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The Sedov Solution

 

1 Similarity solutions

 

Equation of motion of pendulum:

Suppose solution of the form:

Since 

 

f

 

 is a dimensionless function it cannot depend upon the di-
mensions of 

 

t, l, 

 

or

 

 g.

 

Hence we need to combine 

 

t, l 

 

and

 

 g 

 

into some

dimensionless combination, the only possible one being  and

the solution is of the form

mg

θ
l

d2θ
dt2
---------

g
l
--- θsin–=

θ f θ0 t l g, , ,( )=

t
g
l
---

θ f θ0 t
g
l
---, 

 =
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In this problem the variable  is a similarity variable. We con-

struct analogous variables in constructing useful solutions to the
Euler equations.

 

2 Spherically symmetric 
hydrodynamics 

 

2.1 General equations

 

Take the spherically symmetric Euler equations:

The last equation is equivalent to

The independent variables in this problem are 

 

r

 

 and 

 

t.

 

In the self-similar approach we look for solutions of one variable
. However, we need some physical basis for choosing .

 

2.2 Point explosion in a uniform medium

 

(Astrophysical application: 2nd phase of supernova remnants)

t
g
l
---

t∂
∂ρ 1

r2
----

r∂
∂

r2ρV( )+ 0=

t∂
∂V

V
r∂

∂V 1
ρ
---

r∂
∂P

+ + 0=

t∂
∂

Pρ γ–( ) V
r∂

∂
Pρ γ–( )+ 0=

Kργ= dK
dt
-------

t∂
∂K

V
r∂

∂K
+ 0= =

rtλ λ
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We expect the general features of the explosion to be a spherical ex-
pansion preceded by a shock wave advancing into the undisturbed
gas.

 

2.3 Dimensional analysis

 

Thus an appropriate (dimensionless) similarity variable for this
problem is

We would like the radius of the shock produced by the explosion to
be at  so that we take

E
Density ρ0= Shock

E[ ] ρ[ ] V 2[ ] L3[ ]=

E
ρ0
----- L5T 2–[ ] LT 2 5/–[ ]5= =

E
ρ0
----- 

  1 5/
LT 2 5/–=

ξ E
ρ0
----- 

  1 5/–
rt 2 5/–∝

ξ 1=

ξ β E
ρ0
----- 

  1 5/–
rt 2 5/–=
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where  is to be determined later.

It is not envisaged that all features of such an explosion are defined
by taking the fluid variables to be functions of . However, what is
envisaged is that after some time, the resultant flow will settle down
to a similarity solution in which the parameters ,  and the varia-
bles  and  are combined into one similarity variable.

3 Self-similar form of the Euler 
equations

3.1 Self similar forms of variables and derivatives

Take

The constants A and B will be chosen to make the ensuing equations
as simple as possible. This form of the fluid variables is chosen in
such a way that they are dimensionally correct. (Obviously, there is
a strong connection between dimensional analysis and self-similar-
ity.)

Take the Euler equations in the following form:

β

ξ

E ρ
r t

ρ ρ0G ξ( )=

V A
r
t
--U ξ( )=

cs
2 B

r2

t2
----Z ξ( )=
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Since

then the last of the above equations can be written

Take general self-similar variable:

then we have to do the following preliminaries:

Derivatives of 

Derivatives of density

t∂
∂ρ

V
r∂

∂ρ ρ
r∂

∂V 2ρV
r

-----------+ + + 0=

t∂
∂V

V
r∂

∂V
cs

2
r∂

∂ ρln+ + 0=

∂
∂t
----- V

∂
∂r
-----+ 

  Pρ γ–( )ln 0=

Pρ γ– 1
γ
--- γP

ρ
------ 

  ρ γ 1–( )– 1
γ
---cs

2ρ γ 1–( )–= =

∂
∂t
----- V

∂
∂r
-----+ 

  cs
2 γ 1–( ) ρln–ln( ) 0=

ξ Crtλ=

ξ

r∂
∂ξ

Ctλ ξ
r
--= =

t∂
∂ξ λCrtλ 1– λξ

t
--= =

r∂
∂ρ ρ0G′ ξ( )ξ

r
--= ∂ ρln

∂r
------------

1
r
---ξG′ ξ( )

