Synchrotron Radiation |

1 Examples of synchrotron emitting plasma

Following are some examples of astrophysical objectsthat are emit-
ting synchrotron radiation. These include radio galaxies, quasars and

supernova remnants.
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A 20 cm radio image from the
VLA of theradio galaxy IC 4296.
See Killeen, Bicknell & Ekers,
ApJ 325, 180.

This images shows the jets and
lobes of the radio emission corre-
sponding to arelatively nearby gi-
ant elliptical galaxy.
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Theinner part of theradio galaxy M87 from a2cm VLA image
by Biretta, Zhou & Owen.
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VLA 4.9 GHz image of the
z = 1.112 quasar 3C204.

& | Thelinear sizeis 159/ h kpc
Note the periodic knotty

structure in jets that may be
the result of internal shocks and the very bright core. See http://
www.cv.nrao.edu/~abridle/images.htm

(luasar 30204 VLA Som image (o] NEAD 12996
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The Supernova Remnant Cas-
siopeia A

Cassiopela A getsits name from radio
astronomers, who “rediscovered” it in
1948 as the strongest radio sourcein the
constellation of Cassiopela. About 5
yearslater optical astronomersfoundthe
faint wisps, and it was determined that
Cas A isthe remnant of an explosion
that occurred about 300 years ago. The
radio emission Is synchrotron emission.
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The X-ray image of the Cassiopela A su-
pernovaremnant on theleft was obtained
by the Chandra X-ray Observatory using
the Advanced CCD Imaging Spectrome-
ter (ACIS). Two shock wavesarevisible:
afast outer shock and a slower inner
shock. The inner wave is believed to be
duetothecollision of the g ectafrom the
supernova explosion with a shell of ma-
terial, heating it to atemperature of ten
million degrees. The outer shock waveis
anal ogousto asonic boom resulting from
the explosion.

High Energy Astrophysics: Synchrotron Radiation | 6/105



2 What can we learn from synchrotron emission from an
astrophysical object?

o Estimates of total radiative luminosity

 Total minimum energy (particles plusfield) in the radio emitting
particles

 Direction of the magnetic field

o Constraints on energy density of emitting particles and estimates
of magnetic field

« Total amount of matter converted into energy (relevant for radio
galaxies and quasars)

» Accretion rate onto central black hole (radio galaxies and quasars)

« Constraints on the mass of the black hole (radio galaxies and qua-
sars)

 |nformation relating to source dynamics, e.g. strengths of shock
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waves, velocities of |ets

3 Background theory

3.1 Electric field

We have the expression for the Fourier component of electric field
of the pulse from a moving electron derived from the Lienard-

Welchert potentials:

_ —lwg Jlwr/c o ,
rE(w) = 4cheoe _Oonx(nxﬁ)x
(1)
x exp[ico<t’—n ' >é(t )ﬂdt
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The Fourier components of a transverse radiation field can be ex-
pressed In terms of unit vectors e, and e,, perpendicular to the wave

direction such that

E(w) = E;(w)e; + Es(w)e, (2)

In any particular application we choose e, and e, so as to smplify

the expression for the resultant electric field and Stokes parameters,
defined by:
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CSO
o = —TIE (@)E](0) +Ey(0)Ej(w)]

CSO

Qp = =FLE1()E](0) = (Ep(0)Ex(w))]

ce, (3)
U, = —LE1(0)Ex(0) + Ey(0)Ex(w)]

1C80
Vo = T E](0)Exy(0) —Ej(0)Ex(w)]
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Interpretation of T

Another way to interpret the parameter T which Is appropriate when
considering radiation from a distribution of particlesis:

T = time between pulses (4)
or
T—1 = No of pulses per unit time (5)

In this case each pulse originates from adifferent electron inthe dis-
tribution.

