probability that an atom makes a spontaneous transition from
level 2 to 1 in time dt, emitting a photon within solid angle dQ be
given by A,,dQdt. Another way of saying thisisthat the probabil-

Ity per unittimeis A,,dQ.

Now let N, be the number of atoms per unit volume in level 2. The
contribution to the emissivity from spontaneous emission IS then

jSPont = N,hv,,, o VA,
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Stimulated emission

This Is another component of the emission which occurs as a result
of the radiation field. The presence of a photon field stimulates the
production of additional photons. The stimulated photons have the
same direction and polarisation as the original photons.

Let B,,1,,dQdt bethe probability of stimulated emission intime dt

Into solid angle dQ and let the number of atoms per unit volume in
level 2 be N,,. The contribution to the emissivity from stimulated

emission is then

Js“m = Nyhv, 9(V)B,, 1,

Note that the stimulated photons are emitted in the same direction as
the incident photons and with the same polarisation.
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Absorption

Absorption occurs when a photon interacts with the atom and causes
atransition from level 1tolevel 2. Let B,,1, dQdt be the probabil-

Ity that an atom absorbs a photon from solid angle dQ in time dt.
Then the absorption is given by

a,ly, = NyBishvo, @ v)IV.

The coefficients A21, 821 and B12 are the Einstain coefficients.
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Differences In notation and approach.

The Einstein coefficients are sometimes described in terms of the
mean intensity. Thisis valid when the emissivity Is isotropic. They
are also sometimes defined in terms of the photon energy density in
which case there is afactor of 41/ ¢ difference in the definition.

In many treatments of the Einstein relations (including the original
paper), it Is assumed, either implicitly or explicitly, that the profile
function, @( v) i1sadeltafunction.
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6.2 The radiative transfer equation in terms of the Ein-
stein coefficients

Taking into account spontaneous and stimulated emissivity, thetotal
emissivity Is

jv = N2hv21cp(v)A + N hv21cp(v)B21 v

Hence the radiative transfer equation is.
dl

\V .
ds Jy = oyly

APUIPRO v)A

+ N hv21cp(v)B N, 12h\)21cp(v)l

21V
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Nett absorption

The stimulated emission term has the same form as the absorption
term and we therefore incorporate it into the absorption term as a

negative absorption, giving:
dl

V. _
g5 - NoVo  @(V)A, —[NB1p = NyBy [hvy ()1,

so that the absorption coefficient

a, = [NyB15=N5By1hvy9(V)
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6.3 Derivation of the Einsteln relations

We proceed similarly to deriving the Kirchhoff relations. When ra-
diation and matter are in thermal equilibrium, then

o3[ T

— _ V= kT

IV = BV(T) = ? er! —1
dl,,

and e O in our blackbody cavity implies that

N2h\)21cp(\))A21 = [NyB15=N,B,, v, 9(V)B,
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Cancelling out common factors:

_ h\)21 -1

2hv3, | —=
21 ekT _1

NyAy = [N1Bjy=N5Byl 2

We know that when a system is in thermodynamic equilibrium, the
population of the various energy levelsis given by:

N [ gexp[—%}

where g iIsthe statistical weight.
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 E.
2
N, 0, o E;q G Pl kT g, L KT
exp —ﬁ
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The equation for radiative equilibrium can be written:

~ hv -1
"N 12hv3, | &
A, =|—B,, —B 2L o kT _1q

21 T |N."127P21|T 2

|2 | C
hv - - hv _—1
g1 12, sz1 2hv3231 s
0 A, = —1|Byy X — e KT _1
92 21 C
Theserelationships arel ndependent of the temperature If and only If

91815 _ 203y

=1 A,, = B
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That IS,

3
N 2hv21B
21 2 21
C
9o
By = 9_'321
1

These arethe Einstein relations. They have been derived for the spe-
cial case where the matter and the radiation are all in thermal equi-
librium. However, they represent general relationships between
emission and absorption coefficients which are valid for all situa-
tions.

