Synchrotron Radiation 1

1 Examples of synchrotron emitting plasma

Following are some examples of astrophysical objects that are emit-
ting synchrotron radiation. These include radio galaxies, quasars and
supernova remnants.
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A 20 cm radio image from the
VLA of the radio galaxy IC 4296.
See Killeen, Bicknell & Ekers,
AplJ 325, 180.

This 1mages shows the jets and
lobes of the radio emission corre-
sponding to a relatively nearby gi-
ant elliptical galaxy.
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The nner part of the radio galaxy M8&87 from a 2cm VLA 1mage
by Biretta, Zhou & Owen.
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VLA 4.9 GHz image of the
z = 1.112 quasar 3C204.

g | S The linear size is 159,/ kpc
Note the periodic knotty
structure 1n jets that may be
the result of internal shocks and the very bright core. See http://
www.cv.nrao.edu/~abridle/images.htm

Quasar BC204 YLA Scm image (o) NRAD 1996
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The Supernova Remnant Cassio-
peia A

Cassiopela A gets its name from radio
astronomers, who “rediscovered” it in
1948 as the strongest radio source 1n the
constellation of Cassiopeila. About 5
years later optical astronomers found the
faint wisps, and 1t was determined that
Cas A 1s the remnant of an explosion
that occurred about 300 years ago. The
radio emission 1s synchrotron emission.
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The X-ray image of the Cassiopeia A su-
pernova remnant on the left was obtained
by the Chandra X-ray Observatory using
the Advanced CCD Imaging Spectrome-
ter (ACIS). Two shock waves are visible:
a fast outer shock and a slower inner
shock. The inner wave 1s believed to be
due to the collision of the ejecta from the
supernova explosion with a shell of ma-
terial, heating 1t to a temperature of ten
million degrees. The outer shock wave 1s
a blast wave resulting from the explo-
s10n.
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2 What can we learn from synchrotron emission from an astro-
physical object?

» Estimates of total radiative luminosity

 Total minimum energy (particles plus field) in the radio emitting
particles

 Direction of the magnetic field

 Constraints on energy density of emitting particles and estimates
of magnetic field

» Total amount of matter converted into energy (relevant for radio
galaxies and quasars)

» Accretion rate onto central black hole (radio galaxies and quasars)

* Constraints on the mass of the black hole (radio galaxies and qua-
sars)

 Information relating to source dynamics, e.g. strengths of shock
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waves; velocities of jets

3 Background theory

3.1 Electric field

We have the expression for the Fourier component of electric field
of the pulse from a moving electron derived from the Lienard-
Weichert potentials:

rE(®) = 4_72(2)5 eimr/cjoo nx(nxp')x
O —00
| (1
X exp[iw(t’ 2 ')C((t )ﬂdt
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The Fourier components of a transverse radiation field can be ex-
pressed in terms of unit vectors e; and e, perpendicular to the wave

direction such that

E(w) = E,(0)e, + E,(0)e, (2)

In any particular application we choose e, and e, so as to simplity

the expression for the resultant electric field and Stokes parameters,
defined by:
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CSO

[ = RT[E (0)E (00)+E2(®)E ()]
CSO
O, = 7TT[E ((D)E (o) —<E, ((D)E (0))]
(3)
B CSO
U, = RT[E (0)E,(w) + E, (@)E ()]
1€%0
Ve, = ZRT[E (0)E,(0)—E ((D)E ()]
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Interpretation of T

Another way to interpret the parameter 7" which 1s appropriate when
considering radiation from a distribution of particles is:

I' = time between pulses (4)

or

T-1 = No of pulses per unit time (3)

In the latter case each pulse originates from a different electron in the
distribution.

Nomenclature

We refer to the e, and e, components of the electric field as the two

modes of polarisation.
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3.2 Emissivities
The basic relation is:

WocB ~ ce 2
dQdwdt nT

Eo(@)E (o) ©
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Intermsof 7, O, U, V

dw aw

(©) 1
1 d0dodi  dQdod:
(@) = dWyy dWy
e dQdodt dQdodt
4
dw,, alW]"2 )
o) = +
Ju d0dodi  dQdod:
b3
dw,,  dw},

JA®) = e T0ded
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3.3 Helical motion of a relativistic particle

For synchrotron emission, we evaluate the above integrals using the
expression for helical motion:

\B

AVAYA
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sinocos(L2p1" + ¢)

v = cf —nsinasin(Qgt’ + ) (8)
i COS Ol |
q1B _ 1lglB _ 1
Q,, = Gyrof; = 24— = —— = Q
B yrofrequency ym (i y 0
(), = Non-relativistic gyrofrequency
(9)
n = % = sign of charge

o. = pitch angle

The derivation of the equations for the helical trajectory of a charged
particle 1n a magnetic field are given 1n the background notes.
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Usually we are concerned with electrons (n = —1) so that:

sinocos(L2p1" + ¢)
v = cp sinosin(€2p1" + ¢) (10)

COS L

Note that the motion of the velocity vector 1s anti-clockwise for an
electron.
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Coordinates of particle

Integrating the velocity gives for the position vector:

X(t") = cPp

e

SIn
Q

04

——sm(Qpt"+ ¢)
B

SIn oL

cos(Qpt"+ )
B

t' cosa
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This consists of a linear motion in the z-direction superimposed

upon a circular motion 1n the x — y plane. The radius of the circular
motion 1s the gyroradius

. cBsina. _ ymcpsina
G QB |Q|B

(12)
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3.4 Approximations for ultrarelativistic particles

cy»lI=>P=x1- L Sometimes |B| = 1 is appropriate.

2y2
* Most of the radiation beamed into a cone of half-angle 1/vy. This
means that we can expand functions in terms of small powers of
the angle between the particle velocity and the direction of emis-
s10n.

We set up the calculation in the following way (following Rybicki &
Lightman):
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€3
B
_ Normal to
trajectory
o
serve!
1o Zb ; vt'/a €
| ~
v Y
e \
X Tangent to particle motion at ' = 0.

* The origin of time ¢’ = 0 1s defined as the instant where the parti-
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cle’s velocity comes closest to the direction of the observer.
* The x—axis represents the instantaneous direction of motion at
t' = 0.
» The y—axis represents the direction of the centre of curvature.
* The z—axis completes the system of coordinates (1.¢.
ey = e xe,).
* n 1s the direction of the observer and makes an angle 0 to the
direction of the electron at ' = 0. We take 0 small.

» Since ¢’ = 0 represents the instant at which the angle between the
velocity and the observer’s direction is a minimum, the component

of n 1n the direction of the normal, m 1s zero.

* The parameter a 1s the instantaneous radius of curvature of the
particle
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* Formally, the pulse of radiation reaching the observer originates
from the entire trajectory of the particle. However, most of this
radiation originates from a very small region of the particle’s orbit
near the origin of the above coordinate system.

3.5 Radius of curvature
Summary of the theory of 3 dimensional curves:

x = x(1) Velocity vector = v = C%
Unit tangent vector = ¢ = ‘—‘j (13)
ds
Arc length: — =
rc leng i
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The curvature (k), radius of curvature (a) and curvature normal (m)
are given by:

ds a ds dtds vdt

Using the previous expression for velocity:

v = cf3 [sinoccos(QBt’) sinosin(Qpt') cosoc}

(15)
v L[] L[] L[]
t = - = ' '
- [smoccos(QBt) sinosin(€2pt') cosoc}
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Since the particle passes through the origin at ' = 0 the position
vector 1s:

X = Cﬁgszmasin(QBt’) cﬁgna(l —cos(L2pt")) cPt'cosa

B b 1 (16)

= |rgsin(Qpt") 7 (1 —cos(L2p1")) th’cosoc}

Remember that the gyroradius

cBsmo
re = BQB (17)
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The curvature 1s determined from:

—_—— — o a1 / 4 ]
-, = Km B [ sin(L2p1") cos(L2pt") O] (18)
This implies

m = [—sin(QBt’) cos(L2pt") OJ

' (19)
o QBsmoc o cB ~ e
cf3 Qpsina. gjp2 g

NB. The radius of curvature 1s not the same as the radius of the pro-
jection of the orbit onto the plane perpendicular to B. As one ex-
pects, a = 7 whena = /2.
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3.6 The magnetic field in the particle-based system of coordinates

* Since the normal vector m = |—sin(Q ") cos(Qpt") OJ 1S per-

pendicular to the magnetic field, then the magnetic field lies in the
plane of e; and e,. 1.e. in the same plane as n.