Nomenclature

Werefer to the e, and e, components of the electric field asthe two
modes of polarisation.
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3.2 Emissivities
The basic relation Is:

dVVaB 3 Ceo 2
dQdwdt nT

E Un)E (o) (6)
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Intermsof |, Q, U, V

dW,, dW,,

d0dodt « dOdodt
dW,,  dW,,

10(®) = G9dwdt ~ dododt
o = dw,., ) dw,,
U dQdodt | dQdodt
o) = dWy, AW,
V dQdwdt  dQdodt

j|((D) =

(7)
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3.3 Helical motion of a relativistic particle

For synchrotron emission, we evaluate the above integrals using the
expression for helical motion:

AVAYA
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sino.cos(Qgt" + ¢ )

vV = Cp —nsinasin(Qgt’ +¢,) (8)
i cosa |
_ _|dB _  -1ldB _ 1
Qp = Gyrofrequency = m =V =Y Q)
25 = Non-relativistic gyrofrequency

(9)

% = sign of charge

o = pitch angle

=
[

The derivation of the equationsfor the helical trajectory of acharged
particle in amagnetic field are given in the background notes.
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Usually we are concerned with electrons (n = —1) so that:

_sinoc CosS(Qpt" + ch)_
V= CB|sinasin(Qgt' + ¢) (10)

COSa

Note that the motion of the velocity vector Is anti-clockwise for an
electron.
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Coordinates of particle

Integrating the velocity gives for the position vector:

Sino

g

1) COSQ
g

——Sn(Qgt + ¢y)

cos(Qgt + ¢)

tcosa
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This consists of a linear motion in the z-direction superimposed

upon a circular motion in the x —y plane. The radius of the circular
motion isthe gyroradius

- cpsina _ ymcBsina
Qg Qg

(12)
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3.4 Approximations for ultrarelativistic particles

ey »l=f= 1—%. Sometimes |B| = 1 is appropriate.

2y
« Most of the radiation beamed into a cone of half-angle 1/y. This
means that we can expand functions in terms of small powers of
the angle between the particle velocity and the direction of emis-
sion.

We set up the calculation in the following way (following Rybicki &
Lightman):
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3
B
_ Normal to
trgectory
eV =
10 r?b ; vt'/a €5
\
v y
A \
X Tangent to particle motionat t’ = 0.

 Theoriginof timet’ = 0 isdefined as the instant where the parti-
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cle’s velocity comes closest to the direction of the observer.
* The x—axis represents the instantaneous direction of motion at
t" = 0.
e The y—axis represents the direction of the centre of curvature.
* The z—axis completes the system of coordinates (i.e.
€; = €)X €,).
* n Isthe direction of the observer and makes an angle 6 to the

direction of theedlectronatt’ = 0. Wetake 6 small.

e Sincet’ = 0 representsthe instant at which the angle between the
velocity and the observer’s direction isaminimum, the component

of n in the direction of the normal, m Is zero.

* The parameter a isthe instantaneous radius of curvature of the
particle

High Energy Astrophysics: Synchrotron Radiation | 21/105



« Formally, the pulse of radiation reaching the observer originates
from the entire trgjectory of the particle. However, most of this
radiation originates from avery small region of the particle’s orbit
near the origin of the above coordinate system.

3.5 Aside — Radius of curvature
Summary of the theory of 3 dimensional curves:

X = X(t) Velocity vector = v = %
Unit tangent vector = t = g (13)
ds
Arc length: — =V
9 dt
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The curvature (x), radius of curvature (a) and curvature normal (m)
are given by:

g:szlm g:gg:}g (14)
ds a ds dtds vdt
Using the previous expression for velocity:
v = cf [sinoccos(QBt) sinasin(Qgt) CosocJ
(15)

VvV T . .
t = y [smoccos(QBt) sina.sin(€2t) cosocJ
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Since the particle passes through the origin at t = 0 the position
vector IS

CﬁSInOLsin(QBt’) CBSInO((1—005(52 t")) cpt’' cosa
Q Q B
7B B 1 (16)

= _erin(QBt’) rG(l—cos(QBt’)) C[St'COSOLJ

Remember that the gyroradius

- cpfsina
G =
Qg

(17)
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The curvature is determined from:

1dt B QBSinoc |
—op = Kkm = B [—sm(QBt) cos(Qpt) OJ (18)

Thisimplies

m = [—sin(QBt) cos(Q2gt) O}

- (19)
- QBsmoc B cp - rG
K = a = : =

cp Qpsna  gnlq

NB. Theradius of curvature is not the same as the radius of the pro-
jection of the orbit onto the plane perpendicular to B. As one ex-
pects,a = r whena = /2.
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3.6 The magnetic field in the particle-based system of
coordinates

e Sincethe normal vector m = _—sin(QBt) cos(Qpt) ol is per-

pendicular to the magnetic fielc: then the magnetic field liesin the
plane of e; and e,. I.e. in the same plane as n.