Important features

* The Einstein relations are independent of the temperature so that
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they are applicable to nonthermal aswell as thermal distributions.
* The Einstein relations would be impossible without the presence

of stimulated emission represented by the coefficient B., . I

B,, = 0 then both spontaneous emission and absorption coeffi-
cients are zero.
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Convenient representation

Finally, for convenience, the relations are usually represented with-
out the 21 subscript on the frequency:

B 2hy3
Axp = —5 By
C
9o
By = 9_521
1

Given any one coefficient, the others can be determined and the
complete emission and absorption properties of the plasma can be
specified.
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6.4 Special cases
The emissivity and absorption coefficient are given by

Jy = N2hv21cp(v)A21

*

ay, = [NyBjp=NyBy]hvy ¢(V)
Hence the source function,

i 1
SV — J_V — N2A21 — NlBlz_l _A_\g.l'
a, [NyBip,=NyByl  [NyByy | By
B 2hv3_N192 T
= _1
c? [ N29

where we have used the Einstein relations.
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The absorption coefficient

a* = N,B_ hv (p(v)_—ngz 1
= Ny 21 -
v 21 N59q

Local thermodynamic equilibrium => Kirchhoff's Law

In LTE we know that

N,9
g ex'“%
291

so that for LTE, we recover Kirchhoff’ s law,

_ 2hv3/ 2
SV [th/ KT _ 1]
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Non Local Thermodynamic Equilibrium (Non LTE)
Non Local Thermodynamic Equilibrium is a situation in which

N19, [AEJ
Kt

—— Z exp
N29q
where AE isthe difference in energy between any two levels.

Masers and lasers
| f
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l.e.

9
1S =

92
then, the absorption coefficient is negative. Radiation in thiscase is
amplified, not absorbed. A population for which thisis the case is
called an inverted population because there are more particlesin the
upper level than in the higher (modulo the statistical weight.) Invert-

ed populationslikethisin the laboratory givelasers. In astronomical
contexts, they give masers. In LTE and in may other contexts,

N, <(9,/9,)N, sothat the situationswhich giveriseto masersare

N N

2

somewhat unusual. They arise from pumping of the upper level by
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some source of radiation, usually in the infrared. The velocities of
masers have proven of great importance in the detection of black
holes.
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7/ The Einstein relations for continuum radiation

The Einstein relations can be generalised to polarised continuum ra-
diation provided one makes the correct identification of the relevant
number densities. Since we are dealing with continuum radiation
there are no discrete energy levels and the emitted photons do not
have discrete energies, i.e. there are no emission lines. We therefore
consider the distribution of particles in momentum space and make
an appropriate identification of the populations of the levels which

we have previously called N, and N,,.
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/.1 The phase-space distribution function

Remember the phase-space distribution function f(x, p) which is
defined by

The number of particlesin - f(x, p)d3xd3p
an element of phase space

Hence,

The number density 3
. = 1(x, p)d=p
In an e ement of momentum space

We use this number density in discussing the Einstein relations for
continuum emission.
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Relation to the number per unit energy

Taking polar coordinates in phase space, the element of volumeis
d3p = p?dpdQ = p?dpsind8dodo

For an isotropic distribution, in which f(x, p) = f(x, p), the

number density of electronsis

n = [ dQf f(p)p?dp = 4my  p?f(p)dp
ATt

after integrating out the angular part. Hence, the number density of
particles per unit momentum is

N(p) = 4mp?f(x, p)
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Therelationship between f (X, p) and N(Xx, E) Is

aTtp2f (x, p)dp = N(x, E)dE

For relativistic particles, E = cp and, dropping the explicit spatial
dependence,

47T

——E2f(E/c)
3

N(E) =

7.2 EiInsteln relations for continuum emission

7.2.1 Number densities

We consider Einstein coefficientsfor polarised emission and absorp-
tion of continuum photons asfollows. Note that we consider each ra-
diation mode separately.
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E—-hv

Einstein coefficients for transitions between energy
statesin aplasmadiffering by the energy of the emit-

ted photon, hv.

The wave vector of the emitted photon is k = kk where k Is the
wave number and k Is the direction of the photon. The momentum is

Ak = (hv/c)K.
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Consider a plasmain which the emission of a photon of momentum

hk results in a change of the momentum of the emitting particle by
the corresponding amount.

