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Shocks

 

1 Shocks as discontinuities

 

1.1 Basic approach

 

Have seen that as velocities approach the speed of sound the non-
linearity of the Euler equations forces waves to become steeper and
multiple valued. At the point where the velocity profile becomes in-
finitely steep we intervene and insert a surface of discontinuity into
the fluid. Physically this discontinuity represents a region where the
fluid variables are rapidly varying and we shall assess later some of
the details of this region. Here we look at the consequences of en-
ergy and momentum conservation across the surface of discontinu-
ity which we refer to as a 

 

shock wave. 

 

We develop equations for
magnetised shocks here and extend this to magnetised shocks later
in the course.

The shock relations are best analysed in the frame of the shock (in
which its velocity is zero). The coordinate 

 

x

 

 is normal to the shock;

 

y

 

 is in the plane of the pre-shock velocity  and is along the shock
plane; 

 

z

 

 is normal to 

 

x

 

 and 

 

y. 

 

The general situation depicted above
is an 

 

oblique shock

 

. When  the shock is normal.

x

y

V1

V2

ψ1

ψ2

Fluid flow in the frame

of the shock

ρ1 P1, ρ2 P2,

V1

Vy 1, Vy 2, 0= =
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In general all fluid variables, density, pressure and velocity are dis-
continuous at a shock.

 

1.2 Conservation laws satisfied at the shock

Mass flux

 

There is no creation of mass at the shock so that the mass flux into
the shock must equal the mass flux out.

i.e.

where the square brackets refer the jump in a variable across the
shock.

 

Momentum Flux

 

Likewise there is no creation of momentum at the shock front and
the 

 

x

 

 and 

 

y

 

 components of the momentum flux are the same on both
sides of the shock. The momentum flux

so that the flux of 

 

x

 

-momentum normal to the shock is:

and the flux of 

 

y-

 

momentum normal to the shock

 

Energy Flux

 

The energy flux into and out of either side of the shock is

ρ1Vx 1, ρ2Vx 2,=

ρVx[ ] 0=

Π ij ρViV j Pδij+=

Πxx ρ1Vx 1,
2 P1+ ρ2Vx 2,

2 P2+= =

Πxy ρ1Vy 1, Vx 1, ρ2Vy 2, Vx 2,= =
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so that

Summary

The above equations all collected into one place are:

1.3 Two types of discontinuity

1.3.1 Tangential or contact discontinuity

The first type of discontinuity is a tangential discontinuity or con-
tact discontinuity. This occurs when there is no mass flux across
the surface, i.e.

For non-zero densities

Since this is the case then the continuity of the y-component of mo-
mentum can be satisfied with 

The xx-component of the momentum flux is continuous if 

FE x, ρVx
1
2
---V2 h+ 

 =

ρ1Vx 1,
1
2
---V1

2 h1+ 
  ρ2Vx 2,

1
2
---V2

2 h2+ 
 =

ρ1Vx 1, ρ2Vx 2,=

ρ1Vx 1,
2 P1+ ρ2Vx 2,

2 P2+=

ρ1Vy 1, Vx 1, ρ2Vy 2, Vx 2,=

ρ1Vx 1,
1
2
---V1

2 h1+ 
  ρ2Vx 2,

1
2
---V2

2 h2+ 
 =

ρ1Vx 1, ρ2Vx 2, 0= =

Vx 1, Vx 2, 0= =

Vy 1, Vy 2,≠
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This situation is depicted in the following figure:

Such a situation is unstable to the Kelvin-Helmholtz instability
which will be analysed in a later lecture.

1.3.2 Shock discontinuity

In this case there is a non-zero mass flux across the discontinuity.

The continuity of the xy-component of momentum flux implies that

i.e. the component of velocity tangential to the shock is conserved.

