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Magnetised Winds

1 Critical points

1.1 Preamble

So far we have inferred the existence of one critical point —the Alfven
point where the poloidal velocity equals the poloidal Alfven speed.
What corresponds to the sonic point that we know exists in unmagnet-
ised winds. Aswe show in the following, the sonic points expands into
2 new critical points corresponding to the fast and slow magnetoacous-
Itc speeds.

First we derive the sonic point for aspherically symmetric flow in adif-
ferent way to what we did before. Consider Bernoulli’ s equation in the
form:

2
H(r,p) = Zv2+ 2 2

y—1 . = E = constant

where V is given as afunction of density and radius by mass flux con-
servation:;

M

V =
4mpr2

and the speed of sound sguared is given by

a2 = yCpv-1

A differential equation for p asafunction of r cam be found by differ-
entiating H(r, p(r)) wrtr,i.e

dp_y_dp _ M
At Hoar =% ar = H

e
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and the critical points of this differential equation occur where

H =H,=0
Now
Hr = Va_v+% :_ZMV +GI\/I
ar  r2 Amprd  r2
2
- VS, GM _ _l(zvz_G_M)
r r2 r r
and
oV 1 0
H, = + 2
P dp v-1ap
MV
— +vCpY—2
Amp2r2 =P
= (_\£+a_2) _ _(V2-a9)
PP Y
Hence the critical point islocated at
1GM

aswe derived previoudy. This method of derivation for the location for
the critical point establishes the pattern for the derivation of the critical
point in an axisymmetric magnetised wind.

1.2 Axisymmetric magnetised wind
In this case, the energy equation reads
1

2 QrB
H=zv2+ 2 _GM_ ® = E = streamline constant
2 vy=-1 r 4ol
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Splitting the velocity into poloidal and azimuthal components,

o2B2

2 — \/2 2 — TP 4 202
V —Vp+V¢- p2 +r4“m
1_PAr%\
pr2
and o = Q

(-2

and using the previously derived expression for the azimuthal compo-
nent of the magnetic field:

(1-5)
_ )
Qqu) = 22 ra
4ran Al pa
(+-3)

Y

where the streamline constants

and pp = 4no?

o) Iy

rz =
define the Alfven radius and density at the Alfven radius respectively.

We now consider a given poloidal magnetic field line and consider the
axisymmetric radius r as a parameter along that curve. We therefore
have along afield line

1

2 1 2 GM €rB
H(r7 p) = é(%)BS(r)+§r2m2(ra p)+a (p)_ - q)(ra p) =

vy—1 r 4ol

Thisisanimplicit equation for the density as afunction of radius and as
with spherically symmetric flow, we can determine a differential equa-

tion for p(r) from
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Equation for H,,.

We have

i P L
4o

a_H _ 02B2 om 1 9 az_i(Qqu))
op p3 dp vy—1lop  dp

The following p—derivatives are straightforward:

) 2 2
" (i
p
rz)
T2
J (—Qqu)) PA 262 A
Jp\ 4rna p2 A (1_p_A)2
Y
9yCpr—t _ a?
dp y-1 p

The combination

do , 9 (—QFB¢) PArA
2 ) - — 2
' “’ap +8p\ 4o =
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We can now start to relate these terms to Alfven speeds etc. Consider,

(-5
BS _ q2fAPal A
4mp er(l_p_A)Z
Y
and therefore,
ap ap\ 4o pz(l—p—A) 4mtp
Y
2
4rtp
1—30
p( Pa
Hence,
OH _ _oczBFZ, 1 B(% ,
Ip ps p(l_f)) “amp " p
Pa
2
B
:_Vp+ 4p a2

2 2
p__ By _Vap

Pa  4mpV2 V2

so that, on multiplying g—gl = 0 through by p(l — pﬂ) we obtain,
A



Magnetised winds

On multiplying through by V2,

4 2 2 2\W2 +V2 32 =
o~ (VAptVi,ta)Vg+tVi,as =0

Now, the total Alfven speed, V4, isgiven by

VZ = VZ,+V2,

and the equation for the critical poloidal velocity is

VA (V3 +a?)V2+V3 a2 = 0

1 1
V3 = é(vg\ + aZ)J_ré[(v,% +a%)2-4V3 ja?]l/2

Thisisthe equation for slow and fast magnetoacoustic waves along the
poloidal fieldlines,i.e. V, cosy = Vap: Hence amagnetised wind has

three critical points, one corresponding to the Alfven point and the other
two corresponding to the fast and slow magnetoacoustic speeds.