The relevant number densities are
N1 = AN(p—hk) N2 = AN(p)
where
AN(p) = f(x, p)d3p

In focusing on AN( p) we are considering pairs of particle momenta
which are separated in momentum by the momentum of the photon.

They are separated in energy by hv.
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0 Momentum of

Pz d3p y itted phot
T Flnal” State /em| p oton
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7.2.2 The Einstein coefficients for polarised continuum radiation

[llustrating the definition of the

Einstein coefficients for the emis-
sion and absorption of radiation in
B f a particular direction given by the

do unit vector K.
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The Einstein coefficients are defined by:

Probability per unit time for spontaneous emission

AlDdvdQ = | -
of aphoton in mode i inthe ranges dv and dQ
B&BI dvdQ = Probability per uni.t _timefor the absorption
v of aphoton inmode I intheranges dv and dQ
Bgflvdde _ Probability per unit time for stimulated emission

of aphoton in mode I in the ranges dv and dQ
For polarised emission the Einstein relations are:

857 = BY = DC AN
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Thefactor of 2 differenceistheresult of the Planck function for ther-
mal emission being halved for each mode of polarisation when one
considers the detailed balance relations.

For continuum states, the statistical weights of each level to be unity.

The contribution to the absorption coefficient from states differing in
momentum by the momentum of an emitted photon is.

da{l) = [N,B{Y) —N,BIhv = [N, —N,]B)hv

= [AN(p—hk) — AN(p)]————th )

= [AN(p—ﬁk)—AN(p)]j—zAgf

High Energy Astrophysics: Emission and Absorption 47/114



where the (1) refers to the two modes of polarisation of the emitted
transverse waves. In this equation

AN(p-Rk) = f(p-hk)d3p,  AN(p) = f(p)d3p,

Relation between the respective volumes of momentum
space

How do we relate d3p, and d3p,,?

Remember that we are considering momentum states that are related
by

Py = p1+hk
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This can be thought of as a mapping between different regions of
momentum space with the elementary volumes related by the Jaco-
bean of the transformation which we can write out in full as

px, 2 = px, 1 + ﬁkx
Py, 2 = Py, 1+ Pk,
+ Rk,

pz, 2 = pz, 1
The Jacobean of thistransformation isjust 1. Hence

d>p, = d®py
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Therefore, we can put for the populations in the different states

N, = AN(p-hk) = f(p-hk)d3p

N, = AN(p) = f(p)d3p

where
S3SAh — A3 — A3
d°p = d°p; = d°p,

The contribution to the absorption coefficient from particles in this
region of momentum space is therefore:

. 2 .
da(!) = [f(p—hk)— (P =5ALd%p
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We assume that the momentum of the emitted photon is much less
than that of the emitting particle.

When hk = hv/c « p, we can expand the distribution function to
first order:

f(p—hk) = T(p)-hk T (p)
For an isotropic distribution of electrons

f(p) = f(p)
:i n — d—f(p)'\
O Of(p) apf(p)p do P
0 hk Of(p) = (hk Dr))df(pp)
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Specific case of synchrotron emission

We now utilise one of the features of synchrotron emission, namely
that the photon is emitted in the direction of the particle to within an

angle of y—1 radians, i.e. hk O p. Hence,

hk (= hk = h?"

The difference in the phase-space distribution functions at the two
different momentais.

f(p—hk) - (p) =~ TLP)

c dp
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Since,
——E2f(p) and d_.49

then

3
f(p=hk) = f(p) = —e G RC]

41t dEL EZ

High Energy Astrophysics: Emission and Absorption 53/114



Contribution to the absorption coefficient

The contribution to the absorption coefficient from this volume of
momentum space is therefore;

. 3 2 .
(i) — _hve’ d [N(E)J C” A (i)A3
da I dE| 2 xVZAgfd p
The total absorption coefficient istherefore:

- hvcs d [N(E)
O T = =l y Agf pedpda,

wherethe integral is over momentum and solid angle Q 0 INn momen-

tum space. In order to calculate the absorption coefficient, all we
have to do now is evaluate AL)) .
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Emissivity and Ay,