Now consider the continuity of energy flux which can be expressed
in the form:

Since  and  then conservation of energy can
be expressed in the form:

P1 P2=

Vy 1, Vy 2,

P1 P2=

ρ1 ρ2≠

Vx 1, Vx 2, 0= =

Vy 1, Vy 2,=

ρ1Vx 1,
1
2
--- Vx 1,

2 Vy 1,
2+( ) h1+ 

  ρ2Vx 2,
1
2
--- Vx 2,

2 Vy 2,
2+( ) h2+ 

 =

ρVx[ ] 0= Vy[ ] 0=

1
2
---Vx 1,

2 h1+
1
2
---Vx 2,

2 h2+=
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so that the complete set of equations for shocks can be expressed in
the form

1.4 The shock adiabat (the Rankine-Hugoniot 
equations)

Introduce 

For a perfect gas there is an adiabatic relationship between pressure
and specific volume, viz.

Similarly, there is a relationship between P and  for shocks - the
shock adiabat.

The purpose of the following is to derive the shock adiabat.

ρ1Vx 1, ρ2Vx 2, j Mass Flux= = =

P1 ρ1Vx 1,
2+ P2 ρ2Vx 2,

2      x-Momentum flux+=

Vy 1, Vy 2,                   y-Momentum flux=

h1
1
2
---Vx 1,

2+ h2
1
2
---Vx 2,

2        Energy Flux+=

Specific Volume τ 1
ρ
---= =

Pτγ constant=

τ

τ

P

P1 τ1,( )

P2 τ2,( )
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Continuity of mass flux =>

Substitute into momentum flux equation:

i.e. the mass flux is determined by the difference in pressures and
specific volumes.

Velocity difference

We have

Hence the velocity difference is also determined by the pressure
difference and the specific volume difference.

Vx 1,
j

ρ1
----- jτ1= = Vx 2, jτ2=

P ρVx
2+ P

1
τ
--- j2τ2+ P j2τ+= =

P1 j2τ1+⇒ P2 j2τ2+=

j2⇒
P2 P1–

τ1 τ2–
------------------ ∆P

∆τ
-------–= =

Vx 1, jτ1= Vx 2, jτ2=

Vx 1, Vx 2,–( ) j τ1 τ2–( )=⇒

j2⇒
Vx 1, Vx 2,–( )2

τ1 τ2–( )2
----------------------------------

P2 P1–

τ1 τ2–
------------------= =

Vx 1, Vx 2,–( )⇒ P2 P1–( ) τ1 τ2–( ) ∆– P∆τ= =

P2 P1–( ) ρ1
1– ρ2

1––( )=
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Enthalpy difference

The difference in enthalpy between the pre-shock and post-shock
fluids can be determined from the energy equation which can be ex-
pressed in the form:

Using the expression for  developed above, viz.

we have

Summary of Rankine-Hugoniot relations

Note one feature of shocks that is apparent from the above. We re-
quire the sign of  to be opposite to that of  for the
Rankine-Hugoniot relations to be physically valid. Hence if the

h
1
2
---Vx

2+ h
1
2
--- j2τ2+=

h1
1
2
--- j2τ1

2+ h2
1
2
--- j

2
τ2

2+=

h2 h1–⇒ 1
2
--- j2 τ1

2 τ2
2–( )=

j2

j2
P2 P1–

τ1 τ2–
------------------=

h2 h1–
1
2
--- P2 P1–( ) τ1 τ2+( )=

j2
P2 P1–

τ1 τ2–
------------------=

Vx 1, Vx 2,– P2 P1–( ) τ1 τ2–( )=

h2 h1–
1
2
--- P2 P1–( ) τ1 τ2+( )=

τ1 τ2– P2 P1–
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pressure increases ( ) then so also should the density

( ).

1.5 Velocity difference

The result

whilst derived in the shock frame is actually independent of the
frame of the shock. This relationship is useful in a number of con-
texts.

2 The shock adiabat for a polytropic gas

In order to complete the relationship between P and  we require an
equation of state. This provides a relationship between enthalpy and
pressure. Since

for a polytropic gas, then the last of the RH equations implies

P2 P1>
τ1 τ2<

Vx 1, Vx 2,– P2 P1–( ) τ1 τ2–( )=

τ

h
ε P+

ρ
------------

γ
γ 1–
-----------P

ρ
--- γ

γ 1–
-----------Pτ= = =

γ
γ 1–
----------- P2τ2 P1τ1–( ) 1

2
--- P2 P1–( ) τ1 τ2+( )=

τ2

τ1
----⇒

ρ1

ρ2
-----

Vx 2,

Vx 1,
----------

γ 1+( )P1 γ 1–( )P2+

γ 1–( )P1 γ 1+( )P2+
-----------------------------------------------------= = =
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This equation is the shock adiabat we have been aiming for. As one
can easily see, once ,  and  are known then  is deter-
mined.