2 Limiting cases of critical points

2.1 Weak magnetic field (V, «a)

This would be the case for a wind which is primarily thermally driven
but which has some magnetic field.

Writing
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1/2

1 VZy2 V3
2 — T/\/2 2 2 _A) AP
VZ = 5(V3+ad)ta [(1+ aZ) 44 }

V2
and expanding the square root in powers of — 22 gives

VZ V3
Z(V2 + 32 2 A_ 5 Ap
Vp— (V +ac)t= a[1+a2 ZaZ}

— 2 2 2 2
— 2 2
- VA’p,VA’¢+a

asthetwo values of the slow and fast magnetoacoustic speeds. The slow
gpeed is therefore (to first order) the same as the poloidal Alfven speed
and the fast magnetoacoustic speed is approximately (V% , + a2)1/2,

I.e. close to the sound speed. Therefore the slow magnetoacoustic point
and the Alfven point are very close.

3 Strong magnetic field (v, »a)

For this case we put

2\2 4V2 _a2]M?
p = -(V2 +a2)+1V2{(1+ az) -2 }
VA Va
V2
and expand the square root in powers of ? to obtain:

2 2
VA VA
2
Va2 2 4 g2 A0
2 7 TA V2
A A
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In this case, the slow magnetoacoustic speed is of order the sound speed
and the fast magnetoacoustic speed is close to the Alfven speed.

4 Rapid rotator

4.1 Introduction

Some of the most interesting effects of magnetised winds occur for so-
caled “rapid” or “fast” rotators. The precise definition is given below.
Essentially these are stars for which the combined effect of rotation and
magnetic field overwhelms all other forces. In genera the field-line
structure of a magnetised wind is as given in the following diagram.

Dividing field line

Field line structure
of a magnetised Closed field lines

wind /
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One of the features of magnetised windsisthe “dead-zone” indicated in
the figure. More about this later.

The starting point in the analysisis Bernoulli’ s equation:

\/2 4 =\/2 - F = e
2Vp+ 2V¢ +Y—1 . i E = total specific energy
where
(1_PAr£) (1_PAV%)2
2 2
- 1O pr V2 = r202 pr

4.2 Evaluation of streamline constants

So far, athough we have given a physical interpretation of the meaning
of the streamline constants, we have not evaluated these in any given
physical situation. We are now going to evaluate these for the case of a
“rapid rotator” .

Evaluation of Q

Evauate Q near surface of star:
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r2

Polo
surface (1_%)
Po

wherer = r isthe value of the axisymmetric radial coordinate at the
surface of the star.

r = Rysin®

where R, is the value of the spherically symmetric radial coordinate
and 6 isthe colatitude (spherical polar angle).

Assume that the Alfven surface is so far out that the density at the
Alfven point:

Pa psurface

We can also show, plausibly, that

2
Pala

«1
2
Pold

along open field lines, even though r , » r;.

We assume that the open field lines are approximately spherically sym-
metric. In such aflow

pVr2

: = M = Massflux per steradian
sin2e

pVRZ =

= pVr2 = Msin20

Since sin20 = constant along a streamline, then

10
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1 R PArA _ Vo
v Porcz) Va

so that of the velocity starts off low and accelerates out to the Alfven
point, then

PATA
Pord
This constitutes a plausibility argument that this condition is satisfied.
Except in pathological circumstances, this argument should be valid.