» Also since the velocity makes an angle of a with the magnetic
field, the direction of B is as shown in the diagram.
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4 Semi-quantitative treatment of synchrotron emission

4.1 Small angle approximation
Recall the expression for the electric field of aradiating charge:

g [(A=B'-n)(n'-B)—n"-B(1-p'-n)]
4rrce g’ (1-B'-n")3 (20)
=0

For a relativistically moving particle, the electric field is highly
peaked in the direction of motion, i.e. when

Erad * n,
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(1-p-n’)iscloseto zero. Since O isthe angle between p and n

(1-B'-n') = (1—[3cose)z1—(1—i2<1—%62)>

o (21)
1,1l 1
2,Y2 2 2Y2
SO 1-f'-n" iIsamnmum a 6 = 0 and increases rapidly for
vO>1,i.efor0>1/y.Sincey » 1, then the angleswe are dealing
with are very small.

(1+7202)

Theexpressonfor 1 —f' - n’ introduces the variable
This variable occurs frequently in the following theory.
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4.2 Estimate of critical frequency

Centre of curvature
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The angle turned through and the arc length of the particle orbit are
related by:

dp _ 1
“r = = 2
ds a (23
where a isthe previously determined radius of curvature.
From the above geometry
611):%:65 = aoy = 23 (24)
Time taken for trgjectory to sweep through relevant angle
0S _ 2a
-t = 3T 75 (25)
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Thisis not the period for which the pulse Is observed

-

D = distanceto observel ——

Front of pulse emitted Back of pulse emitted
from hereat t; from hereat t,
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Times of arrival of pulse:

;L D + 0S , D
L T r =h+*g
ot = ta—t, =95 = (to—t) = Yt —t
—h2 T T T 1‘;‘(2‘ 1)~ —ty) (26)

(1—‘-C’)(t2—t1)

|.e. the time between pulsesisreduced becausethetrailing part of the
pulse has less distance to travel. Thisis one example of the effect of

time retardation.
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Thefactor 1—~ = 1— B can be expanded in powersof y asfollows:

C
Y2: 1 —>I32:1—i=>ﬁzl—i
1 — 2 2 2 2
& vl Y (27)
=1-pP=—
2y2
The observed duration of the pulse istherefore
1 a C 1
1—‘-’)(t b))ty —ty )~ = =
( c/ 2 1 2y2 2 1 cy3 Qgsna 3
(28)
_ 1
QBy3sinoc
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Fourier theory tellsusthat if the length of apulseis At then the typ-

ical frequencies present in such a pulse are o ~ (At)~L. Hence the
typical frequencies expected in a synchrotron pulse are given by:

(o~QBy3Sinoc (29)

The critical frequency of the exact synchrotron theory (to follow) Is
close to this estimate:

3 . 3 .
W, = QQBS|nocy3 = =2y 3gng = ——y 2dna (30)
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The critical frequency which characterises synchrotron emissionisa

Iql

factor of vy 2 hi gher than the cyclotron frequency —— and afactor of

y3 higher than the gyrofrequency at which partlcles gyrate around
the magnetic field lines.
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4.3 Typical example
B = 10°G = 1nT y = 104

QB = = 1.8x10 HZ
ym
(31)
o = 5B, 24na = 1.3x10°snaHz
C™  2m
o = P3N = 1 7410"%sina m
Qg

Note that the critical frequency in this exampleisabout 10 GHz — a
microwave radio frequency.
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4.4 Relation between frequency and Lorentz factor

W = 2V = 3eB 25ina
2m

1/2
m) (BSinOL)_]'/ZVl/Z

[
—
};"i

=Y

(32)

nTl

3
4.9x10 ( =

3
4.9x10 ( T _Y_

GHz
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5 Detailed development of synchrotron emission

Angle turned through intime t':

dy _ 1
ds a

1dy _ 1 vt’ 339

vat 2~ YT
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In the new set of axes, the motion is circular with no component In
the z—direction. The velocity in these axes is therefore:

v = cf|cost sn't o
] _ (34)
e B =Bleost sinYt o
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5.1 Axes based upon instantaneous orbital plane

!,z A0
\Z
3
B
_ Normal to
et fos trajectory
o 0pF v
A n 9 \ 92
Y, Ve
o [ Centre of motion
~ X Tangent to particlemotionatt’ = O.
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5.2 Significance of € and e