 Also since the velocity makes an angle of o with the magnetic
field, the direction of B 1s as shown in the diagram.
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4 Semi-quantitative treatment of synchrotron emission

4.1 Small angle approximation
Recall the expression for the electric field of a radiating charge:

_ g [ =BHp -n =B (=P -n)]
Erad 47'[0807" (1-B' nr)3 (20)

For a relativistically moving particle, the electric field 1s highly
peaked in the direction of motion, 1.e. when
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(1P -n") 1s close to zero. Since 0O 1s the angle between 3 and n

(1-B'-n") = (I—BCOSG)NI—(I—L)(I—lez)
2y2 2
(21)
— L—l—lez — L(1_|_.Y262)
2'Y2 2 'Y2

So 1 -B"-n" 1s a minimum at 06 = 0 and increases rapidly for

vO>1,1.e. for 0> 1/y. Since y » 1, then the angles we are dealing
with are very small.

The expression for 1 — ' - n' introduces the variable
6, = (1 +4202)1/2 (22)
This variable occurs frequently 1n the following theory.
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4.2 Estimate of critical frequency

Centre of curvature

2/y

\ Pll/y }/)2 1/

> Observel/
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The angle turned through and the arc length of the particle orbit are

related by:

where a 1s the previously determined radius of curvature.

From the above geometry

2 a
oY === 085 = ady = 2-
Y Y
Time taken for trajectory to sweep through relevant angle

(1, = 28 = 24
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This 1s not the period for which the pulse 1s observed

e
D = distance to observer —»

Front of pulse emitted Back of pulse emitted
from here at ¢, from here at ¢,

Partticle moves distance os 1n time th— 1.
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Times of arrival of front and back of pulse:

. D+ 0s . D
S S N VP
o Tl = ()= (26

1.e. the time between pulses 1s reduced because the trailing part of the
pulse has less distance to travel. This i1s one example of the effect of
time retardation.
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The factor 1 —

oI

Since

then
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1 — B can be expanded in powers of y as follows:

|
le——z

2y
l—ﬁzL
2y2

(27)

(28)

(29)
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The observed duration of the pulse 1s therefore

1 a C 1
(1=B)(ty -t~ —(, - 1)) = — = — X —
2l 2Y2 2 13 Qpsina (3
(30)
_ 1
QBy3sinoc

Fourier theory tells us that 1f the length of a pulse 1s Az then the typ-

ical frequencies present in such a pulse are w ~ (At)_l. Hence the
typical frequencies expected 1n a synchrotron pulse are given by:

0)~QBy3sinoc = M ><y3sinoc = Myzsina (31)

Ym m
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The critical frequency resulting from the exact synchrotron theory
(to follow) 1s close to this estimate:

®, = %QB sinocy3 ;'Zflfﬁ sInQ, = %#yz sIn o (32)
The critical frequency which characterises synchrotron emission 1s a

Iql

factor of y2 higher than the cyclotron frequency =—— and a factor of

y3 higher than the gyrofrequency at which particles gyrate around
the magnetic field lines.
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4.3 Typical example - relativistic electron in a typical interstellar
magnetic field

B = 107G = InT y = 104

Q, = 2B _ 1 8x10 2Hz
ym,
(33)
® 3eByzsmoc = 1.3><101()sin0cHz
& 2 m
re = cpsina = 1.7x10 sina m
QB

Note that the critical frequency 1n this example 1s about 10 GHz — a
microwave radio frequency.
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4.4 Relation between frequency and Lorentz factor

3eB 9
_ 2 _
® V= Sy sinol

1/2
=Y = (@@) (Bsinoc)_l/zvl/2

3(Bsinoc)—1/2( vgl/z
4.9%x10 o GH

' —1/2 1/2
4.9X103(Bs1n0c) ( VJ
10uG GH

(34)
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5 Detailed development of synchrotron emission

Angle turned through 1n time #':

dy _ 1
ds a
la’_\|1 vt

, (35)
var a2 VT 4
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1.€.

vt
cB| cos - sm—

A

A

A

B cos‘i sm—

A
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0

the z—direction. The velocity 1n these axes 1s therefore:

0

In the new set of axes, the motion 1s circular with no component in

(36)
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5.1 Axes based upon instantaneous orbital plane

b2 49
€3
B
Normal to
o foslk trajectory
HserVe
TOn0 9( \ W)
| 4 y e
/ Centre of motion
X Tangent to particle motion at¢’ = 0.
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Rotate axes by angle 0 about e, - gives new unit vectors e, e, I