Recall the definition of the Einstein coefficient:

Probability per unit time for spontaneous emission

Al)dvdQ = , "
of aphoton in mode i in the ranges dv and dQ
Therefore, the coefficient Agf IS related to the single electron emis-

dP{!)
SIVIty ——— 10 through

dpP{!)
dQ

vAlDdvdQ = dvdQ
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The quantity

dp\()i) B Power radiated per unit time

dQ  per unit frequency per unit solid angle

In Synchrotron Radiation |, we calculated the single el ectron power
emitted per unit circular frequency

J3 q3Bana
1672 €4C

P(D(w) = [F(x)£G(X)]

with the + sign for the perpendicular component and the - sign for
the parallel component.
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Now recall the above expression for the absorption coefficient
. 3
(|) _ hVC d |:N(E):| | 2
ay | A dE| g2 Agf dde
c3
41TvZI dE

[N<E>]thgg p2dpdQ

3 d [N(E)Jdp\()i)
2

_ 2
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In thisintegral we take p2dp - L E%dE and

3
dP{!)
(i) = __1 N(E)] 2
a 4nv2IEdE[ = JE dEfQ —=-dQ |
Integrating over solid angle:
dP{!)
=5 = P{) = 2nP(1)(w)
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Since we use N(y) rather than N(E) we also change the integral
over E into one over y, remembering that

1
N(E) = ——=N(y)
m_C
e

Thisgives
a2
om

(QySin6)

<
R
N
:|N
|

™
A1
m(mm

e

« 12,20 N(y) N
fy, Vgl 2 JIF0O =G00I
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We shal
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a2

use the following below:

C

LI
)
=

(s

[
)
=

N

(Q,Sin6) I:ZVZ ddy['\'y(;’ )JF(x)dy

(Q,Sin6) IziVZ ddy[Ny(g)]G(x)d\
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The first quantity is often referred to as the mean absorption coeffi-
cient. Theratio

Y2 o d N(y)
al-al jylv dy[ . ]G(x)dv

o +a\|j IYz zd[ (y)}F(x)dy
V

7.3 Absorption coefficients for a infinite power-law distri-
bution

For a power-law distribution:

N(y) = Kya 0 y2 L BYH = g4 p)kya+ D
dyU v
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and
e2
om

(Q,SinB)K

L

™
LI
(i

e

x ;yz ~(@*+ DIF(x) £ G(x)] oy

As with computing the emission coefficient, we change the variable
of integration to X, using:

2w U2 g v l2 g2

Y = EBQOsmG] X 13 QosmG]
_ A v gliz 30
dy = 2013 Q, sin@] dx
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0 that

(a+2) (at+4)
(Qpsin®) 2 Kv 2
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(a+2) (at+4)

2
=(Q,sn6) 2 Kv 2

Om

(.

LI

e

XIXZX 2 TFE(x)+ G(x)] dx

(a+2) (a+4)
(QgsinB) 2 Kv 2

ez
Om

™
[ ]
(@0
T
L
N
_
Q
+
N
N’

N

(Y]]

e

(a—2)
X1 5
[ X [F (x)—G(x)] dx
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Consequently,

(a+2)
(QysinG) 2

U+ ol
ay *ay J3 3 %alz(a_l_ 2) e?
AN EoM.

L L]

(.

(a+4)  (a-2)

xKy 2 Ix 2 F(Xx)dx
Iy,

and

X, (2a—2)
X 2 G(x)dx
) sz (X)

U _qll
Oy — 0y

Oygll . (a=2)
o+
V V Xq >
X F(Xx)dx
Iy,
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As before, when the frequency v iswell inside the limits determined
by the upper and lower cutoff Lorentz factors, the limits of the inte-
gral may betaken to be zero and infinity, respectively. Using the ex-

pressionsfor theintegrals of apower times F (x) and G(x), we have,

(a—2) —5—
fox © F(0dx = e " r2, o, I

(a—2) (a—2)
I:;x 2 G(x)dx

[
=
-+
&)
B
;
)
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Therefore,

(a—2)

B 2 2 FE§+£—SDFB—1+1D
a,'-af 4780 78 a4
a\l)j+(]\|)| %2 a+_:!'é(_)

