Relativistic Fluids

1 Relativistic fluids in astronomy

Optical (HST)

Radio (VLA)

The inner part of M87
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Evidence for relativistic motion

_ o Motion of the knots in the M87 jet indicates ap-
Superluminal Motion in the M87 Jet parent velocities in excess of the speed of light

Credits: Biretta and colleagues
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2 Some relevant aspects of relativity

2.1 Four vectors and tensors

Special relativity is based on the geometry of space-time described by the metric
Nap = diag (-1,1,1,1)
The interval between two points is
ds? = Ngadx®dxP = —(dx%)%+ (dxh)? + (dx?)% + (dx3)?
where

x0 = ct
Indices

Latin go from 1 to 3; Greek from O to 3
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Timelike and spacelike

Displacements arBmelike if ds? <0 andspacelike if ds?> 0. For timelike displacements,
the proper timer , is given by

c2dt? = —d<?
Lorentz factor
The Lorentz factor is defined by
[ = L >
1V
c2

Note that we us€ for the Lorentz factor corresponding to the bulk motion of the fluid. We use
for the Lorentz factors of the particles making up the fluid.
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Since, for a timelike displacement (the displacement of a material particle)
c2dt? = —ds? = (dx0)2— (dx1)2 - (dx?)2 - (dx3)2

(d xo)z[ 1 ox? o X?’Dz}

Ly Eax Ly
2
= c2dt2[1—v—} = 2¢2dt2
C2
then
cdt = M Lcdt
Signature

Note the signature of the metfie,+,+,+) . Other expositions of special or general relativity adopt
(+1_1_1% .

The main 4—vector that we deal with here is the fluid velocity,

_dx¥ _ dxo‘
a
. T ocdt cdt a_ I'
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where

g = 4
dt
andx' are the coordinates of a fluid element through space time.

2.2 Raising and lowering indices

Indices are raised and lowered by means of the Minkowski tensor. Some results to remember are
as follows.

The inverse of the Minkowski tenscn'rf"[3 Is defined by:
af — xa
NP = (-1,1, 1,1

Indices are raised and lowered by the Minkowski tensor

v = r]O‘BVB Vy = r]anB
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3 The stress-energy tensor

3.1 Definition
The stress—energy tensor is:

00 10i
OB _ [T T
70 T
where

TO0 = Energy density (incorporating rest mass energy etc.)
cTO' = Flux of energy in thex direction
TiO — TOi

Tl = Flux of thei component of momentum in thedirection
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We also have

=T ~ = a component of momentum density

—15 x Flux of energy in the direction
C

The relationship of taM9bth momentum and energy

Why should we have these two different roles for the compoffé’ﬁts ? Remember that in special
relativity, mass and energy are related by

E=md&

Therefore a flux of energy is equivalentd®  times a flux of mass. But the mass @Mx IS and
this is just the momentum density. Hence

Energy flux = c2 x Momentum density
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and

Momentum density= 12 x Energy flux
C

3.2 Stress energy tensor for a perfect fluid

The above characterisation of the stress-energy tensor is valid in general. For a perfect fluid in
which the pressure is isotropic and normal to any surface we develop an expression for the stress
energy tensor as follows.

Consider the rest-frame of the fluid. This is defined as that frame in which
u¥ = (1,0,0, 0
In this frame,

Energy density= e
Energy flux= 0

Momentum flux density= p3'l
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Hence,

e000 |e+tpood [-poo0oO
tap _ [0p00 _| 0 000,/0p0O
00po0 0 00 00po
000p | 0 00Q |0O00p

This can be covariantly expressed as
TOB = (e+ puuP + pnaP
Relativistic enthalpy
The quantity
w=e+p
is called the relativistic enthalpy in analogy to the corresponding non-relativistic expression

ph=¢+p
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Note that the relativistic expression contains the rest-mass energy. Often we expression the rela
tivistic enthalpy in the form:

W = pc2+g+p

wherepc? is the rest-mass energy density @and e — pc? Is the internal energy.