5.2 Significance of | and e |

The axes e and e | are respectively parallel and perpendicular to the

projection of the magnetic field on the plane perpendicular to the line

of sight given by the vector n.This 1s the plane of propagation of the
radiation.
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5.3 Integral to evaluate

We have our expression for the Fourier component of the electric
field of a pulse:

rE((D) _ —log ezcor/c

joooon X (nx )

4n080 —

X eXp [im(t’ 2 'X(t’)ﬂdz’

C

(37)

5.4 Determination of n x (n x [3)

We first calculate a ssmple expression for the quantity n x (n x [3).
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Use:

n = cosOe1 + sin@e3

B = Bcos(w)el + ﬁsm(vci)ez 9
This gives:
nx = Bcos(‘Z)n x e+ Bsm(v;)n X e,
= [Bcos (‘Z) sinbe | + Bsm(w') e (39)

nx(nxp)= [351nGcos<w>e”—B sin(v—t’> e

A
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We make the following approximations:

B| =~ 1 cos(‘i) ~ 1 sin(‘i) ~ VL (40)
a a a
so that
vt' B ct'
n><(n><[3)~6e||—(7‘l—)eL = Oe”——;eL (41)
Note:

In order to determine terms that are relevant to the small amount of
circular polarisation that emerges from a synchrotron source, we
would have to expand to the next order in 1/7y.
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The term ia)[t’ _n ')j(t )J

This term 1n the argument of the exponential involves X(#'). Since

vt
a

dX '
i cf3 cos‘% sin— (
and X(0) = 0
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then

= da sin‘i (1 cosw) 0

a a
giving
r_n°X(t’): r : .Cl_ vi
J . ¢ [cos@ 0 sm@} - |sin— 1 —cos—
a : ’
= '~ Zcos0sin 2L
C a
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a

(43)

(44)
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n-X(t)

5.5 Expansion of t' — .

A W ———— —

a 6 3

/ / 3 '3
cos@z(l—%@z) sin(w) vt _1ve

then

' 3.3
t' —C—ZCOSGSin(‘i) = t’(l _‘_}) 1 1‘—/f’92 4 lv 4
¢ a ¢/ 2c 6 ;2.
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in small powers of O and t':
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v 1

In the first term, we use 1 — - = and put v = c¢ 1n the remain-

C 2Y2
der, giving:
’ 2413
t’—c—lCOSGSin<‘i) th"FlGZt’—I—lC 4
‘ a’ oy 2 6 ,2
2,203 (47)
tr_n-X(t) — L|:t'(1—|—y292)—|—10 ' :|
¢ 2y2 3 42

The characteristic angle 0 ~ 1/y enters into the expression.
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Summary so far

[ [
nx(nxp)= 6e| (V )eL = E)eH—C;eL

a
2 (48)
ioo[t n X )J [(1+y292)t +_Vt’3}
2y

C 3612

New variables

We put these equations into a dimensionless form by defining new
variables
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02 = 14207 y= Ly = 20g3
avy 3y°c
* The purpose of introducing these variables 1s to make quantities in
the integrand of the expression for the Fourier transform of order
unity.
* In so doing it helps to represent the new dimensionless variables
in a way that makes their physical significance apparent.
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Significance of y

The quantity a/(cy) 1s the time taken for the particle’s velocity to
swing through an angle 1/y. Hence
t’

= — 50
Y Characteristic time x Gy (50

Note:

* y 1s a dimensionless variable
* One expects the major contribution to come from the region of the
integrand wherein y ~ 1.

* Integration over ¢’ will be replaced by integration over y.
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Significance of n

o 0a 30 1 o 3
n = 00 = = 0
3,Y3C Y 3[y3c/a] Y
a_1_ B 1
C CQBsinoc QBsinoc (51)

1 Q) 3 1((1)) 3
>N = = 0° = -| — |0
3Y3QBSin0C Y 2 ™ . Y

Since the radiation 1s concentrated at the critical frequency, the dom-
inant contribution to the result will be around n ~ 1.