Theaxes € and e, arerespectively parallel and perpendicular to the

projection of the magnetic field on the plane perpendicular to theline

of sight given by the vector n.Thisisthe plane of propagation of the
radiation.
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5.3 Integral to evaluate

We have our expression for the Fourier component of the electric
field of apulse:

—i(D lowr/C oo
qe

et L X (1P

x exp[ioo<t’ _ X(t,)ﬂdt’

rE(w) =
(35)

C

5.4 Determination of nx (n x B)
We first calculate a simple expression for the quantity n x (n x B).
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Use:

n = (:osee1+sm6e3

5 = BCOS(VV) e, + BSIn<v6t1’> e, (36)
Thisgives:
Nxp = ﬁcos(%) nxe, + Bsin(%) nxe,
= Bcos(@) smee + [Ssm( ;,> eII (37)

Nx(NxP) = ﬁsn@cos(Vt’> ”—ﬁsm(\g,)eL
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We make the following approximations:

Bt we(f)-1 n(g)-g
0 that
vt' ct’
n><(n><[3)f~~—€)e”—<g>eL = E)e”—gel
Note:

(38)

(39)

In order to determine terms that are relevant to the small amount of
circular polarisation that emerges from a synchrotron source, we

would have to expand to the next order in 1/y.
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The term iw[t’ _n- >é(t )]

Thisterm in the argument of the exponential involves X(t"). Since

dX _ | vt ot
v ﬁ_cosa sin - O_ (40)
and X(0) =0
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then

~ _ Cpha ' '
X(1') = % sinYL (1—cos\£> 0
a a
o o (41)
= d sm\i (1—cos\£> 0
a a
giving
, n-X(t) _ o, . al . vt vt'
t' — c( ) = t —[CQSG 0 sme] S sm?tl 1—(:05%l 0
- - (42
= t’—f—i(:osesin\i
C a
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n- X(t')

5.5 Expansion of t' —

C

' ' 343

cosaz<1—162> Sin(‘ﬂ) vt 1vete

2 a a 6 53
then

’ 3413
t’—"i‘cosesin(‘ﬂ) = v(1-Y)+ 1V g2, 1vot"™
C a c/ 2cC 6 52¢
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In the first term, weusel—\—é = ——1—— and put v = ¢ in the remain-
2y2
der, giving:
/ 2 ,3

t,—§COSGSin<\£> ~ it 1‘621:' 1C t

¢ a/ 2y2 2 6 o2
2., 2413 (49)

c 2y 3 32

The characteristic angle 8 ~ 1/y entersinto the expression.
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Summary so far

n><(n><IE%)zGe”—(\%)eL = E)e”—%el
(46)
oft-1X()] - ﬁ[<1+yzez>t/+iﬂtﬂ
C 2y 2 3a2

New variables

We put these equations into a dimensionless form by defining new
variables
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2 — 144202 _ Oy _ 3
GY 1+vy<0 y = a@ t n = BngGY (47)
 The purpose of introducing these varlabl esisto make quantitiesin
the integrand of the expression for the Fourier transform of order
unity.
 |n so doing it helps to represent the new dimensionless variables
In away that makes their physical significance apparent.
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Significance of y

The quantity a/(cy) Isthe time taken for the particle’ s velocity to
swing through an angle 1/y . Hence

tl
= — 48
Y Characteristic time x GY (48)
Note:

e y Isadimensionless variable
* One expectsthe maor contribution to come from the region of the

integrand whereiny ~ 1.
 |ntegration over t’ will be replaced by integration over y.
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Significance of n

_mwa,3_1 o 3
N =—7—0° =z 0
a_1 ¢ 1
c cQpsna Qpsina (49)

1 0 3 1/ w\,43
- = Y = =[—10

Sincetheradiation is concentrated at the critical freguency, the dom-
Inant contribution to the result will be around n ~ 1.
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Rearrangement of integrand

Fornx (nxpP):

ct’ C
nx (N x [S)zE)e”——gel = E)e”—a—cﬁyel
(50)
eY
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For im[t—n ' X(t’)J

C
(! - 2.2
im[t—n X({ )J . '_(*)[(1+y2@2)t'+c—Y tﬂ
C 2y 2 3a2
. T af 2.2 a3 -
= Sle2x —Ly+ =L x —Ly3| (5
. rap3 3 -
o3 1208
2Y2 Cy 3 Cy
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R