The inverse of the above relationship is:

2.1 Temperature

2.2 Pre- and post-shock velocities

Use

To determine the velocity  we use

P1 P2 τ1 τ2

P2

P1
------

γ 1+( )τ1 γ 1–( )τ2–

γ 1+( )τ2 γ 1–( )τ1–
--------------------------------------------------=

T2

T1
------

P2 ρ2⁄
P1 ρ1⁄
---------------

P2

P1
------

τ2

τ1
----= =

P2

P1
------

γ 1+( )P1 γ 1–( )P2+

γ 1–( )P1 γ 1+( )P2+
-----------------------------------------------------=

j2
P2 P1–

τ1 τ2–
------------------=

1
τ1
----

P2 P1–( )
1 τ2 τ1⁄–
----------------------=

γ 1–( )P1 γ 1+( )P2+

2τ1
-----------------------------------------------------=

Vx 1,
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Similarly (just swap 1 and 2)

The pre- and post-shock Mach numbers are given by:

It is easy to show that for 

i.e. the normal component of pre-shock velocity is supersonic and
the normal component of post-shock velocity is subsonic. This
refelcts the dissipation which occurs at a shock discontinuity which
increases the temperature at the expense of the velocity.

It is important to recognize that these constraints do not apply to the
transverse component of shock velocity since this is arbitrary and
conserved.

Vx 1,
2 j2τ1

2 τ1 j2τ1×= =

γ 1–( )P1 γ 1+( )P2+

2ρ1
-----------------------------------------------------=

cs 1,
2

2γ
--------- γ 1–( ) γ 1+( )

P2

P1
------+=

Vx 2,
2

cs 2,
2

2γ
--------- γ 1–( ) γ 1+( )

P1

P2
------+=

Mx 1,
2

γ 1–( ) γ 1+( )
P2

P1
------+

2γ
----------------------------------------------=

Mx 2,
2

γ 1–( ) γ 1+( )
P1

P2
------+

2γ
----------------------------------------------=

P2 P1>

Mx 1,
2 1> and Mx 2,

2 1<
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2.3 Velocity difference

Previously we had 

and as we have seen, we have for a polytropic gas:

Therefore,

and 

As before this result is independent of the shock frame.

2.4 Shock angles

From the above diagram

Vx 1, Vx 2,– P2 P1–( ) τ1 τ2–( ) P2 P1–( )1 2/ τ1
1 2/ 1

τ2

τ1
----– 

  1 2/
= =

τ2

τ1
----

γ 1+( )P1 γ 1–( )P2+

γ 1–( )P1 γ 1+( )P2+
-----------------------------------------------------=

1
τ2

τ1
----–

2 P2 P1–( )
γ 1–( )P1 γ 1+( )P2+

-----------------------------------------------------=

Vx 1, Vx 2,– 2τ1( )1 2/
P2 P1–( )

γ 1–( )P1 γ 1+( )P2+[ ] 1 2/
----------------------------------------------------------------=

x

y

V1

V2

ψ1

ψ2

Fluid flow in the frame

of the shock

ρ1 P1, ρ2 P2,
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Now it is readily shown from the above that

i.e. the fluid velocity bends away from the normal as shown in the
diagram.

3 Strong shocks

The “strength” of a shock is characterised by the pressure ratio .

As this ratio becomes infinite one can see from the above expres-

sion for  that 

and that this is finite. For a monatomic gas this ratio is 4. This lim-
iting case is often used in astrophysics since shocks are often quite
strong.