G ξ( )
-----------------=

t∂
∂ρ ρ0

λξ
t

------G′ ξ( )= ∂ ρln
∂t

------------
λ
t
---ξG′ ξ( )

G ξ( )
-----------------=
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Derivatives of velocity

Derivatives of sound speed:

Since

then 

3.2 Euler equations in self-similar form

3.2.1 Continuity equation

Substituting all of the various bits and pieces:

The various terms combine to give a multiplicative factor of  and
the other terms can be combined to give the following equation:

t∂
∂V

A
r
t2
---- U ξ( )– λξU ′ ξ( )+[ ]=

r∂
∂V A

t
--- U ξ( ) ξU ′ ξ( )+[ ]=

cs
2ln constantln 2 r

t
--ln Zln+ +=

∂
∂t
----- cs

2ln
1
t
--- 2– λξZ ′ ξ( )

Z ξ( )
----------------+=

∂
∂r
----- cs

2ln
1
r
--- 2 ξZ′ ξ( )

Z ξ( )
----------------+=

ρ0
λξ
t

------G′ ξ( ) A
r
t
--U ξ( )ρ0G′ ξ( )ξ

r
--+

ρ0G ξ( ) A
t
--- U ξ( ) ξU ′ ξ( )+[ ] 2

r
---ρ0G ξ( )A

r
t
--U ξ( )+ + 0=

t 1–
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which is, on dividing by 

Note the appearance of terms such as 

which often appear when we are dealing with self similar solutions.

3.2.2 Momentum equation

We can treat the momentum equation similarly. The final result is
(exercise):

3.2.3 Entropy equation

Similarly, the entropy equation becomes:

3.3 Final form of self-similar equations

For our point explosion problem, we have . The above

equations are somewhat simplified then if we take

The final form is then:

λ AU ξ( )+[ ]ξG′ ξ( ) AG ξ( )ξU ′ ξ( ) 3AU ξ( )G ξ( )+ + 0=

G ξ( )

λ AU ξ( )+[ ]ξG′ ξ( )
G ξ( )

----------------- AξU ′ ξ( ) 3AU ξ( )+ + 0=

ξG′ ξ( )
G ξ( )

----------------- d G ξ( )ln
d ξln

---------------------=

A λ AU ξ( )+[ ]ξU ′ ξ( ) AU ξ( ) AU ξ( ) 1–[ ]+

BZ ξ( )ξG′ ξ( )
G ξ( )

-----------------+ 0=

ξZ ′ ξ( )
Z ξ( )

---------------- γ 1–( )ξG′ ξ( )
G ξ( )

-----------------– 2 AU ξ( ) 1–( )
λ AU ξ( )+

----------------------------------+ 0=

λ 2
5
---–=

A
2
5
---= B

2
5
--- 

  2 4
25
------= =
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4 Conditions at outgoing shock

4.1 Development of boundary conditions

The surface  is to represent the outgoing shock wave. Since

Within the constraints of this self-similar solution the only sort of
shock that we can contemplate is an infinitely strong shock. If we
were to introduce another parameter into the solution correspond-
ing to say, the strength of the shock, then our initial assumption that
the solution only depends upon E, , r and t would be invalid and
the self-similar solution could no longer be satisfied.

U 1–( )d Gln
d ξln
------------- dU

d ξln
------------ 3U+ + 0   (Continuity)=

U 1–( ) dU
d ξln
------------ U U

5
2
---– Z

d Gln
d ξln
-------------+ + 0   (Momentum)=

d Zln
d ξln
------------ γ 1–( )d Gln

d ξln
-------------– 2 U 5 2⁄–( )

U 1–
----------------------------+ 0    (Entropy)=

ξ 1=

ξ β E
ρ0
----- 

  1 5/–
= rt 2 5/–

Radius of shock Rs β 1– E
ρ0
----- 

  1 5/
t2 5/= =

Velocity of shock
dRs

dt
---------

2
5
---β 1– E

ρ0
----- 

  1 5/
t 3 5/– 2

5
---

Rs

t
-----= = =

ρ0
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Use relationships for a strong shock:

In view of the self-similar relationship between V and U, this
boundary condition becomes:

Using the density ratio for a strong shock, the density just inside the
shock wave is given by:

Frame of shock Frame of stationary gas
outside shock

V 1
′V 2

′
V 0=

V Rs( ) V 1
′ V 2

′–=

Shock ξ 1=( )