High Energy Astrophysics: Synchrotron Radiation 1 52/106



Rearrangement of integrand

For n x (n x ):

ct C
nx(nxp)=~ Ge| - J_ZGe“—C—lC—yerl
8 (52)
— _
GeH yyeJ_
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For im[t— " °X(t’)J

im[t—” 'X(f')J -

2y2

1D

a0

25 1ty +
ny h%

: 2,2
ig%[(14_y292)tp+‘3ﬁy f3}

Y

cy

93
Yy

2y2

+
C'yy

16193 |

3

3a?

3n3
02y2 : a 6yy3
3612 C3y3

1,3
cyy
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] ' looa93
i(x)[i—n X( )J 3’Y [y—l— %y3J
2cy

3
) ié(ma%j [y N 1y3} (54)
2 3cy3 3

3. 1 3
= = 4+ -

2m[y 37 J
For ¢’ — variable of integration:

aey aOY
= ! = 55
t ny:>dt cydy (55)
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6 Evaluation of Fourier components of electric field

—i0g ir/ ¢ .0

rE(o) = 4nceoe _[_oon x(nxp")
X eXp [i(x)(t' I O‘f(t )ﬂdt’
0
nx(an)zGeH—?yyeJ_
im[z—” 'X(t’)J~§i [ . 3} dt' = Cﬂyd
C L R cy Y

High Energy Astrophysics: Synchrotron Radiation 1 56/106



Therefore we have a parallel component and a perpendicular compo-
nent of the electric field:

: a0
_ __iog ( v) ior/c(® F- ( L1 3)}
rE||((D) dmcey\ cy © j_ooeXp T3 ay

: a0?2
_ lwg V| ior/c™ [3- ( 1 3)}
E = — + — d
rE | (o) 4%680(@2)8 | yexp|5inly+3y°)|dy
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The integrals over y have real and imaginary parts:

3. 1 3 1
exp[jm(wa §y3ﬂ = COS|:§T](y—|- §y3ﬂ

(57)

Parallel component

In the integral for rE H(oo) the real part only contributes since the 1m-

aginary part 1s odd and the different contributions over [—oo, 0] and
[0, o] cancel.

Therefore, we evaluate:
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0 3.( 13” _ [3 ( 13”
~ T = — — + —
I_Ooexp[zm y+3y7)|dy = | cos|sn(y+3y7) \dy

Perpendicular component

In the integral for 7£ | () the imaginary part only contributes since

the exponential term 1s multiplied by y. We therefore evaluate:

© 3. 13) = °§< 13)
j_ooyexp[zm(y+3y }dy zj_ooysm[zn y+3y de (58)
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These integrals are expressed in terms of Bessel functions:

o0 3 1 3 2
I_®COS[§n(y+§y )de = —K; ,3(n)

3 1 2 >
j ysm[zn(y 3y3ﬂ :_E 2/3(“)

where K ,;(n) and K, ,;(n) are moditied Bessel functions of or-

der 1/3 and 2/3 respectively. These integrals are evaluated 1n the
Appendix.
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Final expressions

. 100 17

rE(w) = ——24 ( y)e K, ,2(n)

| 23nce," €Y 173

. (60)
a2\ &F
_ g Y C

rE (o) = ( je K, (M)

L Zﬁncao cy2 2/3
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7 Ellipticity of single electron emission

The waves corresponding to the above Fourier components are, for
the parallel component:

EH(r, 1) = %T(E||(Q))e—imt+EH(—(D)eiwt)
1 | o (61)
= 2TT(E||(m)e_’®f + E|| (0)e!®h)

(using the reality condition of the Fourier transform).
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and for the perpendicular component

E\(r,1) = 5=(E (@) + E| (-0)el®)
(62)

1 I .
— 2_R(EJ_((D)8 l(Dt_|_Ej‘_((D)eloot)
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Using the expressions for the Fourier components:

g (199
4ﬁnzcsor cy

() )

X | —1e + 1e

E”(r, 1) Y)K1/3(n)

a0
= 22— (K, 5(sinf (i1 ]
n)sin| o| ¢
2.3n2ceyrs €Y L73 c
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®q [a@%j
E\ (r1) = Ky /3(M)
+ 4J§n2080r cyz 273

o)l

X | e + e

04 [a@%j - .
= K g cos[m(t——ﬂ
2ﬁn2680r cy2 273 ¢
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Now consider the path traced out with time by the E—vector at a
fixed r. Write

E“(r, 1) = a“sin[m(t—gﬂ

E (rt) = aLcos[w(t—gﬂ

This describes an ellipse in the (e |, e”) coordinate system. We shall

(65)

see that a | > 0 but that @ can be positive or negative.
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RN ST\
- o2

