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Unmagnetised Winds

1 Hydrostatic atmospheres

1.1 The pressure cooker model

In many cases we can approximate the atmosphere of a planet, star gal-
axy, cluster etc. as hydrostatic. Neglecting magnetic forces for the time
being, and assuming spherical symmetry, the equation describing such
an atmosphereis:

dP dy _
ar Par =0

where y isthe gravitational potential. In the case of a star we can put
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Frequently, we assume that the atmosphere isisothermal and thisis ad-
equate for our purposes here. Thus,

and the hydrostatic equation is:
KT G - _GM

nmy dr r2
uGM my1
KT r

Inp = Constant +

Taking the density tobe py at r = r, we obtain
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We can define a“virial” temperature by:
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Now, the intriguing point about this expression is that the density does
not dropto zeroat r = oo. Instead,

P [ Tviriﬂ
Po (A
and if T~T,, thenthedrop in density from p to p_ isminor. The

physical interpretation of this is that such an atmosphere requires a
background pressure,

p KT
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in order to keep the atmosphere hydrostatic. This is sometimes known
as the “pressure cooker” model since we have to keep alid on the at-
mosphere.

1.2 Application to the Sun

The sun has a hot coronawith T = 2><106K and therefore

P { 2.4x10"

6} = exp[-12] = 6.1x10°
2x10
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and athough thisratio isfairly low it isnot low enough that this density

and the associated pressure ~ 10~2 dynescm—2 can be provided by
theinterstellar medium. Therefore, the sun’s corona hasto be driven out
in a thermally driven wind, since the background medium does not
have ahigh enough pressure to contain the hot gas. Thisisknown asthe
solar wind.

2 Characteristics of stellar winds

O\

Velocity at earth’s orbit:

v =400 km/s
Density:
n=10" m-3
Temperature:
T=10°K
Speed of sound:
c, = 50 km/s
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Mass flux (spherically symmetric wind):

M = 4munmyv,r2 = 3x107 Moy

Other stars:

Red giants: M = 10-11M 4/yr
O&B typestars: M = (10~7 - 10-%)M o /yr

Protostars: M = 10~4M o /yr

In the above cases, not al of the winds are thermally driven. In O& B
stars, radiation pressure is the driving force. We do not know the mech-
anism in protostars, although magnetic fields seem to be implicated.
However, an analysis of thermally driven winds introduces many of the
physical and mathematical concepts that are relevant to all winds. The
following treatment also introduces many of the concepts that are rele-
vant to the more complex analysis of magnetised winds.

3 Analysis of spherically symmetric unmagnet-
Ised winds

3.1 Fundamental equations

Euler equations:
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Spherical symmetry :>VrW = _Eﬁ ~r

For a spherical star:
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Equation of state:
Adiabatic: p = K(s)p?
Polytropic: p = Cp?

In the latter, y not necessarily Cp/Cy. ¥<5/3= Hesating .

| sothermal:

P=—p T = constant

Source of heat for the solar wind: Dissipation by waves in solar wind
generated in photosphere/chromosphere.

Speed of sound

where the derivative is no longer at constant entropy.

Ly

| sothermal sound speed =
umy

Radial momentum equation

Vd_vr: aszdp GM
rdr pdr r2

Mass flux
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dp , 9

_1d 5
m a_Xi(pVi) - rza(r er) =0

= pr2V, = Constant = 4Mn

M = | pV.ndS = 4nr2pV,

Spherical surface

FromnowonV, = V.

3.2 Sonic point

In4m + Inp + InV + 2InR = InM

ldp, 1dv 2
= odr Tvdr '

Substitute p—1$ into momentum equation:

Vd_\/ = a_gd_\/+za;§_G_M
dr V dr r r2

dv aZ GM

2 _ 22" — = _ ¥y
(V as)dr V2r rz)
aZ GM
V 2—5——)

av _ A\ r r?

dr (VZ-a2)

The equation for V has a critical point at:
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8 _GM_ , _ GM _ HGMm,
r T2 e T 22 T ok,

eg.theSun(y=1):.

T \1/2
V, = 170 km/s(—)
105

-1 -1
r.~4.8x10° m (%—6) = 6.9RO(1—(T)—6)

Solar radius: Ry = 6.96x10° m .

Actual sonic radius: r ~35R,=> T ~2x10° and V=~ 340 ks .

4 Critical point analysis

If we want a wind solution which accelerates to supersonic then we
need to negotiate the critical point (cf. deLaval nozzle).

Split this equation into 2 by introducing a parameter u and writing the
equations as.

dr

i r2(V2-a2)
dVv

m = V(2a§r—GM)
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These equations have no potential infinities anywhere and are much
better behaved numerically and easier to analyse mathematically.

Critical point:

r=r.+r V=V.+V
dr d dv _ d.,
du-dd  du_du’
i{r} _ |or oV {r}
ULV |af, af,| LV
or 9V

where
f, =r3(vV2-a?) f, = V(2air —-GM)

In order to evaluate the partial derivativesof f , weneed to evaluatethe
partial derivatives of a2.

Bernoulli’s equation:
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ST
%VZ = _YVTClpv—l + GTM + constant
%V2+%pv—l_GTM = constant

az = (y-— 1)(constant + GTM - %VZ)

The last equation implies:

9
ar

Hence, at the critical point:

0
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ar oV | _ GI(\/T ) (= DVele
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and

JL] | @=DOM Va2
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c

The solution of these equations requires the eigenvalues and eigenvec-
tors of the matrix. Denoting the eigenvalues by A :
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A—(y—-1)GM  —(y+1)V 2
- 0
—?—Mvc(s—zy) A+ (y—1)GM

c

Thissimplifiesto:

A2 = (om0

1/2
com(252)

= A

Eigenvectors:

A—(y-1)GM —(y+1)VI’§ U] _
X Y u,

= [A-(y-1)GM]Ju;—(y + 1)Vcr§u2 =0
Take

2
re

C
(Y+1)GM

(33 -0

u,=1=u; =

The general solution in the neighbourhood of the critical pointis:

{r} = Ajujexpiu+ Asu,expi,u
VI

where u; and u,, are the two independent eigenvectors.
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Slopes of lines through critical point:
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5Asymptotic wind solutions

As 1 — o the density in the wind goes to zero and therefore since

= + ~1 Y—t—— = n
2V Ip p constant

the velocity tends to a constant.

Since
M = 4npVr2

then asymptotically
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M
4mV _r2

p:

Thisexpression for the density isfrequently used for windswell outside
the sonic point where the wind can be considered to have achieved its

terminal velocity, V_,.
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