Hence the equation for the angular velocity at the surface of the star be-
COMmes:

«]

that isthe field-line pattern rotates with the angular velocity of the star.
The streamline constant E

In view of the above, the term

r2
(1-5)
_Qqu) - 1202 r 1202
4oL (1_%)
p
s0 that the streamline constant
E~1'V2 +1‘r2Q2+a_g+r2Q2
~2 p, 0 20 Y_l A

11
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Definition of a rapid rotator

We (finally) define arapid rotator to be one in which

r a2 »(V ro€2, ag)

p, O
Thus the definition of a rapid rotator simultaneously involves a strong
(V p, O aO) )

magnetic field (r , » ry) and rapid rotation (€2 » r
A

When this condition is satisfied, the streamline constant

4.3 Solution along open field lines
With the above streamline constants, Bernoulli’ s equation becomes:

l'VFZ) + l'rZQZ

B G N C )

the Alfven point P - L 1
P (PA Va Ta )

We assume that the flow is approximately spherically symmetric be-
yond the Alfven surface, so that, putting V , as the poloidal velocity

(= poloidal Alfven speed) at the Alfven point, we have, as before;

12
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_ Msin20 2 - Msin20
V.2 Pr™ ==V

p p
pAr,%\ — Vp p VAr%\

pr2 Va pa V2
Terminal velocity

One of the important characteristics of such awind that we wishto find

istheterminal velocity, or the velocity at infinity. We therefore ook for
a solution such that

P 0 as V.V

Pa P ”

In view of these limits we write Bernoulli’ s equation as

(_p__ﬁ)z (g_p_rz)
2y2\PA T2 ,PA Pald)

1.,,.1 2 202
Pa PA
Ty T, L
ASI —
1,2
1%2Vw
202_A A =
2erQVZM =
(&ﬁ\_!é]
Vr2 V vV
P A
202 — r202_A
53— M5Q = rAQV

13
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Hence, Bernoulli’ s equation at infinity becomes:

\Y
2v2 130202 = 1702

(o]

Divide through by r 2 Q?

1/ Va2Voy2 Vot
Ane) (7) +(7) =1
2\r ,Q) \V Va
Write

o= —— u= —

and multiply through by u, then
— 1 2.3 _
f(u) = QO‘ uw—-u+1 = 0.

Condition for unique physical solution

The solution for the terminal velocity depends upon the roots of the cu-
bic. The possibilities are

 onereal root, two conjugate complex

e threerea roots

When we have more than one positive real root, the solution for the ter-
minal velocity is not unique, and it would seem, unphysical. It isthere-
fore important to investigate the possible roots of this cubic.

14
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The following plots show what f (u) islike.

' Plot of cubic for different val-
] uesof parameter o.

10
=2
=0
d
4

A
4]
£
=2

For values of o < 2—9[—-§ , the cubic has 2 positive real roots and one neg-
. _ _2./6 .
ative real root; for o = 5 - 0.544, the cubic has one repeated real

2./6

root and one negative real root; for o > 9 the cubic has 2 complex

conjugate roots and one negative real root.

15
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The critical value of o

The critical value of oo comes from the condition that the cubic have 2
equal real roots. Thisfollows from:

f(a,u) = %a2u3—u+1 =0
df =3 22 1 =
and du(oc, u) = 20c uc—1 =

We can easily solve the 2 equations

3f(a,u) = §a2u3—3u+3 =0

2
df _3 2.3 . =
and udu(oc,u)—zocu u=20
to obtain
_ _ 3
2u—3=0=u = 5
and

3) 21 5(3)°_3,,- _ 2.6
f(oc,z)—zoc(z) 2+1—O:>oc— g

Hence the solution with one real root, satisfies

A Q2 9
V., 3 _ A6
\7—;—§:>Vm——3—rAQ

Thisanalysis showsthat there will only be a unique solution when there
isareal repeated root and that it is given by the above solution. Thein-

16
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triguing point about this solution is that we have determined both the
velocity at the Alfven point and the terminal velocity from one equa-
tion.

5 Estimation of Alfven Radius

The following estimate of the Alfven radius is based upon assuming a
spherically symmetric flow along an open field line from the surface of
the star outwards. This givesagood indication of how the Alfven radius
depends upon the strength of the magnetic field.