2 - @2, Uo-rp, 10

a+2 W 6L 6

Thisgivesfor the ratio of absorption coefficients:

_ 2
3a+8

Q‘Q
<<=
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The mean absorption coefficient Is:
at+2 (a+4)
K(Qysin6) 2 v 2

[
a, +all

Y
Om

= Cg(a)

ol
(.

e

where

(a+1) (a+10) _%ﬂ 4% a1
_ 2 2 A,
Ca(a) =3 2 m ot GDFD4 6

As with the expression for the emission coefficient, this expression

IS separated Iinto a numerical coefficient which depends upon a, a
factor involving physical constants, a part involving the non-relativ-
Istic gyrofreguency, afactor involving the parameter for the electron
density and afactor involving apower of the frequency. Thisis often
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the absorption coefficient which is quoted in text books. However,
this coefficient alone does not convey the whole story since synchro-
tron absorption unlike many other absorption processes is polarised.
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7.4 Numerical value of C4(a)

0.008

0.006

c; @

0.004

0.002

0.000

[ ' [ ' [ ' [
Plot of the function C 3(a) appearing in
the expression for the synchrotron absorption

coefficient

At the left Is a plot of the
function C4(a) appearing

In the above expression for
the synchrotron absorption
coefficient.
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8 The transfer of polarised synchrotron radiation in an
optically thick region

The transfer equations for the two modes of polarisation are:

[]
dly _ iD_q0) 0
ds V VoV
di |

VAR
55 = W-adl
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Recall that the perpendicular and parallel components of intensity
are related to the Stokes parameters by:

17 = 20,+Q)

1
1) =30,-Q)
The reverse transformation Is;
— LU
ly = 1§ +|\|)|
Qv = I\)D_I\lz|
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We write the transfer equations in terms of source functions.

d|D d|D

J
0~ O O -V _0=-g_0O
— = iyay] DdT m;: 15 = S -1y
d||| airll
| _ O(I|ID___‘1:__|II_ I
ds =1y =agly dT\l)l 0(” v =

In a slab geometry with all parameters constant, the solutions are:
Iy = (1 - exp-1)

IU = Sv(l— exp—TU)
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For small optical depths TVD, T\l)l « 1, these relations become the

standard ones for optically thin emission. In the opposite limit of In-
finite optical depth,

JD
|D:SVD:_V
v []

aV

|
|

i}
|\|}|:S\|)|:_|

ay
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Theratio

b Wooay
[1_ ] ] ]
QZIV I\lJ:O(v O(\|)|:O(v v
| Dl 50 all ]
v _VD+_V _\5+_V
(XV a\)l (XV JV
We have:
W _ 2 W 2
gd 3a+8 ju o 3a+o
\Y, \Y,
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Using the previoudly determined ratios for these quantities

Qv 3

,  6a+13

An important result here is that the ratio Is negative signifying that
the parallel component of the intensity isthe larger. This means that
the major axis of the polarisation ellipse is parallel to the magnetic
field. As one can see from the following plot the fractional polarisa-
tion

_ 3
6a+ 13

IS lower for optically thick emission.

s
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The fractional polarisation
of a self absorbed synchro-
tron source.

0.20

0.15

= 0.10

Polarisation of self absorbed
0.05 G+ synchrotron emission N

OOO L | L | L | L | L | L
1.0 15 2.0 2.5 3.0 3.5 4.0

High Energy Astrophysics: Emission and Absorption 77/114



O The spectral slope for optically thick emission

For optically thick emission, we have:

U N jVD | | j‘l’l
IV :SV :_a-_D IV :SV :a—ﬁ
v V

Tl [

Sl ERES Tt

ay ol
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Write this in terms of the total emissivity and the mean absorption
coefficient in the following way:

. _.|:| . . . —
iy [iv7/iy | W/

VooOylalza, allza,

ay) +al
where a,, = IS the mean absorption coefficient.