V 1
′ dRs

dt
---------=

2
′ γ 1–

γ 1+
------------V 1

′= V Rs( )⇒ V 1
′ V 2

′–
2

γ 1+
------------V 1

′ 2
γ 1+
------------ 2

5
---r

t
-- 

 = = =

U 1( ) 2
γ 1+
------------=

ρ Rs( ) ρ0G 1( ) γ 1+
γ 1–
------------ρ0= =

G 1( )⇒ γ 1+
γ 1–
------------=
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In the present notation the relationship between shock velocity,
pressure and density is:

Hence, the sound speed just inside the shock is given by:

Since

then the boundary condition on  is

4.2 Summary of boundary conditions

V 1
′( )2 γ 1+

2
------------

P Rs( )
ρ0

--------------= P Rs( )⇒ 2
γ 1+
------------ρ0

dRs

dt
--------- 

 
2

=

cs
2 Rs( )

γP Rs( )
ρ Rs( )

-----------------
2γ γ 1–( )

γ 1+( )2
-----------------------

dRs

dt
--------- 

 
2 2γ γ 1–( )

γ 1+( )2
----------------------- 4

25
------

Rs
2

t2
------×= = =

cs
2 4

25
------r2

t2
----Z ξ( )=

Z ξ( )

Z 1( ) 2γ γ 1–( )
γ 1+( )2

-----------------------=

U 1( ) 2
γ 1+
------------=

G 1( ) γ 1+
γ 1–
------------=

Z 1( ) 2γ γ 1–( )
γ 1+( )2

-----------------------=



Sedov Solution

C54H -Astrophysical Fluid Dynamics 11

5 First integral via energy equation

5.1 Conservation laws for a moving surface

When considering conservation laws earlier, we took the surface
enclosing a given volume to be stationary. Let us now consider the
case when the enclosing surface is moving. We consider the generic
conservation law:

corresponding to conservation of a density f with corresponding
flux density .

When the surface S is moving with velocity  it “sweeps up” f and

the corresponding flux into S is . Hence the corresponding
conservation law is:

S

V

ni
Ui

V i

t∂
∂ f ∂Fi

∂xi
--------+ 0=

∂
∂t
----- f d3x

V
∫ FinidS

S
∫+⇒ 0=

Fi

Ui

f Uini
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5.2 Application to the Sedov solution

In our development of the Sedov solution we have the moving sur-
faces . 

Energy within :

Now

∂
∂t
----- f d3x

V
∫ FinidS

S
∫+ f Uini Sd

S
∫=

∂
∂t
----- f d3x

V
∫ Fi f Ui–( )nidS

S
∫+⇒ 0=

ξ constant=

ξ1 ξ2 ξ3

ξ β E
ρ0
----- 

  1 5/–
rt 2 5/–=

ξ 1 (shock)=

ξ constant=

E ξ( ) 4π ρ 1
2
---V 2 ε

ρ
---+ 

  r2dr
0

r ξ( )

∫=
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We have

Therefore the energy becomes:

The terms explicitly involving r and t combine to give:

so that the energy is

ε
ρ
---

1
γ 1–
-----------P

ρ
--- 1

γ γ 1–( )
--------------------γP

ρ
------ 1

γ γ 1–( )
--------------------γP

ρ
------ 1

γ γ 1–( )
--------------------cs

2= = = =

E ξ( )∴ 4π ρ 1
2
---V 2

cs
2

γ γ 1–( )
--------------------+ 

  r2dr
0

r ξ( )

∫=

r ξ( ) β 1– E
ρ0
----- 

  1 5/
ξt2 5/=

dr β 1– E
ρ0
----- 

  1 5/
t2 5/ dξ=

V 2 r t,( ) 4
25
------r2

t2
----U2 ξ( )=

cs
2 4

25
------r2

t2
----Z ξ( )=

E ξ( ) 4π ρ0G ξ( ) 1
2
--- 4

25
------r2

t2
----U2 ξ( ) 1

γ γ 1–( )
-------------------- 4

25
------r2

t2
----Z ξ( )+

0

ξ

∫=

β 3– E
ρ0
----- 

  3 5/
t6 5/ ξ2dξ×

r2t 4 5/– β 2– ξ2 E
ρ0
----- 

  2 5/
=

E ξ( ) 16π
25

---------= β 5– E ξ4G ξ( ) 1
2
---U2 ξ( ) 1

γ γ 1–( )
--------------------Z ξ( )+ dξ

0

ξ

∫
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One important aspect of this result is that  is independent of
the time t. We shall use this result shortly. The other important re-
sult is that it gives the way of calculating . The energy within

 must be equal to the total energy of the blast, so that
 and

The parameter  can be calculated from this once expressions are
obtained for  and .