Consider spherically symmetric flow and the following parameter:

(I)2
47M,,

where @ isthe magnetic flux per steradian and MW Isthe mass flux per
steradian. We have

®2 _ (BR)2 _ , B2 LVA

— = = Rex
4ntM, 4TchpR2 AnpVy Vo

Both ® and MW areinvariantsalong astreamline, so that this parameter

can be evaluated at the Alfven point where V , = V ,. Hence

o2 _2./6

4TIM,, 9

R3Q
Now let us evaluate this parameter at the surface of the star:

(I)z _ BOR(% —V'%"ORZ
4nM,,  4mPoVo Vo °

17
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Hence,
2
VA’ORg ZﬂsR3Q
:(§)3: 9 VRo _ 9 Vio
Ry ZA/EVO(ROQ) 2«/6V0Vrot

Normally the initial poloidal speed would be of order the sound speed.
Hence the condition for alarge Alfven radiusisthat the Alfven speed at
the surface of the star satisfies:

18
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6 The Dead Zone
See L. Mestel & H.C. Spruit (MNRAS, 226, 57)

/ Open field lines

Qo
S

S

Dead Zone

=

The dead zone results from the equilibrium between the magnetic force
which holdsin the plasmaand the centrifugal and pressure forceswhich
tend to make the plasma flow outwards.

6.1 Preliminaries: Dipole field

We shall approximate the field close to the star asadipole. Thisisjus
tifiable on the grounds that the field configuration resulting from an ar-
bitrary distribution of currents is normally dominated by the dipole

19
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term.

k = cosOR—sineo

The magnetic field of adipole, in spherical polar coordinates, is given
by:

_ [BR(R-m)—m] _ 3R(mcosO) —mk
R3 B r3
m[3cosOR — k]
R3

M r9cosoR + sinod]
RS

where k isthe unit vector in the direction of thedipole, m = mk isthe
dipole moment and R isthe spherical polar radia coordinate.

Equations of dipole field lines

The equations of dipole field lines are determined the tangent vector to
thefield lines. i.e.

20
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dR~ do, _ m D+ GnAA
ﬁR+ Rﬁe = R3[2cos€)R+ sn6o]

Thus the equations of the field lines are determined from:

dR _ 2mcos6 rd6 _ msin®
du R3 du R3

Dividing one equation by the other:

1drR _ ,cos6
RdO sin®

= InR = 2Insn6 +C
—= R = Asin?6

The equation for the dipole field lines can be expressed in any one of a
number of different forms. For example, suppose a dipole field line

emerges from the surface of astar, R = R, at 6 = 06, then

Ry R _ sin20

~sin20, Ry sin?6,

Magnitude of a dipole field

B2 = m? 20 + sn2g] = M 2 2
= E[4cos 6+sn<0] = $[4cos 6+ 1—cos<0]
2
= %[1+3c0529]

— B = 11 + 3c0s20]1/2
R3

6.2 Equations of motion in a rotating frame

The equations we have considered so far are expressed in an inertial
frame, i.e. one in which the relationship between force and accel eration

21
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is given by F = ma. Often, we like to consider equations in a frame
which is rotating wrt an inertial frame, e.g. in the present context, the
frame of reference of arotating star. Therefore we need to relate time
derivativesin the inertial frame to derivativesin the rotating frame.

The components of any vector in the inertial frame are related to the
components in the rotating frame by:

Vv, = aji(t)vj’

Inertial frame Rotating frame

where a, j Isthe transformation matrix relating components in the rotat-
ing frame to componentsin the inertial frame, i.e.

[a—

where R

Let the 2 frames coincide at time t and consider the relationship be-
tween components at time t + dt. Then,

/ dv:’
vi(t+8t) = vi(t) +3v; = (§;; +jS6t)(vj'(t)+d—t’8t)

(., dv )

From the orthogonality property of a. j»we have

22
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= Q) +tQ =0

Qi = —Q

We define the instantaneous angular velocity of the rotating frame by
1

o égijkgjk

= Q0 = €L

Hence, the change in the vector v; is given by

v,

wherethe partial time derivativerefersto differentiation wrt t inthero-
tating frame.