2
We have already determined the ratios

S = —Vl = 2 r = —a\l)l = 2
D 3a+5 (XD 3a+8
V V
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Therefore,

C_hrva+s), s@+s)
v O(V[Z/(1+r) 2r/(1+r)]

_ ly(ea+13)(3a+10)
o, 2(3a+8)(3a+7)
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Now use

1620 a+1 (@-1)
j.. = C,(a)[—K(Q,sinB) 2 v 2
V 1 qu: 0
1 2 at+2 (at+4)
0,= Ca(@) ——(K(Q,sin6) 2 v 2
FoMe™

The intensity isthen

(6a+ 13)(3a + 10)C1(2)
v 2(3a+8)(3a+7) Cy(a) Me

| (QOSII’IG)_]'/Z 5/2

Cc(a)my(Qqsin®)—1/2y>/2
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where

_ (6a+13)(3a+10)¢1(3)
Cs(@) = 2(3a+8)(3a+7)Cy(a)

The important result hereisthat 1, 0 v>/2.

The entire spectrum from optically thick to optically thin regimesis
as indicated in the following plot for thecaseof a = 2.1
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Plots of perpendicular and parallel components of inten-
Sity

Write
il ras il g o jllq
S\U -V _ | VYV V|,V | VDV S,
O(\U _O(\l)l J\,_ a, _O(U J\,_
|:| T . _ - |:|_
SVD — _J_\_)_ — GVJV x_Jl). — GVJV S_V
(XVD _GDj\)_ (X_V _(]Djv_
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The mean source function S_V IS given by:

= _h _ & ~1/2,,5/2
S, = 0(:\, = C,(a) Ma(Q2nsiN6)

From the above

(3a+5)(3a+ 10) = (3a+ 10) =
SV 2(3a+8)(3a+ 7)SV SV 2(3a+ 7)SV

We defineafrequency v 4 at which the mean optical depthisunity by

atl (a+4)
(KL)(QqsinB) 2 Vo 2

a,L = (a);
i
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and then put
= _ A[OV[1°/2
T AR
Then the perpendicular component Is

0 - (8a+5)(3a+10) \v5/2
V. 2(3a+8)(3a+7) W[

_ : \ (a+4)-
2(3a+8) V[~ 2
1SR 310 ]

A
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and the parallel component is:

= (3a+ 1O)AD1D5/2
V. 2(3a+7) W

_ (a+4)-
4 VO 2
3a+ 1OEL)OD

These equations have used to produce the plots below.

X|1l—exp—
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Polarisation

0.9 .

0.8 |

04 .

-0.0 - .

1e-01 1e+00 1e+01

v/l v

High Energy Astrophysics: Emission and Absorption 88/114



The above curve shows the polarisation defined by

varying between the limits of cat 13

(for the optically thick case)

a+1
a+7/3

Synchrotron self-absorption isjust one of the processesthat can lead
to alow freguency cutoff In the spectrum of aradio source. Others
Include free-free absorption (due to foreground ionised matter) and
a process known as induced Compton scattering. A low energy cut-

off in the low frequency spectrum can also lead to a low freguency
cutoff.

and for the optically thin regime.
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10 When i1s synchrotron self absorption important?

Consider the optical depth based upon the mean absorption coeffi-
clent:

T

v J’ avdszaVL

slab

We also consider optically thin emission and consider the transition
to the optically thick regime. Therefore, the surface brightnessis

Iy, = | Jyds= |, L
sab
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We can therefore relate the optical depth to the surface brightness
via

v oLt _ gy
ST NLR I
a
0 1, = .—VIV = _ixlv
N S,

where S_V 1S the “mean” source function.
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Using again the relations for emissivity and mean absorption coeffi-
clent:

N s N
Jy = Cl(a)%F%K(Qosme) V
) 1 2 O | &22 _(aJ2r4)
a,= Cs(a) %Omeq%K(Qosne) V
we obtain
?_\\: gig(gogne)yzv—az
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The mean optical depth is then given in terms of the optically thin
surface brightness by:

C (a)
TV 1(a) e

(QOSIHG)]'/Z 5 (| V—5/2)
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Note that this expression depends upon the magnetic field only and

not on the parameter K. Now In the optically thin regime, we can
write:

=1, B
Vv vo[{, [
_ C (a) _
1/2 o —5/20V [ (0(+5/2)]
I e H(Qosn®)!/2x 1, vg it
3(a)‘61/2‘

[BSin@] 1/2[| =520V (a+ S/Z)J

C,(a) _mglz_
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Now let us put in some fiducial values:
B=1G = 104T

o= 1Y - 4330 Pwm2H L sl
0 SO arcsec

Vg = 1 GHz
Theresult Is:
— _5C3(a) Bsino11/2| IVO _D V D—(o(+5/2)
TV = 6.26%x10 |: :| I:G_ZD
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For typical kpc scale regions of radio galaxies, supernova remnants
etc., we can seethat there is no chance of plasmabecoming optically
thin, except at very low frequencies. Typical values would be

BO10> G |, 010 mly arcsec™
0

However, in the cores of radio galaxies and quasars, we can have
—2 —2

v [11 Jy mas BU1074 G

In which case the optical depth at 1 GHz would be

—(a+5/2)

T, = 6'3C1(a)

C3(a)[BSin6J1/2_ l1GHz | ]V D
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For aspectrd index a = 0.6,a = 2.2, C,/C,=29.8 and

stne]llf l1GHz | v (@ +5/2)

0.01G Ghz

T, = 186[ Jymas_z G

and the plasma can clearly be optically thick at frequencies much
higher than a GHz. Thisis a characteristic feature of quasar spectra.
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11 Brightness temperature

11.1 Definition

A concept which commonly entersin to radio astronomy and which
Istied in with the notion of self absorption is brightness temperature.
Consider the blackbody spectrum:

w3 T
l, = | eKT -1
C2

In the classical limit hv « KT, this becomes the Rayla gh-Jeans law:

_ 2KT, 2

I
V 2
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Thisis the emission at low frequencies (long wavelengths) from a
blackbody (optically thick thermal emitter). This spectrum isthe re-
sult of the balance of emission and absorption in the emitting region.

Astronomers use the Rayleigh-Jeans |aw to ascribe a brightness tem-
perature to a source;

2
_ C7.,-2
For anonthermal source, the brightnesstemperatureisastrong func-
tion of frequency:

c?,  _orvr(a+2)
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and increases rapidly at low freguency. Eventually, at low enough
frequency, the brightness temperature exceeds the kinetic tempera-
ture of the emitting electrons.

The characteristic of a nonthermal source Is that the particles have
not come into an equilibrium distribution (i.e. a relativistic Max-
wellian of a single temperature) because the collision times are too
long to achieve this. However, we can ascribe a temperature to par-
ticles of a given energy. Moreover, in a self-absorbed source, the
photons which are absorbed are smilar in energy to the photons
which are emitted since the absorption process is the reverse of the
emission process. Therefore, at each energy, we expect something
similar to a blackbody equilibrium. A characteristic of such an equi-
librium is that the brightness temperature of the radiation cannot ex-
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ceed the equivalent temperature of the electrons. Thisgivesasimple

explanation of the frequency dependence of the surface brightness of
a self-absorbed source.

11.2 Equivalent temperature

For agasinwhichtheratio of specific heatsisx and the number den-
sity of particlesis the energy density is given by

NKT _  nKT
x—1  4/3-1

= 3NKT
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for a relativistic gas in which x = 4/3. Hence, for electrons of
L orentz factor y we have an equivalent temperature defined by:

Nym.c? = 3NKT

2
1 m.C
T = 3y ”
We know from the theory of synchrotron emission that the circular

frequency of emission is given by:

3Q Q
0,2 _Di_EDz
w L > vy v _D4T[Dy
Ttvl/2
DVDEQQO\%
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Hence,

T Dlmecz ATVIL/2
37k 3o
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11.3 Condition for optically thick radiation - a thermody-
namic argument

As stated above, the brightness temperature of the radiation cannot
exceed the kinetic temperature of the particles producing it. Hence,
a synchrotron source becomes optically thick when

TUT,

1mC Amyl/2 C v—=2
37k By 2k’ v

5/2) 202 o172
HRY; I BDBD m, Q
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This defines a critical frequency at which the source becomes self-
absorbed. For lower frequencies the processes of emission and ab-
sorption must be balanced to guarantee the equilibration between
brightness temperature and kinetic temperature, so that