Ey(r,1) = aHsin[m(t—gﬂEl(iﬁ, ) = aJ_cos[(D(t—Eﬂ
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. wq
2ﬁn2080r

(d@@

ny)Kl/g(n)

a —
|

®qg ( a >(_ 00
v00,)K; ,2(M)
2ﬁn2080r cy2 vl

2
al (GOVJK ()
2ﬁﬂ2080F cy2 273

(66)

29[ L)(02)K, 5
n)
Zﬁnzcsor cy2 2/

* The semi-major and semi-minor axes of the electric vector depend
upon O (through the variable y0) and we have to bear in mind the
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fact that

1 ®

N = g (e (67)

 The rotation of the electric vector and the shape of the polarisation
ellipse depends upon 0

* The angular dependence of the radiation field can be understood
from the plots of the functions

£ 78) = (-100.)K, ,5()

) (65)
fJ_(xa Y0) = esz/:;(n)
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where

(69)

@
X = —
®
C

1. The variation 1s similar for all x.

These are plotted below for x
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As can be seen both the parallel and perpendicular components of the

electric field vanish rapidly for y6 > 1.
Axes of ellipse
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This plot shows the variation
of the ratio of

az”/aL = f||/fL forx = 1.
Since this ratio 1s always less
than 1 for all YO the parallel
axis 1s always the minor axis

and the perpendicular axis is
always the major axis.
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Summary of polarisation properties of single electron emission

From the above:
*a) 1s positive for y0 < 0 and negative for y0 > 0

* Therefore the radiation 1s always left polarised for 0 < 0 and right
polarised for 6 > 0

* The ratio aH/ a, <1 so that the major axis 1s always e | .

* That 1s the major axis of the polarisation ellipse 1s perpendicular
to the projection of the magnetic field on the plane of propagation.

The following figure summarises the above. Note that 6 = 0 corre-
sponds to looking exactly along the direction of the electron veloci-

ty.
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Right polarised 0 >O\_£
LD TR
<
i
Left polarised ( 0 <0 .
V>0 \71

8 Integrated single electron emissivity

 This 1s a good example of how the integrated emission from a
source can exhibit polarisation properties that are different from
the individual components.

* A qualitative feature that one can note from the above 1s that the
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integrated emission from a single electron will have a low circular
polarisation because of the positive and negative contributions to

V' from negative and positive 0
* Note that U ~ 0 because the axis of the ellipse 1s in the e direc-

tion.

Recall our expression for the energy of the pulse corresponding to
the various components of the polarisation tensor:
dw, 8 €&

- _ 1,2 *
TOd e —7 Ea(m)EB(m) (70)
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of total emission from a
single electron. We inte-

grate over all directions n.
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The total spectral energy of the pulse, per unit solid angle 1s:

aw,, dw,, A

_I_
dodQ) dodQ doon dondQ)

The two terms correspond to emission into the two modes. We can
use this expression to determine the total energy emitted by the elec-
tron in one gyroperiod and hence the total spectral power.

(71)

We first consider the total energy per unit solid angle per unit circu-
lar frequency emitted over one entire gyration of the particle. Begin
with the energy radiated per unit solid angle, at a particular point on
the orbit, that we have just calculated:
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aw CcE
5 = =B (@E] (@)

dod
2.2 o
® a
- 2047 [ 2%(0,v0)2K2 5 (n)
1217 ce ey
dw cE
1 0 9 *
= — <k E
doda  x ! FL@E (@)
2.2 o
_  wW7q ( a) 94K2 (
n)
12n3080 cy2 V2
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These expressions are integrated over all solid angles associated
with the directions n. Let 9, ¢ be the polar angles for the direction
n. The solid angle for emission around this direction 1s:

dQ = sin9d9do (73)

We can use the solid angle corresponding to a complete orbit since
the spectrum of a pulse 1s independent of ¢.