3.3 Expressions for the components of In an Tﬁﬂ:ﬁtrary frame

The various components of the stress-energy tensor can then be expressed as:
79 = (e+ pudu®—p = r2(e+ p-p

i — 2\Li Oi — 20 1oo0i _ B+ B2,
T —(e+p)FCDcT = (e+ plrev CT _Dczﬂrv

N Iy] .
T = (e+ p)FZVC—\é+ pd!)
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4 The relativistic fluid equations

4.1 Energy and momentum equations
The relativistic fluid equations are

oTAR

0
ax[3

TGB,BE

To see why these are the equations, let us examine the different equations correspanding to
anda =1 .
Time component

a=00T%05+70 5 =0

00 Oj
10T +6T J _ 0
c ot axj
00 0j
. oT +a(cT ) _ 0

ot 0X j
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In words:

a(Energaz density , divergenc¢ Energy flux= 0
Spatial component
a=i0TO+Tl; =0
0 N
10T! +aT'J -0
c ot axj

o(c—1T!9  aTl _
ot 0X j

In words:

d(Momentum density
ot

These are the appropriate conservation laws for energy and momentum.

+ divergenc¢ Momentum flux densjty= 0
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4.2 The conservation of number density

Assuming that our fluid consists of particles that do not transform into other particles, then their
number is conserved. Let

n = Number of particles per unit proper volume

l.e. n is the number density of particles in the rest frame of the fluid. The conservation law for
number is

a(nu?) _ 00 19(I'n) . a(Cnv!/c)

o(rn) . a(rnv') _
T T 0

This makes sense since the number density in an arbitrary frdme is
Rest mass density

Let m be the average rest mass of particles in the fluid. The rest-mass energy density in the res
frame isnmc? . The rest-mass energy density in an arbitrary frame is

pc?2 = Fnmc
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5 Non-relativistic limit
The non-relativistic limit is instructive since it confirms
» That we have the right equations
« Clarifies the relationship between energy flux and momentum density

5.1 Nonrelativistic limits of the components of the energy-momentum
tensor

In proceeding to the non-relativistic limit, we express the energy density in the form:
e= nmé+eg

wheree is the internal energy density.
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The T9%component

T = r2(e+ p-p
F2(nmé+e+p)—p
F(rnmc) +r2(e+p)-p

Now
V212 1v2
B — — =1+=—
%L o2 22
2
r2=1+>
C2
So

TO0= [ 4 1

52PC (4P —p = pe?+ Cov2+ ]

So we can see that the energy density in an arbitrary frame, breaks up into the rest mass energ
density plus the kinetic energy density plus the internal energy density.
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The components  TO
. i i
TO = (e+ p)FZ% = (nm&+¢+ p)FZ%

i |
= Tpc2= +T2(e+ p)=

1v v
-0+l Zmpcz O ZD(8+p)_
_ g2V, 12V v
= peP +SpvA (e 4 p):

. . 2 -
Momentum density= %TO' = pv! + [Zp% QS—C%P—)V'

Energy flux density= cT9 = pc2v! + [%pVZVi +(e+p)Vi|
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The components T!)

vl
T = (e+ p)r2 +pd = (nmZ+¢+ p)F2 Ly pd!)
c? c?

i i
=Mpe?= +T%(e + p)=— + pd

.. - Vi ] V2
= [pv'v] + pd!] + (€ + p)—= + Higher order in— >
c? C

The term  nmv

This originates from the continuity equation for the number of particles.

nmd = pvi
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5.2 Non-relativistic equations
Continuity equation

The conservation equation for rest-mass

o(Fnm) , o(Fnmv) _ 0

ot 0X;
IS, without approximation:
I
ot gx

Momentum equation
The relativistic form

o(c_11'9) | Tl

ot ox. =0
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becomes

J
o+ B0+ CLE oot + i+ e+ )22

+ . =0
ot ox/

The leading terms are the usual non-relativistic terms, the others are ofvarder
son. Hence, the momentum equations become:

o(pv') | dlpv'v) + pall] _
ot ox/

The energy equation

The relativistic form is:

0T  a(cTY))

ot axj =0
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With the non-relativistic expressions:

a[pc2 + %‘pv2 + s%} a[pczvj + Epvzvj + (g + p)vjﬂ

+ .
ot ox/

=0

In this case we need to go beyond the zeroth order expression since this is

o(pc?) , A(pc?V)) _ o
ot axl

l.e. the continuity equation for rest mass energy density.
The next order iffv/ c)2 gives:

a%‘pv2 - % 0[%pv2vj + (g + p)vJ]

+ . =0
ot ox/

which is the non-relativistic form of the energy equation.
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Note that both the momentum equation and the energy equation have involved the sarfk term

It is the different contributions from terms of different ordergvnc)?2 which have given rise to
the different contributions to both the energy and momentum equations.

