Sedov Solution

The Sedov Solution

1 Similarity solutions

Equation of motion of pendulum:

d?0 _ g_

—d—ti = |S|n6
Suppose solution of the form:

0= f(0pt1,0)

Since f is a dimensionless function it cannot depend upon the di-
mensions of t, I, or g.Hence we need to combinet, | and g into some

dimensionless combination, the only possible one being t ﬁ and

the solution is of the form

o = f(eo,tfl-?)
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Sedov Solution

In this problem the variable tﬁ—) is asimilarity variable. We con-

struct analogous variables in constructing useful solutions to the
Euler equations.

2 Spherically symmetric
hydrodynamics

2.1 General equations
Take the spherically symmetric Euler equations:

o, 1o

2 —
ot TregrPY) =0
oV vV 10P
3t "Var toar 70

0 %)

— - — ) =

S:(Pp~1) +V=o(Pp) = 0
The last equation is equivalent to

dK _ 0K , 0K _
at ot Vor 70

The independent variablesin this problem arer and t.

= Kp? V

In the self-similar approach we look for solutions of one variable
rt*. However, we need some physical basis for choosing A.

2.2 Point explosion in a uniform medium

(Astrophysical application: 2nd phase of supernova remnants)
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We expect the general features of the explosion to be aspherical ex-
pansion preceded by a shock wave advancing into the undisturbed
gas.

2.3Dimensional analysis
[E] = [pl[V2][L3]

[E_ = [|_5T—2] — [LT—2/5]5
Po-

[(E)lls_ = LT-2/5
Po/

Thus an appropriate (dimensionless) similarity variable for this
problem s

E )—1/5
oc | — rt—2/5
. (Po

Wewould like the radius of the shock produced by the explosion to
beat & = 1 sothat wetake

- B(p—EO)_l/Srt—Z/5
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Sedov Solution

where 3 isto be determined |ater.

It isnot envisaged that all features of such an explosion are defined

by taking the fluid variablesto be functions of . However, what is
envisaged isthat after sometime, the resultant flow will settle down

to asimilarity solution in which the parameters E, p and the varia-
blesr and t are combined into one similarity variable,

3 Sdaf-amilar form of the Euler
equations

3.1 Sdf ssimilar forms of variables and derivatives
Take

P = peG(E)

V = AU
r2

c = Bt—zz(ﬁ)

The constants A and B will be chosen to make the ensuing equations
as ssimple as possible. This form of the fluid variablesis chosen in
such away that they are dimensionally correct. (Obvioudly, thereis
a strong connection between dimensional analysis and self-similar-

ity.)
Take the Euler equations in the following form:
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op 9P, 9OV 2pV _
ot Var Py T T 0
A VE)_\/ c28 Inp = 0

ot Vor T GsgrnP
.9 o
(a"‘Va)ln(Pp Y) =0

Since

__1(YP)___1 -
Ppo—ty = =| L— (v-1) = =¢c2p—(v-1)
p Ypp YsP

then the last of the above equations can be written

0 0 _
(a—t +V§)(Incsz—(y—l)lnp) =0

Take genera self-similar variable:
& = Crt*
then we have to do the following preliminaries.

Derivatives of &

op _ N dlnp _ 1EG'(§)
or PoG (g)r ar 1 G(§)
dp _ A& dlnp _ AEG'(E)
5 Po G'(§) ot t—G( )
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Sedov Solution
Derivatives of velocity

Vv
ot

N _ A ,
oV = JuE +euE)

= Atr—z[—w&) +AEU'(8)]

Derivatives of sound speed:

Since
Inc2 = Inconstant+2|n% +InZ
then
a%Inc2 = %_ 2+X§ZZ(§§)J
%Incsz ) %_2 gzz(g)}

3.2Euler equationsin self-similar form

3.2.1 Continuity equation
Substituting all of the various bits and pieces:

PO2G (£) + ALU(E)peG ()
+poG(&) IU(E) +EU'(E)] + 2paG(E) ALU(E) = 0
The various terms combineto give amultiplicative factor of t~1 and

the other terms can be combined to give the following equation:
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[A+AU(E)IEG(E) + AG(§)EU'(§) +3AU(E)G(E) = 0
whichis, ondividing by G(&)

EG(8) / _
[A+AU(E) 2= G() +ACU (E) +3AU(E) = 0

EG(8) _ dInG(§)
Note the appearance of terms such as G(E) _  dint

which often appear when we are dealing with self similar solutions,

3.2.2 Momentum equation

We can treat the momentum equation similarly. The final result is
(exercise):

AL + AU (E)IEU(E) + AU(E)[AU(§) - 1]

BZ@%((&&)) =0

3.2.3 Entropy equation

Similarly, the entropy equation becomes:

§Z'(§) —(y— )QG (&), 2(AUE©)-D _
Z(8) Gl  A+AU()