0

This is close to the relation for optically thick sources that we de-
rived above from the theory of synchrotron absorption. This deriva-

2 1/2 ~1/2.,5/2
|VD§(2T[) MeQ Y

tion also gives a physical explanation for the vo/2 dependence of a
synchrotron self-absorbed source as opposed to the V2 dependence

for athermal source. The extra factor of v1/2 arises from the fre-
guency dependence of the kinetic temperature.
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12 Preliminary estimate of the magnetic field and particle
energy density in a quasar

We can use the above theory to estimate both the magnetic energy
density and magnetic field in a self-absorbed source. This excursion
INto the estimation of observational parameters is only preliminary
sincerelativistic effects mislead usin our estimation of therest frame
flux density. However, it isinstructive to go through the exercise to
see what deductions we can make.

When a source Is self-absorbed, we have two constraints on the
number density and magnetic field, derived from the surface bright-
ness and the optical depth.
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The emissivity and absorption coefficient are given by:

at+tl (a-1)
- e’ e N
Jy = Cl(a)%F%K(Qosme) Y
at2 (at+4)

K(Qusing) 2 v 2

_ -
a,= Cs(a) ?
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L et the path length through the source be L, so that at the peak of the
spectrum

at+tl (a-1)
: jeZE : 2 o 2
I, =],k = Cl(a)%?%(KL)(Qosne) V
20 L = Co(a) e (KL)(QnS e)6122 45
= = a)l} B Sn V
v 3N oM 0

These are our two constraints on the parameters KL and Q,sin®.
We usually write the surface brightness as

|:V

2
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where F, i1stheflux density fromaregion of angular size . Wealso

use the relationship a = 2a + 1 in the above so that our equations
read:

L]
-

Y

C.(a)=I(KL)(Q.sinB)1tay—0 — |
1 ( )}oct( )(QqsinG) y
] g2 L .
C.(a)[3 (KLY (QAsin@) +37/2y—(a+5/2) - 1
5( )Eome‘t( )(Q,sinb)
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These equations can be solved (using Maple or brute force) to give

the solutions for QO and KL:

ﬁ']:Z §1:2
Qsin® = G=) m215%v° = G m2F 2Py
3 3
_ - -120
_ Dt . of 1C3
KL = [ gV mg =1,V
}ng_jzl i Cy |
£ C[ ~,C3 720
_ 2% :§§[F3 6y—5| M—1_SE —2y—2
S | 1 Vl.lJ V e C l.lJ
eemi eyt i |
Numerically,
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o
3,
T
<

g
[ ]
<
[]

AN

QsinB = 4.6x10° T D—Jy% 2 g
1 Bsing = 1.2x10‘4ﬁ1£29:3y%_2%%m4vg
KL = 9.62><1021£—:2E9:J—;%3%E5_6V§5(2a)
Y [467 %%%%E_ZV -2
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Units;

KL =m3xm=m32
B = Teda(T)
L et us estimate the parameters for atypical quasar with
F, =1 P = 1 mas vpeakzlGHz a = 0.6

Fora = 2.2,C, = 444x10 > and C, = 0,132, so that

BSn® = 1.4x10 ' T KL = 3.1x10°°m2
and for a typica path length through the source,

L =1pc=231x10""m, K = 9.8x10™ m=3.
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Theenergy density in particlesfor alower cutoff Lorentz factor y, Is

Km,c?
_ a—2 —0.2
€ = — 2y1( )—4Oy1 Jm=3

For y, = 10 this is approximately 25 JIm—3 and for y, = 100

£=16Jm™3

For comparison, the energy density in the magnetic field is:
BZ
— [07.3x10 J m-
21,

approximately nine orders of magnitude lower and it would appear
that the plasmais well removed from equipartition.
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Note however the sensitive dependence of the magnetic field and
particle energy on the flux density:

—2 3+ 20
BDFV KLDFV

so that the ratio of particle energy density to magnetic energy density
i's proportional to F/* 2% =F82 |t is this single factor which is
most affected by relativistic beaming from the moving plasma.
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