3(*at) v+ 1sz (52)

3. 13
2'”[”3”

For t' — variable of integration:
t' = —Yy: dt’ = —Ydy (53)
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6 Evaluation of Fourier components of electric field
—I(Dq I(x)I'/C 00

rE(w) = 475050 _oonx(nxﬁ)
x exp[ioo<t’ LS X(t,)ﬂdt
C
GY
n><(n><[3)z6e”—7yeL

0

[ n-X({t)7 3 2y
m{t . J |n[y+3y} dt’ = o dy

Thereforewe haveaparallel component and a perpendicular compo-
nent of the electric field.
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a@@

_ __log ior/c > 3, }
"Ej(w) 4an0( oy feerer, eXp[ '“(y+3y> dy
(54)
a62
_ _lo(g ior/c > 3. 13 ]
'E, () 4TEC80( Yz)e f_wyexp[2|n<y+3y> dy

Theintegrals over y have real and imaginary parts:
3. 1.3\ - 3 1.3
eo[$n(y+35%)| = oof3n(y+3)
sin| Sn(y + 23
risinZn(y+3v9)
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Parallel component
ntheintegral for r E”(oo) thereal part only contributes since theim-

aginary part is odd and the different contributions over [ —o, O] and
| 0, | cancel.
Therefore, we evaluate:

0O

. exp[Bm(y 3 )]dy = COSEn(W%y:B)]dy
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Perpendicular component

nthe integral for rE | (w) theimaginary part only contributes since

the exponential term i1s multiplied by y. We therefore evaluate:

Q0

3, L3\ lay = i vsinlSn(y + L3
[ vexp| Sin(y+3y°) |dy = if"_ysin/Sn(y+3y%) |dy (8
These integrals are expressed in terms of Bessel functions:

fiooo cos[gT]()H %y?’ﬂdy = %Kl/g(n)
(57)
fioooysin[gn<y+ %yfﬂ = —%Kz/g(n)
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where K, ,a(n) and K, ,o(n) are modified Bessel functions of or-

der 1/3 and 2/3 respectively. These integrals are evaluated in the
Appendix.

Final expressions

200 LT

_ [ole . c
rE,(w) = — e * K
@) = 3 gk o7 )® © Kaa
2 lor (58)
ags 2
rE, (o) = ob Lle C K, , (M)
1 Z«K’HECSO(CYZ 2/3\1
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7 Ellipticity of single electron emission

The waves corresponding to the above Fourier components are, for
the parallel component:

E /(1 1) = Z-(Ej(0)e0t+ E (-0)el®h
. - (59)
— Z{;(E”(m)e_lmt + E” ((D)eloot)

(using the reality condition of the Fourier transform).

High Energy Astrophysics: Synchrotron Radiation | 61/105



and for the perpendicular component

E(1,1) = ZH(E, (0)e7 0+ E | (-0)el®)
(60

= (E, (0)e 0+ E ()¢l
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Using the expressions for the Fourier components:

aoo

afe Y
Kq1,3(n)
4ﬁ3n2c80r< CY ) 1/34

el el

x| —ie +ie (61)

E”(r, t)

ano
e oy OV (8]
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W(
E (r,t) =
1 4ﬁﬂ:2C80r

I iw(%—t) —im<£—t)_ -

X | e + e

(aez

LK (
n)
CYZ) 2/3

ok a8$ Ko af )cosﬁp(t—i)}
2,/3m?ceqr\ cy? 2/3) C
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Now consider the path traced out with time by the E—vector at a
fixed r. Write

E”(r, t) = a”sin[oo<t — Eﬂ
(63)

EL(r, t) = aLcos[m<t — E)J
Thisdescribesan ellipseinthe (e, e”) coordinate system. We shall

seethat a, > O but that & can be positive or negative.
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L)

RN SN
K E

1

-y

E”(r,t) = a”sin[m<t—(r—:ﬂEL(r,t) = aLcos[m<t—£>]
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aoo