Therate of change of v; in the non-rotating frame is therefore,

dv, oV,
gt - 9t TSk
dv _ ov
at - ot +Q(t) XV

Note that the angular velocity can be a function of time, although the
usual application of thisrelation isfor cases when Q is constant.

Thisrelation can be applied to any vector. Applying to the position vec-
tor:

23
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dr _ or
a ot

i.e. thevelocity in theinertia frameis

Qxr,

Vv = Vg tQXT

inertial
This relation justifies calling Q the angular velocity; when a point is
stationary in the rotating frame (% = 0), the velocity is given by
QXxr.

Now applying the same relation to the velocity vector

dv _ v,
dt ot

_ oV or
= ﬁ+Qx(ﬁ+er)

_ oV or
= m+me+Qx(er)

a

Coriolis '
_ Centrifugal
acceleration acceleration

QXV

Acceleration in inertial frame = Acceleration in rotating frame
+ Coriolis acceleration + Centrifugal acceleration

The Coriolisand centrifugal forcesare“fictitious’ forcesresulting from
the fact that the rotating reference frame is non-inertial .

Application to the momentum equations

When the angular velocity isfixed in direction (say the z—direction) the
term

24
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QX (QAxr) = (-rQd7

where the T refers to axisymmetric coordinates, and we can write the
momentum equations in the form

%/'FPQXV"'P(V .VV) = _VP+prQ2f+Z%—t(V><B)>< B —pWVy

We can write the centrifugal term as

0(1 1
prQ2 = pﬁ(érZQZ) = pV(érZQZ) = —pVV et
where

1 1 :
\|Icent = —QFZQZ = —Q(Q)OR)ZSIHZG

isthe centrifugal potential and o, isthe angular rotation rate of the star.
Thus the total potential of a point massis, in the rotating frame,

_—-GM
Viot = R

and the momentum equations are:

—%((DOR)ZSH’]ZG

%+prV+p(V -VV) = —VP+4—:;(V><B)>< B—pVyy

6.3 Magnetostatic balance in dipole field
When V = 0 the static balance in the magnetic field is given by:

~VP-pVyiq + 3-(VxB) x B = 0

25
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Take the scalar product of this equation with the unit vector along the
direction of the magnetic field and use

VP - b = Directional derivative of P aong B

dP
ds

where s isthe arc length along B . The magnetostatic equation becomes

d_P+ dWtot
ds P 7ds

We assume that the gas in the dead zone isisothermal so that

=0

with T constant. The solution of this equation goes the same as for iso-
thermal atmospheres:

KT 1dp _ _thot

nm,pds ds

= —lSI—Inp = —\, T Constant

um,

and we specify the constant by taking the density p = p, at the base of

the dipolar field line where R = R, i.e. the photosphere-corona
boundary. Hence,

KT . p
—In-= = - -
Mmp po (Wtot \ltht, 0)
um
:>p£0 = eXp[—k_-lf)(\lftot_Wtot,o)J

Now,

26
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Y-y, = _9‘|:QM+‘G|EQM_1 5(R?sin?0 — R3sin?6 )
0
pm LMy GM _ GM) , 1981M .
“rv-ve = (R - Ro)+2 e (REsin?0 —Rgsin’0,

- (R AR
+ ZUE'OI')S—lju;z) [(RO)ZS' n2e — smzeoJ

- _GM 1{Ro) 1((02100) [(RO) §n20 — sn260:

1/2
where a, = (;E-T:_) is the isothermal sound speed in the dead zone.
p

Hence the expression for the density along afield lineis:

2 - ool -3

Xep{l((l)(;go)ZKRO) Sn20 — SmZeOJ}

and the gas pressure associated with this density is given by

27
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P =paj = Poacz)x(pﬂo)

- poagexp{(—%)[l{%m

®oR,)? 2
X exp{%( (;30) [(%) sinze—sinzeoﬂ

So far al of thisis exact with no approximations. WWe now consider the
condition at the cusp point which defines the transition from the dead
zone to the wind zone on the equator.