For a complete orbit:
dQ) = 2nsm3d3 (74)
We have
9 =qg+6 (75)
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where 0 1s the angle we have used 1n the previous calculations. Since
the contribution to the integral over solid angle mainly comes from

0 ~ 1/v, then we can put

3=
dd = do (76)
dQ ~2nsinad0O
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Hence, the total energy emitted over one gyrational period into the
parallel and perpendicular modes is:

: 1
~ 2 ||9
dm 7TSanLjo dondQ)

AW

~ 2T sinocj dm!’é
—00

The 1integral over 5 = [0, 2w] 1s replaced by an integral over
0 = (—oo, ) because of the concentration of dW” 1/ dQdo

dd

(77)

do

around 6 = 0 and the rapid vanishing of the Bessel functions for
[vy0| » 1.
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These expressions give the amount of energy radiated per orbit. The
energy radiated per unit time 1s given by dividing by the period of
the orbit

q| B

2y (78)

T — 2n _ 2mym
QB IQIB

1
T

Hence, the power (1.e. energy per unit time per unit circular frequen-
cy) emitted 1n the parallel mode 1s

2.2 o
PH((D) - 049 ( a) X 27SInao, X q1B
127‘[3680 cyz 2mym

(79)
<" (10)202K3 5 (m)d6
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We change the variable of integration to y0, thereby introducing an-

other factor of y into the denominator. We also use, for the local ra-
dius of curvature,

2
C a 1
a = — = — = (80)
Various factors 1n the numerical factor in from of the expression for
P”((D) combine to give ® g in the denominator, where
9 .
oog = ZQ§y6smzo¢ (81)
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All of this combines to give:
3 ¢3Bsin oc( ® ) 2

(82)
<7 (10)202K3 5 (m)d(x6)

The numerical factor in front of the expression for the other power
P (®) 1s identical and

3 q3BSinOL O\2° 4.9
P(w) = (L)% 023 ,,()d(10) (83
+ londce, M O . %K2/3
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remembering that

1o

200 (1_|_,Y292)3/2 (84)

The two integrals involve integration over the variable Y0 and in-
volve as parameter

x = =2 (85)
@
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These integrals were evaluated by Westfold (1959) 1n one of the fun-
damental papers on synchrotron emission. The results are:

[ (18)%67KF 5 (n)d(v6) = %x—z[m) -~ G(x)]
(86)
j 0,'K5 /3(n)d(10) = ﬁ X 2[F(x) + G(x)]
where the functions are defined by
F(x) = xijS A2z G(x) = XKy (%) (87)
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Hence the components of the single electron emissivities per unit
frequency are:

3 .
Py(®) = S g7Bsny G
167132800 m
J3 q3Bsinoc Y
P (0) = —5—1=2[F(0) + G@)]
0
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The total synchrotron power per unit circular frequency from a sin-
gle electron 1s:

J3 q3Bsin0c

87‘[2800 m

Pio(®) = P (0)+P (o) = F(x)

(89)

®
(DC
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The functions F(x) and G(x) are plotted on linear and logarithmic
scales 1n the following figures. The asymptotic forms are as follows:

Small x

Large x

am L1/3
J30(1/3)21/3

27 L1/3
J3r(1/3)21/3

F(x)~ @e‘x
G(x)~@e‘x

F(x)~

G(x) ~

(90)

High Energy Astrophysics: Synchrotron Radiation 1 89/106



Features

* Peak of F'(x) at
x=o0/0,~0.29

* Emission is fairly broadband

F(x), G(x)
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Logarithmic version of the

plot of F'(x) and G(x), show-
ing the power law depend-

ence of F(x) and G(x) for

1e+00 F

= |
5 1e02 F small x.
= _
1le-03 —
le-04 sl ——d O §ypchrotron cooling
le-04 1le-03 le-02 1e-01 1e+00 le+01
X =0/0,
9.1 Integration of synchro-
tron power

A fairly immediate implication of the power radiated by a single
electron 1s the loss of energy by the electron.
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Since the power per unit frequency is:

J3 q3Bsinoc

P(o) = —
8T £0C m

F(x)

then the total power radiated over all frequencies 1s

J3 q3B SIn @ (*°

8n2800 m

P = j?P(oo)doo - J, FOdo

3
B J3 q Bsmocmj F(x)dx
72 ggc M
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The integral

[ FGds = [[x] Ky 5(0dt|ds =

and
3gB. 2. 2
®, = 5 I—vy4sin“a
Theretfore,
4n2 in2
p - 1 g"B“sin ocyz

brnegc 2
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In terms of energy (E = ymcz):

4n2
P — 1 (q B<“sin OL)EZ 96)
brne,\ el

The power of m* appearing 1n this expression 1s why synchrotron
emission from protons 1s not usually considered.