_ w(d Y
Q = — K, a(n)
I Zﬁnzcaor< CY ) 173

w( a
(=66, )K, /2(n)
2[3752C80r<cyz> TIP3

(64)
a, = ®Y
Zﬁﬂzzceor

(aGZ

LK (M
)
Cyz) 2/3

w( a 2
(05K, /(M)
2./3m%ce o <Cy 2> V23

* The semi-major and semi-minor axes of the electric vector depend
upon 9 (through the variable y8) and we have to bear in mind the
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fact that

1(0

"= e —(1+7202)3/2 (65)

» Therotation of the electric vector and the shape of the polarisation
ellipse depends upon 6

e The angular dependence of the radiation field can be understood
from the plots of the functions

f”(X, v0) = (—YGGY)Kl/g(n)

) (66)
T (%y0) = 085K, 3(n)
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where

X = (67)

W
We

1. Thevariationissimilar for al x.

These are plotted below for x
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As can be seen both the parallel and perpendicular components of the

electric field vanish rapidly for y0 > 1.

Axes of ellipse

1.00

0.75 :
0.50 i
0.25 :
0.00 i
-0.25 I
-0.50 i
-0.75 i

-1.00
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Thisplot showsthe variation
of the ratio of

a”/al = f”/foorx = 1.
Sincethisratioisawaysless

than 1 for all y0 the parallel
axisis awaysthe minor axis
and the perpendicular axisis
always the mgor axis.
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Summary of polarisation properties of single electron
emission

From the above:
* 3 IS positive for y6 < 0 and negative for y6 > 0

* Thereforetheradiation isawaysleft polarised for 6 < 0 and right
polarised for 6 > 0
e Theratio a”/al <1 sothat the mgjor axisisaways e, .

* That 1sthe major axis of the polarisation € lipse Is perpendicul ar
to the projection of the magnetic field on the plane of propagation.

The following figure summarises the above. Notethat 6 = O corre-
spondsto looking exactly along the direction of the electron velocity.
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Right polarised O >O\l\
o LD TR
<
Rl
L eft polarised < 050
V>0 \*n

8 Integrated single electron emissivity

* Thisisagood example of how the integrated emission from a
source can exhibit polarisation properties that are different from
the individual components.

e A qualitative feature that one can note from the above is that the
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Integrated emission from a single electron will have alow circular
polarisation because of the positive and negative contributionsto V
from negative and positive 6

* Notethat Q = O because the axis of the ellipseisinthe e, direc-

tion.

Recall our expression for the emissivity corresponding to the various
components of the polarisation tensor:

dWOL[:-S B Ceo 2
dQdwdt nT

E (u))E (w) (68)
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of total emission from a
single electron. We inte-

grate over all directions n.
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The gpectral power of the pulse, per unit solid angleis:

dp _ AWy dWp,
dQ ~ dQdt  dQdt
Wy, AWy
dQdt  dQadt

The two terms correspond to emission into the two modes. We can
now use this expression to determine the total power emitted by the
electron.

(69)

We first consider the total energy per unit solid angle per unit circu-
lar frequency emitted over one entire gyration of the particle. Begin
with the energy radiated per unit solid angle, at a particular point on
the orbit, that we have just calcul ated:
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dmm Ceg

[
T\J

_m
S

_m
S

dQdw U
2~2
_ 0 (61)2(@ 2 2
= v8)°K1,3(n)
12n3080 Cyz ! 1/3
W (70)
L = 026 (4)E" (o)
dQdw 7T - L
2n2
_ _w™=Q ( a )294K2 (
= M)
12n3CsO Cy2 V23

High Energy Astrophysics: Synchrotron Radiation | 77/105



These expressions are integrated over all the directions n. Let 9, ¢

be the polar angles for the direction n. The solid angle for emission
around thisdirection is:

dQ = sin9dode (71)

We can use the solid angle corresponding to a complete orbit since
the spectrum of a pulse is independent of ¢.