Note also the corresponding limit for the velocities:

ψ1tan
Vy 1,

Vx 1,
----------

Vy

Vx 1,
----------= = ψ2tan

Vy 2,

Vx 2,
----------

Vy

Vx 2,
----------= =

ψ2tan

ψ1tan
--------------⇒

Vx 1,

Vx 2,
----------=

Vx 1,

Vx 2,
---------- 1> ψ2 ψ1>⇒

P2

P1
------

ρ1

ρ2
-----

ρ2

ρ1
----- γ 1+

γ 1–
------------→

Vx 1,

Vx 2,
---------- γ 1+

γ 1–
------------→ 4   for   γ 5

3
---= =
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4 Weak shock waves

The properties of weak shocks, as well as being interesting in them-
selves, can be used to derive interesting properties that are valid for
shock waves in general.

The following is valid for any equation of state.

We take the thermodynamic variable specific enthalpy to be a func-
tion of state of the specific entropy and the pressure, i.e.

Consider first the enthalpy jump in a shock. We expand to first or-
der in the entropy and up to third order in the pressure.

Now use the thermodynamic relation between enthalpy, entropy
and pressure

This implies

and therefore the enthalpy jump is given by:

h h P s,( )=

h2 h1–
s∂

∂h

P

s2 s1–( )
P∂

∂h

s

P2 P1–( )+=

1
2
--- ∂2h

∂P2
---------

s

P2 P1–( )2 1
6
--- ∂3h

∂P3
---------

s

P2 P1–( )3+ +

dh kTds τdP+=

s∂
∂h

P

kT=
P∂

∂h

s

τ=

∂2h
∂P2
---------

s P∂
∂τ

s

= ∂3h
∂P3
---------

s

∂2τ
∂P2
---------

s

=
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We similarly take the specific volume to be a function of 
and expand:

The last terms turn out to be unimportant. We now substitute into
the relationship between enthalpy and pressure jumps, viz

writing 

and putting all the above together, we obtain for this particular RH
equation:

Terms in  cancel out up until the third power, and this is why we
need to keep this many terms in  but not in . The result is

h2 h1– kT1 s2 s1–( ) τ1 P2 P1–( )+=

1
2
---

P∂
∂τ

s

P2 P1–( )2 1
6
--- ∂2τ

∂P2
---------

s

P2 P1–( )3+ +

P s,( )

τ τ P s,( )=

τ2 τ1–
P∂

∂τ
s

P2 P1–( ) 1
2
--- ∂2τ

∂P2
---------

s

P2 P1–( )2+=

O s2 s1–( ) O s2 s1–( ) P2 P1–( )( )+ +

⇒

h2 h1–
1
2
--- P2 P1–( ) τ1 τ2+( )=

τ1 τ2+ 2τ1 τ2 τ1–( )+=

kT s2 s1–( ) τ1∆P
1
2
---τP ∆P( )2 1

6
---τPP ∆P( )3+ + +

τ1∆P
1
2
---τP ∆P( )2 1

4
---τPP ∆P( )3+ +=

∆P
∆P ∆s

s2 s1–
1

12kT
------------- ∂2τ

∂P2
---------

s

P2 P1–( )3=
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Normally the quantity

 

e.g. for 

Thus the entropy only increases a weak shock if 

The second law of thermodynamics tells us that entropy always in-
creases so that for a weak shock

This relationship holds for a shock of arbitrary strength. However,
the proof is rather involved. (See Landau & Lifshitz, Fluid Mechan-
ics.)

4.1 Velocity of a weak shock

The mass flux is given by

The derivative

Therefore

∂2τ
∂P2
---------

s

0>

P Kργ=

∂2τ
∂P2
---------

s

γ 1+
γ2

------------τP 2–=

P2 P1–

P2 P1>

j2 ∆P
∆τ
-------–= ∆P

P∂
∂τ

s

∆P
-------------------–≈ 1

P∂
∂τ

s

----------–=

P∂
∂τ

s

∂ρ 1–

∂P
-----------

1
ρ2
-----

P∂
∂ρ

– 1
ρ2cs

2
-----------–= = =
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and to first order 

i.e. the velocities of the pre- and post-shock gas are equal to the
sound speed, or in other words the shock travels at the sound speed
with respect to the gas on either side of the shock.

These limits are evident for the polytropic case discussed above.

j ρ1Vx 1, ρ2Vx 2, ρ1cs≈= =

Vx 1, Vx 2, cs= =