6 Equations of state

6.1 Ultrarelativistic particles and the distribution function

Often when we have relativistic motion, the internal composition of the fluid is relativistic, as in
the case of the M87 jet. Most extragalactic jets are made up of ultrarelativistic particles with
Lorentz factors much greater than unity. In this case the energy of a particle is the speed of light
times the momentum, i.e.

E=cp
as it is for photons.

To derive the equation of state, we use a distribution fundtjqr) So that

Number density of particles in volunt€p of momentum space
= f(p)d3p
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For the so-calle@erfect fluidswe are dealing with here, the distribution function is isotropic, i.e.

f(p) = f(p)
and depends only only on the magnitude of the momentum.

6.2 The energy density and the pressure
The energy density is

— 3n = 0 2 — © 3
e= [ Ei(p)dip =4 Ef(p)podp = 4mcf p=f(p)dp
p —space
The pressure tensor (equivalently, the stress tensor in the rest frame) is

y . o nini
ij = iy 3p = pp 2

T [ pVvit(p)dTp = 4mf =_=T(p)pedp

p —space

Here we taken = ym, to be the mass of the particle, to be the Lorentz factopand to be the
rest-mass energy.
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The isotropy of the distribution function guarantees the isotropy of the stress tensor. Hence
T = p3'l

and the value op can be estimated from the trace, i.e.

3p = Tl = 41T°°p—zf(p)p2dp
! IO m

Now

_E_0Dp

m= c2 C

Hence

- 2

3p = 4T[CJ’O pf(p) p=dp = e
-1

0 p= 3e

This is of course is also true for a photon gas where cp IS exact.
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7/ The relativistic fluid equations

7.1 The fluid equations in terms of the 4-velocity

Let us now consider the fully relativistic equations derived from the divergence of the stress-ener-
gy tensor, i.e.

TO‘B,B =0 where TAB = wuduP + pnohB
The divergence is:
TO‘B,B = u“(wuB),B +WUBUG,B +pd

(Note thatp:? = r]O‘Bp,[3 )

This has a form similar to that of the non-relativistic equations. However, the(\mjl?r),ﬁ IS a
bit anomalous. We deal with this as follows.

Take the scalar product of this equation with . Then,

uauo‘(wuB),B + WuBuauG’B +u, p¢
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Since

a —_
u=uy -1
then
u(",BuO(4-u‘3‘uO(,B = ZUGUG,B =0
Hence,
_(WUB),[3+UO( pd =0
l.e.

(wuP) g = ugprP
The equations of motion of the fluid then become:

wuBuo‘,B+ p@ +u°‘qu'[3 =0
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Projection operator

The terms involving the pressure can be written:
pd+ uo‘qu’[3 = (8% + uo‘uB)p’[3
The tensor

an = 50([3 + UO(UB

IS the projection operator. Every vector contracted with
q%p is othorgonal ta®

Final form of fluid equations

Using the projection operator, we have,

WUBUG,B = _an p’[3
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The left hand side represents the relativistic generalisation of the non-relativistic differentiation
following the motion of the three—velocity,

The right hand side is the negative of the pressure gradient perpendicular to the 4—velocity. Since

the scalar product of these equations with now leads to an identity, the above four equations
are equivalent to three.
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7.2 The entropy equation in relativistic fluid dynamics

The second law of thermodynamics

- ©— o o Q

Comoving volume
with fixed numberN
of baryons

= Entropy per baryon
= baryon density
Energy density
pressure
temperature in energy

units

The equation of state of all fluids, including relativistic
fluids has other consequences that can be derived by con-
sideration of the second law of thermodynamics.

Consider the second law of thermodynamics in the form
TdS= dU+ pdV

where, T is the temperature (in energy units), is the in-
ternal energy anf  the volume of a comoving element of

fluid which contains a fixed numbeX  of baryons. This
equations applies in the rest frame of the fluid.

Why concentrate on baryons? In most fluids, except under
the most extreme of conditions, the baryon number is con-
served. For example, even when nuclear reactions are be-
iIng considered, the number of baryons is conserved.