For a complete orbit:
dQ = 2asnvdd (72)
We have
v =oa+0 (73)
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where 0 Isthe angle we have used in the previous calculations. Since
the contribution to the integral over solid angle mainly comes from

0 ~1/v, then we can put

U=
d9 = do (74)
dQ = 2nsnodo
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Hence, the total energy emitted over one gyrational period into the
parallel and perpendicular modesiis:

dw dw
”9 J‘ — " ”1J—
do Z2redna 0 dQdw ay
(75)
~2nsinaf” dW”’Lde
~ ) d0de

The integral over O = [0, 2xt]| Is replaced by an integral over
0 = (-, ) because of the concentration of dWII |, /dQdw

around 6 = 0 and the rapid vanishing of the Bessel functions for
v6] » 1.
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These expressions give the amount of energy radiated per orbit. The
energy radiated per unit time is given by dividing by the period of
the orbit

T:2_:rc_2nym_31 _ |q/B

= > = = /6
Qp  gB T  2aym (76)
Hence, the power emitted in the parallel modeis
2q2 2
P“((D) = w 3q ( a2> X 27t SN X 2|2|y?n
127t=Ce \Cy 77

x [ (19)202K2 5(n)do

High Energy Astrophysics: Synchrotron Radiation | 81/105



We change the variable of integration to y0, thereby introducing an-
other factor of y into the denominator. We also use, for the local ra-
dius of curvature,

C a2 1

a= — = — = (78)
Qsina. ¢2  QZsina

Various factors in the numerical factor in from of the expression for
P”(oo) combineto give w (2: In the denominator, where

9 .
g 4QBY6S| n2q, (79)
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All of thiscombinesto give:

3 .
P (0) = 3 qQ Bsmoc<(o 2
| 163‘53080 m 1w

(80)
x [ (10)202K$, 5(n)d(v0)

The numerical factor in front of the expression for the other power
P, (o) Isidentical and

3
PL(0) = SR 0gk3 q(de) @y
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remembering that

100

ey — (1+Y262)1/2 N =

The two Integrals involve integration over the variable y0 and in-
volve as parameter

(83)
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Theseintegrals were evaluated by Westfold (1959) in one of the fun-
damental papers on synchrotron emission. The results are:

Q0

[, (10)202K S, 5(m)d(y8) = L x2[F(x) - G(X)]

V3 (84)
o0 vt
[ 02K5 a(n)d(y6) = NEa °[F(x) +G(xX)]
where the functions are defined by
F(X) = X[ Kg 52z G(X) = XKy ,5(x) (85)
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Hence the components of the single electron emissivities per unit
frequency are:

3
P (0) = —L2 GBS 6
16n €nC
; (86)
P () = J3 g BS‘”“[F( X) + G(X)]

1672 €qC
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The total synchrotron power per unit circular frequency from a sin-
gle electronis.

_ . .J3 qBBSinoc
Pot(@) = Pyle)+ P (o) = o m
0 (87)
x = &
(DC
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The functions F(x) and G(x) are plotted on linear and logarithmic
scales in the following figures. The asymptotic forms are asfollows:

4 1/3
F(X) ~ X
3r(1/3)21/3
Small x V3 (2 )
T 1/3
G(X) ~ X
3r(1/3)21/3
J3T(1/3) -
F(x) ~ %Xe_x
Large X
_ XX
G(X) > e
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Features
» Peak of F(x) at
= u)/mC ~ (0.29
 Emission isfairly broadband

F(x), G(x)
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Logarithmic version of the
plot of F(Xx) and G(X), show-
Ing the power law depend-
ence of F(x) and G(x) for
small x.

1e+00 k

F(x), G(x)

le-02 F

1e-03 |

le-04 e
le-04 1e-03 1e;02 1e-01 1e+00 le+01
X =W (DC

9 Synchrotron cooling

9.1 Integration of syn-
chrotron power

A fairly immediate implication of the power radiated by a single
electron isthe loss of energy by the electron.
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Since the power per unit frequency Is:

J3 q3BSinoc

P(w) =
83‘5280C m

F(x)

then the total power radiated over all frequenciesis

J3 qBBsi now o«

P
STEZSOC m 0

fg) P(o)dw = F (x)dw

3R i -
JE: BING, R (x)dx
8752800 m 0
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The integral

fo FOOdX = [ X[ Kg a(t)ct | =
and

_30gB 2. 2
O = 5727 Sin“a

Therefore,

1 q4stin20c 2
6re,C  m2 |

P =
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(91)

(92)

(93)
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In terms of energy (E = ymc?):

P (94)

_ 1 <q482§n2a>E2
631380 m4C5

The power of m* appearing in this expression is why synchrotron
emission from protons is not usually considered.

9.2 Other expressions for total power emitted by elec-
trons

Take g = e so that the total power emitted by an electron is

5 - 1 e'B%sn‘a ; o
6rtenC 2 ! (%)
0 m
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Thisis often expressed in terms of the Thomson cross-section for an
electron.