At the cusp we have gasin the dead zone in equilibrium with gasin the
outflowing wind. Pressure balance tells us that:

B2 B2 B2
v
8T _|dead zone 8t 8w lwind

Note that there is no toroidal field in the dead zone because there is no
gas motion to twist the magnetic field in the azimuthal direction. More-
over, at the cusp point. we have field lines converging into a point of
zero area, so that the poloidal field thereis zero.

We now introduce 2 approximations:

1. Outside the cusp point the toroidal field issmall compared to the
poloidal field.

2.The poloidal field in the wind zone just outside the cusp is given
approximately by the dipole field, i.e. the cusp represents the

transition between the Rig dipolar field and the Riz wind zone

field.
With these approximations the pressure balance at the cusp becomes

28
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/ Open field lines

S
> Wind zone

Dead Zone

Star ‘ Cusp

Bgipole(R’ g)

I:)dead zone = S

This gives an equation for the location of the cusp. Instead of using the

dipole moment m as the parameter describing the dipole field, we use
the magnitude of the magnetic field on the equator:

m
Rd

and the pressure of the dipole field on the equator is given by:

29
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gn ~ 8m\ R

R
Hence the equation for pressure balance at the cusp is given by:
Bcz) Ro\° GM Ry
_o(_0) — 2 _=2M 0
salR) = o) Roag)[l{ 5]

X exp{%(m(i;o)z[(-go)zsi n20 —s nZOOJ }

We put this equation into non-dimensional form by dividing through by

ot =l R)

B2
é and also by utilising the equation for adipole field line
N2 R
R 3N 0 = Sin%0, = sinzex(—o)
Ry sin%9, R

T

Al =
s0 6 5

simplifies matters so that sin6 = 1.

The final equation locating the cuspis:
(R) = "5 o] (e R
el (R (%]

Thisisatranscendental equation for RB with parameters:
0
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GM _ 8mpoag ;- (0gRy)?
Roag B3 ag

o =

6.4 Solution for the cusp point for typical parameters
Consider first the sun:

kT _ k x 2><1O6
umy umy

= 2.7x10%cm?/sec?

Coronal isothermal sound speed? = a3 =

= a, = 1.6x10" cm/s

_ GM _ _ Gx20x10”
Roa8  6.96x10% x 2.7x10%*

Mestel and Spruit consider 2 values for the solar value of

=71

(04

11 _
82 - 460 0.25, 0.017

We shall take B = 0.25 for the purposes of illustration.

. _ (mg Ro)2 . ,
Toestimatey = >— we take a period of 30 daysfor the sun’sro-
a5
: 21 —6
h = = 2 .H
tation, so that w, 30 days 2.4x10 ence,

- (2.4x10°° x 6.96x10™)°

4
= 1.0x10
2.7x10™

Hence the solar values:
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o=71 B=025  y=10x10"

Clearly the value of y shows that the effect of centrifugal force in the
sun is negligible.

R
To solve for the cusp point, we put x = —F\? and solve the following

eguation for X:

f(a, B, 7. %) = X0 —Bexpl—a(1-x)] x ep| y(x 2= |

This can be easily programmed in MATLAB or MAPLE, for example
and the solution for the sun is

Xx=0.382= R = 2.62
Ro
The corresponding colatitude corresponding to this field line is deter-
mined from

R _sn?0 _ 1

in20..  Sn2
Ry, sin?6, sin%g,

1/2
= sinf, = (REO) = x1/2

= 0, = sin~10.382 = 22.5°

These calculated parameters represent a first order accurate estimation
of the parameters of the dead zone in the solar corona. However, the as-
sumption of adipolefield istoo simplistic and the structure of the solar
corona is more complicated. See the picture on p 298 of M.S. Longair
High Energy Astrophysics. Nevertheless, one clearly sees the cusp-like
structure of the solar corona in the dead zones.
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6.5 The dead zone as a function of stellar rotation

The centrifugal parameter y depends upon the rotation of the star.
Moreover, it is aso generally believed that the magnetic field in stars
depends upon the stellar rotation rate via dynamo processes, which are

not well understood at the present time; this affects the parameter 3.