3.3Final form of self-ssmilar eguations

For our point explosion problem, we have A = _2_ The above

5
equations are somewhat simplified then if we take

2 (2 _ 4
A"5 B_(S)_ZS

The final form isthen:

C54H -Astrophysical Fluid Dynamics 7
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dInG du
dIng dI ng
dIinG

du
(U_l)dln§ U[U——J Z3ing = O (Momentum)

dinZ (_1)dInG 2(U-5/2) _
dIng dIng Uu-1

4 Conditions at outgoing shock

(U-=-1) +3U = 0 (Continuity)

0 (Entropy)

4.1 Development of boundary conditions

Thesurface & = 1 isto represent the outgoing shock wave. Since

-1/5
& = B(E) rt—2/5
Po
1/5
Radius of shock = R, = B—l(EE-) t2/5
0

dR, E\1/5 2R

= — = = —3/5 = £_S

Velocity of shock = . (Po) t =

Within the constraints of this self-similar solution the only sort of
shock that we can contemplate is an infinitely strong shock. If we
were to introduce another parameter into the solution correspond-
ing to say, the strength of the shock, then our initial assumption that

the solution only depends upon E, p,, r and t would be invalid and
the self-similar solution could no longer be satisfied.
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Shock (§ = 1)

V=0
4!2 Vi V(R) = V- - dR
- _s
L dt
Frame of shock Frame of stationary gas

outside shock

Use relationships for a strong shock:

_y=1,, 2 2 (2
2_,Y+1V1:>V(RS)_V1 VZ_Y+1V1_,Y+1(5J[

In view of the self-similar relationship between V and U, this
boundary condition becomes:

2
Y=
Using the density ratio for astrong shock, the density just inside the
shock wave is given by:

+1
P(RY) = poB(L) = I=7p,
-+l
= G(1) =1
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In the present notation the relationship between shock velocity,
pressure and density is:

Y+ IP(RS) — 2 (d Rs)z

Hence, the sound speed just inside the shock is given by:

(V1)? =

ci(Ry) =

YP(Ry) _ 2y(y—1)(dRs) 2y(y=1) 4R
p(RY  (y+1)? (y+1)2 2512

Since

4r2

then the boundary condition on Z(§) is

_ 2y(y—=1)
() (y+1)?

4.2 Summary of boundary conditions

_ 2
Ul = T+
_yt1
G(1) = -1
_ 2y(y—1)
#() (Y +1)?
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5 First integral via energy eguation

5.1 Conservation laws for a moving surface

When considering conservation laws earlier, we took the surface
enclosing a given volume to be stationary. Let us now consider the
case when the enclosing surface ismoving. We consider the generic
conservation law:

of  JdF; _
3 ax 0
-9 fd3x+J' F.ndS = 0
ot
\Y S

corresponding to conservation of a density f with corresponding
flux density F;.

When the surface Sis moving with velocity U, it “sweepsup” f and

the corresponding flux into Sis fU;n,. Hence the corresponding
conservation law is:
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9| tdsx+ | Finds = J fUn,dS
ot
YV vYS S

fd3x+ | (F,—fU)ndS = 0
\Y vyS

= ﬁu
5.2 Application to the Sedov solution

In our development of the Sedov solution we have the moving sur-
faces& = constant.

Energy within & = constant:

r(8)

= 1‘ 24 &)2
E(E) 4njo p(ZV +p)r dr

Now

12 C54H - Astrophysical Fluid Dynamics



Sedov Solution

1 P _ 1 yP _ 1 yP _ 1

£ - — - 2
p vy-1p y(y-Hp yYy-Lp y(¥-1°>

1 c2
_V2+ ) Zdr
p(z Y(y-1)

r(g)

~E§) = 4nJ

0

We have

\1/5
') = B (po £2/s

B—l(E\ H t2/59E

Po/

dr

- Are
VA1, 1) = 55 U(E)

4r2

Therefore the energy becomes:

_ 14712 1
E(E) —4n£poe<§>[§2—5t—2u2@) i3]

E 3/5
) t6/5§2d§
Po

X [3—3(
The terms explicitly involving r and t combine to give:
[2t—4/5 = B—zgz(E)Z/S
Po

So that the energy is

E(E) = oF 5Ef§46<§>[%u2<§) 2(5) |de
0

Y(y—-1)
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One important aspect of thisresult isthat E(E) isindependent of
the time t. We shall use this result shortly. The other important re-

sult is that it gives the way of calculating B. The energy within
& = 1 must be equal to the total energy of the blast, so that
E(1) = E and

ps 16“j EG(E) 3U%(8) + Tt 2(8) o

The parameter B can be calculated from this once expressions are
obtained for U(§) and Z(§) .