Relativistic Fluids 29/51



Also, the rest-mass energy of such a volume is constant so that we can replace the internal energ
with the total energy . This appropriate for a relativistic approach. The entropy equation then

becomes
TdS= dE+ pdV
In terms of the variables in the above diagram

S= No E = N Xxenergy per baryors NE V =

S |2

Hence:
Td(No) = d N+ pd ¥
~ Tdo = dEH+ pdH

The equivalent equation in non-relativistic fluid dynamics is

Tdo = dZE0+ pdid
RERRTE
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In this casas is the entropy per umiass.
Entropy and enthalpy

We have

81, hgdo - (et+ p) w
Tdo = dEH]+ pd de 3 dn = de r]Zdn

We can also express this equation in terms of the differential of the enthalpy, viz.

qet M, dn dp, P 4,_(&+ Py,

Tdo = dag=g* t3 2

:dDADgE
(hi  n
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The constancy of entropy along a streamline

Let us return to the equation that we derived from the scalar product of the fluid equations with
uv, i.e.
(wWu®) g = u9p
We can write this as
wue o+ uo‘w’a =y« P g
Now use the conservation of baryon density

(nu¥) o = uo‘n,a+nu°‘,a =0

1
a - =
U u™ g = Sutn g
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Therefore,

The operator

l.e. differentiation along a world line. Hence the above equation for the relativistic enthalpy is

dowy_1dp _

dsth nds
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Consider the equation for the differential of the entropy

Tdo = 20 9P

hd n

do _ dmwg_1dp _
- Tds ~ dsthd nds 0

l.e. entropy is constant along a streamline.

8 The speed of sound

8.1 Sound waves from perturbation of the relativistic fluid equations

The speed of sound in a relativistic gas is of interest. This is best derived directly from perturbation
of

af
oT _ 0
oxB
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We take as the unperturbed state,
v =0 P = Py e= g W =W, = €5t Py
and the perturbed variables are
Vi=vi p=pptpy e=gte W= wyt(e+py)
We expand to first order in these quantities.

The perturbation to the Lorentz factor is given by:
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The perturbations to the stress-energy tensor are give by:

TO=r2(e+ p-p=e,+e

. | Vi1 Vi
= —= + .
W= = (W +W,) S Wq S
Tl = rzw"—‘éJ + pail = p, 3l
C
The perturbation equations are,
v
o 0T oY 19(€*ey) MO _ 0
) 0x0 ogxi Cc ot oxi
oe j
[ _1+W06_v_ =0
ot ox/
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and

aTi0+aTiJ %“’OCD 6((po+ p;)3Y)

o =i :
ox0  ax! ox/
W [
. 0ov N Gp_ -0
c2 Ot gy

Hence the two perturbation equations are:

ael ovl
+ W
ot Oy

Woov! L 0p _
c2 Ot jxi

Take the divergence of the second equation:

W04 [av'g a D

=0
c2 atbe'D dxlox!
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From the first equation

2
LoV o 9€
Oatlhyd  5¢2

Therefore,

2 2
0 P4 16 & 0
dxioxi c20t?

Now relate the perturbations to the pressure and energy density via the equation of state, which w
represent in the form:

p = p(e o)
Hence,
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For adiabatic perturbations:

_ P
Pq = /= €
1~ Cpdly L
and the wave equation for the pressure perturbations becomes:
2 2
0 e 1 0 e _

L 0
oxloxl  c2(0p/ de)at?

This represents sound waves travelling with a speed:

2 _ 20007
CS_CEBeDO

8.2 Sound speed for an ultrarelativistic equation of state
If
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then

(o))

2_12 _
Dcs—sc DCS—

C

J3

op
de

1
3

This spped Is quite fast, = 0.577

O Relativistic shocks

9.1 The junction conditions

The junction conditions for relativistic shocks follow from the same approach as for non-relativ-
istic fluid dynamics, i.e. conservation of rest-mass or number density, conservation of momentum
and conservation of energy across the shock.

In the following and in much of relativistic fluid dynamics, we use
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The relativistic Rankine-Hugoniot relations are derived from con-

Oblique relativistic tinuity of number, momentum and energy across the shock normal.

shock Y A
Number
B2
F1N1B1x = TanoBoy
X Momentum (x-component)
XX — XX
B, 1" =T13

202 _ 202
Wy P TBTx + Py = Wol 5B5, + P,

Momentum (y-component)

Ty = Ty

2 2
er 1 leﬁly W2r 2 BZXBZy

Energy

20 2
Wyl 7By = Wyl 5B,y
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Summary of relativistic junction conditions
Fan1Byx = TPy
er%B%x TP = W2r§[3§x TPy
er%leﬁly = W2r§[32x52y
er%le = WZF%BZX
9.2 Solution of the relativistic junction conditions
Dividing the third equation by the fourth:
By = Bay = By

l.e. the component of velocity normal to the shock is unchanged, as in non-relativistic shocks.
Velocity