5.3 First integral

The conservation of energy applied to the time evolving volume en-
closed by  is

Since the energy is independent of time, the surface integral must
be zero. The terms in the integrand are independent of angle and
therefore the integrand itself must be zero. Thus,

E ξ( )

β
ξ 1=
E 1( ) E=

β5 16π
25

--------- ξ4G ξ( ) 1
2
---U2 ξ( ) 1

γ γ 1–( )
--------------------Z ξ( )+ dξ

0

1

∫=

β
U ξ( ) Z ξ( )

ξ constant=

∂
∂t
----- ε 1

2
---ρV 2+ 

  d3x
0

r ξ( )

∫
ρV

1
2
---V 2 h+ 

  ε 1
2
---ρV 2+ 

  dr ξ( )
dt

--------------– r2dΩ
Ω∫+ 0=

ρV
1
2
---V 2 h+ 

  ε 1
2
---ρV 2+ 

  dr ξ( )
dt

--------------=

ρ 2
5
---r

t
--U ξ( ) 1

2
---V 2 h+⇒ 2

5
---r

t
-- ε 1

2
---ρV 2+=

U ξ( ) 1
2
---V 2

cs
2

γ 1–
-----------+⇒ ε

ρ
---

1
2
---V 2+

cs
2

γ γ 1–( )
--------------------

1
2
---V 2+= =
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Using the self-similar substitutions for V and  gives

This is easily solved for Z to give:

This is the energy integral!

One can see that this integral automatically satisfies the boundary
conditions

(exercise).

6 Final solution

Since we have first integral of the equations, the number of inde-
pendent equations is now reduced from three to two. The easiest
equation to drop out of the previous set of 3 is the momentum equa-
tion and the most convenient form of the equations to derive the fi-
nal solution is

cs
2

U ξ( ) 1
2
---U2 ξ( ) 1

γ 1–
-----------Z ξ( )+ Z ξ( )

γ γ 1–( )
--------------------

1
2
---U2 ξ( )+=

Z ξ( ) γ γ 1–( )
2

--------------------U2 ξ( ) 1 U ξ( )–[ ]
γU ξ( ) 1–[ ]

------------------------------------------=

U 1( ) 2
γ 1+
------------=

Z 1( ) 2γ γ 1–( )
γ 1+( )2

-----------------------=

1 U–( )–
d Gln
d ξln
------------- dU

d ξln
------------ 3U+ + 0                 (Continuity)=

d Zln
d ξln
------------ γ 1–( )d Gln

d ξln
-------------– 2 U 5 2⁄–( )

U 1–
----------------------------+ 0    (Entropy)=

Z ξ( ) γ γ 1–( )
2

--------------------U2 ξ( ) 1 U ξ( )–[ ]
γU ξ( ) 1–[ ]

------------------------------------------          (First integral)=
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Plan

• Eliminate  from continuity and entropy equations giving a 

differential equation connecting U and Z.
• Use the first integral also connecting Z and U to solve for  as a 

function of V.

Elimination of  from continuity and entropy equations gives

Multiply this through by  gives

Now we eliminate  from this equation using the first integral

which can be expressed as:

Substitution of this expression into the above yields, after some
simplification:

d Gln
d ξln
-------------

ξ

d Gln
d ξln
-------------

dU
d ξln
------------

1 U–( )
γ 1–

------------------d Zln
d ξln
------------– 5 3γ 1–( )U–[ ]

γ 1–
--------------------------------------– 0=

d ξln
dU

------------

1
1 U–( )
γ 1–

------------------d Zln
dU

------------–
5 3γ 1–( )U–[ ]

γ 1–
--------------------------------------d ξln

dU
------------– 0=

d Zln
dU

------------

Zln γ γ 1–( )
2

--------------------ln 1 U–( )ln 2 Uln γU 1–( )ln–+ +=

d Zln
dU

------------⇒ 1–
1 U–
------------- 2

U
---- γ

γU 1–
----------------–+=

d ξln
dU

------------ γ
5 3γ 1–( )U–
---------------------------------- 2 1 U–( )