9.2 Other expressions for total power emitted by electrons

Take g = e so that the total power emitted by an electron 1s

4B%sin%a 9

L ¢ y (97)

P =
brne e 2
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This 1s often expressed in terms of the Thomson cross-section for an
electron.

The classical radius of an electron is defined by

Electrostatic potential energy = Rest mass energy
2

€ _ 2
1 = m,c
mEG
62 (98)
> VA —
0 4n80m c2
e

— 2818x10 " m
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The Thomson cross-section 1s

ST o 84 —29 9
G = —F45 = = 6.65x10 m (99)
I 30 67t8(2)m204

This cross-section i1s 1mportant, inter alia, when considering the
scattering of photons by electrons.

In terms of o . the power emitted by an electron is:

e B2 gin2 2
P = 1 B7sin"a 2 (CGT)£B jsinzocy2 (100)
brneyc 2 1,
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9.3 Synchrotron cooling of electrons
By conservation of energy, the rate of energy lost by the electron 1s

dE

B%) . 5 5
— = —P = (CGT)( jsm oLy (101)

Ho

Hence, the rate of change of Lorentz factor is:

dy 1 dE [ ](sz ,
— = = - — sin ocy (102)
dt mec2 dt m,c)\ 1,
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This equation can be put in the form

o 2
ddy | T B2 2 (103)
y2dt m c/\u

e ()

Let y, be the value of y at 7 = 0, then assuming that B and o remain

constant during the time ¢, then

L = : (104)
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This defines a synchrotron cooling time:

m c 2.2 N1
_ e || BSsin“a _1
syn [_j( Ho j 0 (10

° syn decreases with increasing y — the higher energy electrons

cool the fastest

Features

° syn decreases with increasing magnetic field.
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Example

Take typical values for the lobes of a radio galaxy:

B =10uG = 1nT Y, = 10* (106)
_ - -9 2+—1
. 9.11x10 1 3x10° [(1x107) ]
syn _ _ 0
g 6.65x10 > 4nx 1077 107)
2 N—1
— 1.6x10’ yrs (Vsm )
107

Estimates of the ages of radio galaxies often exceed 108 years.
Hence there 1s a need to re-energise particles 1n the lobes of radio
galaxies. This introduces the need for particle acceleration.
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10 Appendix: Evaluation of synchrotron integrals

The evaluation of the synchrotron integrals follows from the result
(Abramowitz and Stegun, eqn. 10.4.32)

I(a,x) = f())o Cos[ay3+xy]dy = (3a)_1/3nAi((3a)_1/3x) (108)

where 4i(z) 1s the Airy function. In our case,

3 1
— — — ]
SN a =5 (109
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Differentiating, I(a, x) with respect to x gives:

il(a, X) = —Jooysin(ay3 +xy)dy
Ox 0 (110)

= —(3a) 23 n4i'[(3a)"1/3x]
so that

f;oysin(ay3 +xp)dy = (3a)23n4i'[(3a)"1V3x] (111
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Furthermore, the Airy function and its derivative are related to the
modified Bessel functions of order 1/3 and 2/3 via:

1/2 1/2
Ky 5@ = (2) T4 Ky 0 = niai)

_ (2@)2/3
2

See equations (10.4.26) and (10.4.31) of Abramowitz and Stegun.

(112)

Forx = 3n/2 and a = n/2, the argument of the Airy function and
its derivative 1s

- ot () - (0 am
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Hence, the argument, C, of the corresponding Bessel functions is 7.
Hence,

I: cos[ay3 +xyldy = (3a)_1/37tAi[(3a)_1/3x]

) (3711)—1/3“{(37”)2/3}

= (37”)_1/371 x (114)

13m 13,
X T 1(7”) 312K, ()

1
= EK1/3(”)
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and

jc(;oysin(azy3 +xy)dy = (3a)_2/37tAi’[(3a)_1/3x]

_ (37“)—2/371141.’[(37“)2/3}
(115)

_ (3723 _1/2(311)2/3
)

=K ()

J3 2/3
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Finally, the integrals from —oo to oo are twice the integrals from 0 to

0.

©  r3.37, 2
j_oo cos[zy +§dey = —K, ,5(M)

3
13 (116)
© (13 3 1
ysm(—y +—y)dy = —K ()
l &2 J3 273
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