The classical radius of an electron is defined by
Electrostatic potential energy = Rest mass energy

€~ m.c?
e
4n80r0
96
) o2 (96)
= ro — 5
4neOmec

2.818x10 ™ m
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The Thomson cross-section 1S

— 8_75 2 _ e4 -29 5
or = 518 = . = 6.65x10 < m (97)

This cross-section Is important, inter alia, when considering the
scattering of photons by electrons.

In terms of o the power emitted by an electron is.

In2qn2 2
P = 1 _eB7sn"a v2 = = (CoT)| — B sinovy 2 (98)
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9.3 Synchrotron cooling of electrons
By conservation of energy, the rate of energy lost by the electron is

dE _ _ B_2 . 2 9
il P = (COT)(MO)Sm oy (99)

Hence, the rate of change of Lorentz factor Is:

dy _ _1 dE _ (°T)(B? sinoy 2 (100)
dt mecz dt meC MO
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This equation can be put in the form

O 2
_izd_Y - (_T)(B_)sza (101)
y t m.C)\ u,

Letyybethevalueof yatt = 0, thenassuming that B and o remain
constant during the time t, then

V= 1 (102)

% /(O 2 |
1+ YO( T)(B )Sinzoc t

mec Uq
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This defines a synchrotron cooling time:

M.C\ /R2cn2.) 1
o - (_e)(B sin oc) - 108
OT a0
Features
. tSyn decreases with increasing y — the higher energy electrons

cool the fastest

. tSyn decreases with increasing magnetic field.
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Example
Take typical valuesfor the lobes of aradio galaxy:

B = 10uG = 1nT v = 104 (104)
_ - 9 2-—-1
= 911x10 31><3><108>< (1x10 ) «yl
syn —29 —7 0
6.65x10 |4 x 1077 (105)
2 o —1
= 1.6x10’ yrs (YS'” O‘)
104

Estimates of the ages of radio galaxies often exceed 108 years.
Hence there is a need to re-energise particles in the lobes of radio
galaxies. Thisintroduces the need for particle acceleration.
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10 Appendix: Evaluation of synchrotron integrals

The evaluation of the synchrotron integrals follows from the result
(Abramowitz and Stegun, egn. 10.4.32)

|(a, X) = f;" cos[ay3 + xy]dy = (3a)~1/3xAi((3a)"1/3x) (106)
where Ai(z) isthe Airy function. In our case,

_ 3 _1
X—Zn a—zn (107)
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Differentiating, | (a, x) with respect to x gives.
0 _ Q0 . 3
o (&%) = [ ysin(ay” +xy)dy

—(3a)~2/3xAi'[(3a)~L/3x]

0 that

“ysin(ay3 + xy)dy = (3a)~2/3rAi'[(3a)~1/3x]
Jo
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Furthermore, the Airy function and its derivative are related to the
modified Bessel functions of order 1/3 and 2/3 via

1/2 1/2
Ky 50 = a(3) AR Ky a0) = A2

V4 V4
(110)

- (39"

See equations (10.4.26) and (10.4.31) of Abramowitz and Stegun.

For x = 3n/2anda = n/2,theargument of the Airy function and
Its derivative s

2 = (3a) M3 = (3)7RN < 3P

High Energy Astrophysics: Synchrotron Radiation | 102/105



Hence, the argument, C, of the corresponding Bessdl functionsisn.
Hence,

f;o cos[ay3 + Xy|ldy = (33-)_1/37£Ai [(3a)—1/3x]

- () ()

3\ —1/3

= (F) (112
1/3

xn—1<3_ﬂ> 3-1/2k

5 1/3(71)

1
= TgKl/g(n)
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and

“ysin(ay3 + xy)dy = (3a)2/3xAi'[(3a)~1/3x]
Jo

_ <3_Tl> _Z/BJIAi’[(B—n) 2/3]

2 2
(113)
_ /3 —2/3 _1/2 3n 2/3
= () x3YAT) Kysm)
1
= —K (n)
J3 2/3
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Finally, the integrals from — to « are twice the integrals from 0 to

Q0 .
00 1 3 2
[ COS[§y3+ QYde = ﬁKl/g(ﬂ)
(114)
o 13 3 L
sin( = dy = — (M)
foysn(zv°+5y)dy = —=K (0
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