5.3First integral

The conservation of energy applied to thetime evolving volume en-
closed by & = constant is

29 1.
a_tdo (8+§pv )dx

( 1‘ 2 — Z)dr(&) r2 —
+~Q[pV(2V +h)—(e+3pv2 | 200 = 0

Since the energy is independent of time, the surface integral must
be zero. The terms in the integrand are independent of angle and
therefore the integrand itself must be zero. Thus,

Lo.n) = ,\dr ()
pV(ZV +h) —( 2pV) It

=p[5{U@[3v2+n] = §ile 50V

2 -
S

2
+ 1‘V2 — C 1‘V2

2 y(v—-1) 2

= U(g)( V24—

€
v—1 0
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Using the self-similar substitutions for VV and c2 gives

1' 2 i = __Z_La_)__ 1‘ 2
U(©)|3U%0) +772(8)| = | -E35+3U%0)

Thisiseasly solved for Z to give:

(=D UE1-UE)]
2@ = S5 UG -

Thisisthe energy integral!

One can see that this integral automatically satisfies the boundary
conditions

.
U(l) = y+1

_ 2y(y-1)
20 =5

(exercise).
6 Final solution

Since we have first integral of the equations, the number of inde-
pendent equations is now reduced from three to two. The easiest
eguation to drop out of the previous set of 3 isthe momentum equa-
tion and the most convenient form of the equationsto derive the fi-
nal solutionis

dinG , dU _ inui
1 U)dl e b é +3U = 0 (Continuity)
dInz dinG , 2(U=5/2) _  (Entropy)

ame Y Yane * T o

_ Yy =DHUx©)[1-U®)] N
Z(8) 5 U (B = 1] (First integral)

C54H -Astrophysical Fluid Dynamics 15



Sedov Solution

Plan

» Eliminate fj”ILn(g from continuity and entropy equations giving a

differential equation connecting U and Z.

» Usethefirst integral aso connecting Z and U to solvefor & asa
function of V.

Elimination of dinG from continuity and entropy equations gives

dIng
du (1-UjydInZ [5-Cy-DHU] _ 0
din y-1 dIng v—1
Multiply this through by dd'—[‘f gives
1_(1—U)dInZ_[5—(3y—1)U]dIn& _ 0
vy—-1 duU vy—1 du
. dinZ : : : N
Now we eliminate U from this equation using the first integral
which can be expressed as:

InZ = Iny—(lz_—l—) +In(1=U) +2InU - In(yU —1)

dinz _ -1 2 Y

~dU T 1-U U -1

Substitution of this expression into the above yields, after some
simplification:

ding _ Y __23d-Y)
dU ~ 5-3y-DU U[5-(3y-1)U]

y(1-U)
(YU -1)[5-(3y-1)U]
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All that remainsto do at this stage isto expand the factors and inte-
grate giving

(13y2 -7y + 12)
(2y+1)(3y-1)

5In§ = IN[5—(3y—-1)U]

3 S(y—1) 3
2InU + 2y 1 In[yU — 1] + constant

The constant is determined by the condition

_ 2
Ul = y+1

Theresultis:

s - (o] e v e

(13y2— 7y + 12)

1T T2y v D@y -1)
_o(y-1)
V2 = Sy
Solution for G

Using the continuity equation:

dinG | dU _
—(1- U)dla dla+3u-o
dinG__1 . 3U dIn§

74U 1-U 1-UduU
To cut along story short
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6(e) = [T au-1)| [Ls-@y-vui |

where
Vaqa = 3
3 2y+1
v o= Y1 13y2 -2y + 12
Y 2—y  (By-1)(2-y)(2y+1)
2
V5 —ZTY

7 Determination of g

Change the variable of integration of the integral for § from

ol
B = X [ ere)[5uze) +
Y0

L

v 1)2@] £

_ l6r
25 ]

1
Y(y—-1)

§5G(U)[ U2+ z(U)Jd'”édU

2R ~<'

The last integral can be easily integrated numerically given all of
ding

the previous expressions for £°(U) , 0

etc. (One point to note
is that the integral contains aremovable singularity at U = %)

Typical results are
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vy=14=p = 0.968

y=§:>[3 = 0.868

8 Application of Sedov solution to
supernovaremnants

Take relationship between r, B,

. B(p—EO)USit%

The locus of the outgoing blast waveisgivenby & = 1

Knowing the radius of the blast wave and the time we can calculate

the energy released by the supernova.

_ I'Bw
B p0[3t2/5J
= poBrgwt™

Take ISM electron density n,= 1 cm=3 = 105 m=3

5

E = n,m,B->rg,t=2

_ 40 Ne \(TBW ° t N

e.g. Crab nebula

r'ew = 3pC t = (1992-1054) = 938 yrs
= E = 7x10% J

C54H -Astrophysical Fluid Dynamics
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Velocity of expansion

dr _ 21
dt 5t

r t \1
3900 km/s(a:)( o yrs)

= 1200 km/s for Crab
Velocity of shocked gas

Ve

L Vs
- E—
1
Vy = erl
Forastrongshock -V, = i—ivl = 900 km/sfor Crab. Thisve-

locity is typical of the expansion velocity of the Crab nebula fila-
ments.
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