U 5 3γ 1–( )U–[ ]
-------------------------------------------–=

γ 1 U–( )
γU 1–( ) 5 3γ 1–( )U–[ ]

------------------------------------------------------------+
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All that remains to do at this stage is to expand the factors and inte-
grate giving

The constant is determined by the condition

The result is:

Solution for G

Using the continuity equation:

To cut a long story short

5 ξln
13γ 2 7γ– 12+( )
2γ 1+( ) 3γ 1–( )

----------------------------------------- 5 3γ 1–( )U–[ ]ln–=

2 Uln–
5 γ 1–( )
2γ 1+

-------------------- γU 1–[ ]ln constant+ +

U 1( ) 2
γ 1+
------------=

ξ5 γ 1+
2

------------U
2– γ 1+

7 γ–
------------ 5 3γ 1–( )U–[ ]

ν1 γ 1+
γ 1–
------------ γU 1–( )

ν2
=

ν1
13γ 2 7γ– 12+( )
2γ 1+( ) 3γ 1–( )

-----------------------------------------–=

ν2
5 γ 1–( )
2γ 1+

--------------------=

1 U–( )–
d Gln
d ξln
------------- dU

d ξln
------------ 3U+ + 0=

d Gln
dU

------------- 1
1 U–
-------------

3U
1 U–
-------------d ξln

dU
------------+=⇒
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where

7 Determination of 

Change the variable of integration of the integral for  from 

The last integral can be easily integrated numerically given all of

the previous expressions for ,  etc. (One point to note

is that the integral contains a removable singularity at )

Typical results are

G ξ( ) γ 1+
γ 1–
------------ γ 1+

γ 1–
------------ γU 1–( )

ν3 γ 1+
7 γ–
------------ 5 3γ 1–( )U–[ ]

ν4
=

γ 1+
γ 1–
------------ 1 U–( )

ν5
×

ν3
3

2γ 1+
---------------=

ν4

ν1

2 γ–
-----------– 13γ 2 2γ– 12+

3γ 1–( ) 2 γ–( ) 2γ 1+( )
----------------------------------------------------------= =

ν5
2

2 γ–
-----------–=

β

β

β5 16π
25

--------- ξ4G ξ( ) 1
2
---U2 ξ( ) 1

γ γ 1–( )
--------------------Z ξ( )+ dξ

0

1

∫=

16π
25

--------- ξ5G U( ) 1
2
---U2 1

γ γ 1–( )
--------------------Z U( )+

d ξln
dU

------------dU
1
γ
---

2
γ 1+
------------

∫=

ξ5 U( ) d ξln
dU

------------

U
1
γ
---=
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8 Application of Sedov solution to 
supernova remnants

Take relationship between 

The locus of the outgoing blast wave is given by 

Knowing the radius of the blast wave and the time we can calculate
the energy released by the supernova.

Take ISM electron density 

e.g. Crab nebula

γ 1.4= β⇒ 0.968=

γ 5
3
---= β⇒ 0.868=

r β ξ, ,

r β E
ρ0
----- 

  1 5/
ξt2 5/=

ξ 1=

ρ0

rBW

βt2 5/
------------

5

=

ρ0β 5– rBW
5 t 2–=

ne 1 cm 3– 106 m 3–≈ ≈

E nempβ 5– rBW
5 t 2–≈

2.5 40×10  J 
ne

106
-------- 

  rBW

pc
--------- 

 
5 t

100 yrs 
------------------- 

  2–
×=

rBW 3pc = t 1992 1054–( ) 938 yrs= =

E 7 42×10≈  J⇒
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Velocity of expansion

Velocity of shocked gas

For a strong shock . This ve-

locity is typical of the expansion velocity of the Crab nebula fila-
ments.

dr
dt
-----

2
5
---r

t
--=

V sh 3900 km/s
r

pc
----- 

  t
100 yrs
------------------ 

  1–
=

1200 km/s  for Crab=

V 1V 2
V 1 V 2– V 0=

V 2
1
4
---V 1=

V 1

1 V 2–
3
4
---V 1 900  km/s for Crab= =