Mestel & Spruit adopt the following relationship for B and .

b= b (2] 7= e (o)

(‘)O solar

This leads to the following dependence upon rotation rate for a star of
solar mass and radius;

0 R

— — 6
Osolar RO 0
1 2.62 22°
2 3.19 18°

10 4.59 13°
20 4.93 12°
40 4.48 13°
80 3.36 17°

Y ou can seethat the size of the dead zone increases asthe magnetic field
increases (reflecting the increased of the coronal plasmaby the magnet-
ic field) but that eventually the dead zone decreasesin size asaresult of
the effect of the centrifugal force. At the same time the colatitude defin-
ing the boundary between the dead and the wind zonesinitially decreas-
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es (indicating a more restricted wind zone over the surface of the star)
and then increases again showing the effect of the centrifugal force in
opening up the wind zone.

7 Magnetic braking

The big picture
- S o Alfvensurface
/ \/

/ \
/ Wind zone

/
\ /> Dead zone

—Poloidal field
4 and velocity

7.1 Expression for the rate of angular momentum
loss

Remember that in an axisymmetric flow, the flux of angular momentum
per unit mass flux is given by

the last condition coming from the regularity of the flow at the Alfven
point. Therate of loss of angular momentum by a star with amagnetised
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wind can therefore be evaluated by integrating over a sphere of radius
R’

- 2 ~ .
-J = jonfng(vp- R)R2sin0dodd
= [ [ [r3Q1pVeR2sn6dod)

= [ [ IR3sin200]pV gR2Sin6d0dY

-9 ) /2 2 i 2N D2 i

= 2T X Jo pVRQRZsSIN20R?sin6d6
With the approximations we have been making, €2 = w,, the angular
velocity at the surface of the star. Note that R here, is arbitrary and we
take it to be the radius corresponding to that of the cusp, i.e. R = R,

RC

Ro

where — is as evaluated in the previous section. Hence,

-3 = anf7"*pVQRER2sin%0do
/2 RA 2 RC 2 .
= 4nR4w, [ “pV (—) (—) sin3de
0 OIO R RO RO
We eliminate pV " using the equation of continuity in the form:
Vi

pV,=0aB,= PB_ = streamline constant
R

Therefore, wecan estimate pVi at R = R intermsof the velocity and
magnetic field at the surface of the star by:

PVr PoVo ( R )
= = pVg = [=2— ooV
Bx B(Ry0, " R™IB(R, 0,/ 00
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where p, isthe density at the coronal base and B(R,, 0) is the mag-
netic field at the base of thefield line.

Substituting into the above expression for —J, we obtain

. B R.\2/R\2
— 4 /2 R A C i -3
3 = ampvoRion]” (s | ) () oo

Note that we have not integrated wrt 6 yet, since the variablesin side
the integral, in principle, can depend upon 6.

7.2 The location of the Alfven surface

One thing we require in order to evaluate the above integral is the loca-
tion of the Alfven surface, i.e. the value of R,. Previously we deter-

mined R, for the case of arapid rotator. We can elaborate on this for

the present case of adipolefield with an R=3 radial dependence, making

the transition to a wind zone with an R=2 dependence. To do this, first
note that the density at the Alfven point is given by

V
pp = 4ma? where o =P
By
Hence,
Pa _ Bp
* PIR=R,

We now make the approximation that the field is approximately dipolar
out to R= R, and then goes as R~2 beyond. With B = B, a R = R,
and © = m/2, the strength of the dipolefieldis
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R.\3
B = BO(EO) (1 + 3c0s20)1/2

sothat at R = R, the magnitude of the dipole field is given by

3
) (1+ 3cos20)1/2

andnear 6 = /2,

R
B~ BO( Ro)

C

There is no point in adopting a more detailed angular dependence be-
cause of the distortion of the dipole field by the wind and also because,

the angular momentum loss is dominated by values of 6 near /2. (cf.
the factor of sin3@ in theintegral for —J.)