Equations (2) and (4) can be solved to give the velocity on both sides of the shock in terms of the
hydrodynamic variables.
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Parametrisation of the velocity and Lorentz factor
r—2=1-pz-Bg
Put
By = (LB *tanhe
0 r—2 = (1—B§)(1—tanr?(p) = (1—B§)secr?cp
Or =(1- B%)—l/zcoshcp

Since,By IS the same for both sides of the shock, then, we have

By, = (1—[33)1/ “tanh, M, = (1—55)—1/ 2coshq,

Boy, = (1- [35)1/ “tanh g, M, =(1- [35)—1/ “coshg,
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We make these substitutions into

22 — 22

Wy TBIx + P = Wol 5B5, + P,
2 — 2

Wy TB1x = Wl 5B,y

to obtain
Wlsinhch1 +p, = wzsinhch2 +p,
w,sinh@,cosh@, = w,sinh@,coshg,

Velocities

The solutions for the velocities are algebraically long but straightforward and are derived in the
appendix:

[(py— Py)(ey + py)1H2
(e,—e)(e Py

Byy = (1-B2)Y2tanhe, = (1-p2)1/2

(P, — Py)(eg + py) L2
i (e,—eq)(e,+pq) |

BZX = (1—[35)1/2tanh(p2 = (1_[35)1/2
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9.3 Ultrarelativistic equation of state

For an ultrarelativistic equation of state,

= 1g
P=3
the above equations become:
1/2 1/2
B, = (1-py2ire P By = (1-pH2 1P
1x y 33p, + p, 2X y 33p, + Pq
9.4 Normal shocks
Mainly for convenience, let us now concentrate on normal shocks in \ﬁpieho . There are a
couple of interesting results here
Product of velocities
_1
BixPox = 3

Relativistic Fluids 45/51



Weak shock

In a weak shoclp, = p, . This implies that:

1 1

le:ﬁ BZX = %

l.e. the velocities, before and after the shock are equal to the sound speed.

Strong shock

Wik

__’OODle_’1 BZX_’
The densities on either side of the shock are related by:

Fan1Byy = TPy,
Sincen = 'n is the lab frame density then

L L1
N1B1x = MoBoy U Ny = 3Ny
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for a strong shock.
Important points

The points to note here, are

* |n arelativistic fluid, a weak shock can travel quite fast, essentially because the benchmark
speed, the sound speed, is fast.

» The strong shock limit has quite different velocity and density solutions than that in a non-rel-
ativistic fluid.

10 Appendix

10.1 Solution of shock equations

Wlsinhch1 +p, = Wzsinhch2 +p,

w,sinh@,coshg, = w,sinh@,coshg,
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Taking the parameters; , apd , as given, we now have to solve for the two unkgjowns
and@, .

Letx; = cosr?cpl Xy = cosk?(p2 and square the second of the above equations:
Wy (X;—1) +p; = Wo(X,—1) + p,
wE(x —1)X; = WE(X,—1)X,
In the first of the above equatiops-w = —e  so that these two equations are:
W1X1 =€ = WX =8

W%(x1 -1)xq = W%(x2 —-1)X,
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The aim of the following is use these two equations to obtain linear equations for x, and

do so we square the first and subtract from the second.
22 2 — \w2y2 2
WTXT —2€e,W X, +ef = W5X5—28,W,X, + €5
22 2v = \Wwly2 2
2 — 2
Usew, —2e, = p,;—e; and the other previous linear equation, then
WiX1 =€ = WX =6
(py—e)W;xg —€f = (py- €)Wox,, = &5
In matrix form:

(€ —P)wg —(€ —Py)Wy| | X, —(e% — ef)
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The solutions are (using Maple)

(e;—e)(e; +py)
(e;+Pp)(Pyte,—py—eyg)
(e,—eq)(e,+pq)

(e + Py)(Py+€5—Py—€)

X, = costPQ, =

X, = COSIPQ, =

Sincetanh?@ = 1—seck = 1—)—1( then

(P, —Pp)(€+ Py) tanhchz _ (P, —Pp)(eg + Py)

tanfre, = (e,—ey)(e; + py) (e;—ey)(e,+ py)
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Velocities

We now have the solutions for the velocities:

"(p,—py) (e, + py)12
_ 1/2 _ )1/2272 7172 7
Biy = (1-BJ)* “tanhg, = (1-BJ) (e,—e))(e; + py) |
(P, —py)(& + p,)1L/2
_ 1/2 _ 2y1/2) 2 11 72
BZX = (1—[33) tanh(P2 = (1_By) _(62_61)(62+ pl)_
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