- 1-

Solutions to Exercises in Astrophysical Gas Dynamics

(a) 1. Since uj,v; are vectors then, under an orthogonal transformation,
u; = Aj;Uj Ug = QUL
Therefore,
uvh = @i QiU VL = LUV = UjU;

Hence. u;v; is invariant under transformation and is a scalar.
ii.

I/
UV = QikURA V] = Qi UL

and this is the transformation law for a second rank tensor.
iii.
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using the chain rule for partial differentiation. Now, since

/ /
T; = GjkTk = T = ARy,
oy ox),
T T
= aglr; = aj
then

a7 = @ikGjl 5
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and is therefore a second rank tensor.
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For the terms on the right hand side to equal Z?zl uj we require Z?:l a;; = 1 for
each j, i.e. each row of the transformation matrix should sum to unity. This is an
over-restriction on the properties of the orthogonal matrix.

ii. The proof is similar.

Since these quantities are not invariant, they are unsuitable choices for the magnitude of a vector.
The quantity ,/u;u; is invariant and is therefore a suitable choice for the magnitude of u;.

. Write 1 1
T = 3 (Tz'jJFsz‘)+5 (Tij — Tji)
The tensor 1
Sij = 5 (T + Tji)
is symmetric and the tensor
Aij = % (Tij = Tji)



is antisymmetric. We can further write
1 1 1 1 2
Sij = 55k0ij + | Sij — 55kk0ij | = Thekdij + 5 | Lo + Liji — 5Tk

The tensor % (Tij + Ty — %Tkkéij) is traceless. Hence,
1 1 2 1
Tij = 3Tewdij + 5 | Tog + Tji — Dby | + 5 (Tig — L)

. Energy density and energy flux in a sound wave. Mass momentum and energy flux

Use the perturbation equations derived in lectures for a sound wave, viz,
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. Velocity of sound in a moving medium. Consider a plane wave in a reference frame (denoted by
a prime) in which the gas is at rest. The variation of density in the wave is given by:

pl = Aexpi[kia; — wt]
The transformation to the moving medium is given by:
T; = :E/i +u;t
The equation for the density then transforms to:
p = Aexpi [kzxz — (W' + kluz)t]

implying that
ki =k, w=0u +ku; = csk + kju;
since w’ = cgk in the stationary medium.

There are 2 ways to work out the velocity of this wave:
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(a) A surface of constant phase is given by
kixi — (Csk + k‘iui)t = (250

This can be put in the form

ki ki . %o
T = (cs+ ?uz)t + "’

Let n; = k;/k be the normal to the wave, then this equation implies that
n;T; = Uyt + constant

where
Vw = Cs + u;n; = Sound speed + Component of u in direction of wave

(b) The group velocity of waves given by this dispersion relation is:

Ow ]{ZZ
= Cs— + U

= Ok k

so that the wave speed in the direction of the wave is

Ci

Ciki =cs+ U,‘kz‘

5. Doppler Effect. Consider the frequency of a wave in a reference frame in which the source is at
rest. The medium is moving with velocity —u; in this frame. Thus, from the previous question,
the relationship between the rest frequency (wp) and the frequency in the medium in which the
source is moving (w) is given by:

wy = w—kju;
= w (1 P 0)
c
since in the stationary medium k& = w/c. This equation then implies that
wo
YTz “cosf

6. Pressure fluctuations in a sound wave. The mean energy flux of a sound wave is:
/ !
(Fgi)=pv,

For a plane wave:

P = & Acos(kjr; —wt)
c

Vi = 2 A cos(kjr; — wt)
Po

where ¢ is the sound speed in the undisturbed medium, A is the amplitude of the density wave
and n; is the unit vector in the direction of propagation. Hence, the rms energy flux is given by

3
<phi> = ;—0 A?n; < cos®(kjx; — wt) >
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We can relate this to the mean square pressure fluctuation by:

(%) = cgA%(cos’(kjz; — wt)
B céA2
2
Hence
/2
<§E> = poCo
= (") = poco(Fg)

The background pressure can be expressed as pg = poc% /7. Hence
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Parameters for this problem are density of air, pg ~ 1.225 Kgm™3, ¢g ~ 330ms™!, v = 1.4 and
< F >=10W /(47 x 1m?). This gives,
< p? 12
Po

~18x1074

. Jeans mass at recombination.

At recombination, the Universe consists mainly of H and He, with the abundance by mass of
He, Y =~ 0.2534. The atomic masses of H and He are 1.0079 and 4.0026 respectively. Hence the
ratio of the densities is given by

4.0026
PHe _ MHe X 2UED _ 5 g7 MHe _ (19534
PH nyg X 1.0079 ny
Hence
e _ 10638
ng

The density of the Universe in terms of the number density of atoms (n,), can be found from

14+Y
b nampEY) g
na  ng(l+npe/nm)

Therefore,
p~1.19 x 1.0079m x n, ~ 4.3 x 10722 gm cm ™3

for the given parameters.

Let us define the Jeans mass as the mass within a sphere of diameter the Jeans length \; where

c2 ynqkT ~kT
Aj=2m[—2— =2 =2 =2.10 x 10%
g i 47 Gpo i 47 Gp? 4 AtGpo x 1.19mpy e

Therefore the Jeans mass is

My = TN} x 43 1072 gm = 2.1 x 107 gm = 1.0 x 10°M




8. Timescale for gravitational collapse.

(a) When k < kj, the growth rate according to the Jeans theory is given by:

wg = A(k% - k?)

and the maximum growth rate wy, = c;k; with associated growth timescale

1 1
T = cky VArGpg

(b)

(i) For typical ISM densities, n ~ 10* em™ and u ~ 1, the collapse timescale is of order
2.7 x 10° yrs. (ii) With pg = 4.3 x 10722 gm cm ™3 from the previous question, this gives

Ty =53 x 107 s = 1.7 x 10%r