Hence,
Pa _ Bp
o Vp R=R,
becomes
vy SRR _HRIRE)
Bo MSRAsjneQ zﬂs(ROQ)(RO)sme
= 2% (R(D(RA) (RyQ)-1(sin)L
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Solving f Ra
ving for —,
Ry
(&‘)3: 9 BCZ) (50)(8“’16)_1
Ro 2A/64np0VO(ROQ) Re
V2 R
-9 VAo (_9)(9”9)—1
2./6Vo(RoO\R;
S Ra (i)lfS(M)”?’(&a)“(S-ne)_l,g
Ry 2.6/ WVo(RyQ) R,
_ (_9_)1/3( Vio )1’3(_39)1’3(8,-”9)_1/3
2«/6 VOVrot Rc
V2 1/3 R.\1/3
zl.Z( A’O) (—0) (sing)-1/3
VOVrot Rc

It isinteresting to compare this expression with that for the “rapid rota-
tor” which we considered earlier, viz,

(B_A)3 _ 9 Vio _ 9 ViAo
Ry 2./6Vo(RoQ2)  2,/6VVia
R, 0\1/3
Thedifferencein the expressionsfor R Isthefactor (E) whichre-
0 C
flects the effect of the dead zone in determining the Alfven radius and
ultimately the loss of angular momentum.

7.2.1 Alfven radius for the sun
Earlier we evaluated the position of the cusp point for the sun at

~ 2.6

SOl P
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V2
The parameter v co may be estimated in the following way: Wewrite
0" rot
Vio _ BB
VOV rot am P OVOV rot
_ B3R
4npOVOR(2)Vrot

The parameter p,V,RZ may be related to the total massflux M by

M = 2 [ [ "poVoRESiNGdOdd = 4mpeVoRE(1— cosb)

M
(1—cos6)

= 4npyVoRS =

Hence,

V3 o _ BERE(1— cos6)
VOVrot MV

rot

For the sun, we take

B,=1G  R,=69%x10"cm 0, = 225°
M = 2.5x10 " solar masses/yr = 1.5x10™ gm/s
V= 6.96x10" cmx 2.4x10 ° 51 = 1.7x10°c/s

and

Vo
— = 1400
VOVrot

Also we take the same value for the parameter
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_ 8npyas
= —3

R
as before, i.e. B = 0.25 so that EC ~ 2.6 and 0, = 22.5°
0

Therefore,

R
ﬁg\ ~ 1.2 x 140013 x 2.6-1/3(sin®)~1/3 =~ 9.7(sin@)~1/3

7.3 Final expression for the rate of magnetic braking
Previously we showed,

: Br(R 0)\/Ra\2/ RN\ .
—J = anp Vo Réo, [ 2(—5——2——)(——) (—C) sin%0de
PoVoro OJO B(RO, eo) RO RO
In the spirit of the previous approximations, we take

Br(R. 0) N (Rc)—3

B(Ry, 6, \R,

. Ry
and from the solution for =N
0

Ry)\2 213 V& o \2/3/Ry)2/3
/) -G3) (Gvg) (R) @ner
Ry 2./6 VoVia R

S0 that

T
. 9 \2/3 VZ o 213 R\-5/3 5 gin3g
—Jz4n(—) OaP 0V R4(—) (—) - do
206)  Pororo\vv ) (R Jo Srerss
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The value of the integral is approximately 0.739. Combining with the
other numerical values:

9 \2/3

475(—) x 0.739 = 13.93
2./6

and

_ V2 2/3 R \-5/3
—J = 13.90yp,V R‘(LO) (—C)
OFOYO0'™ VOV RO

rot
2 2/3

-5/
_ 11 MRg( Vio ) (B_c) >3
(1-cosb) VoVia R,
where we have again eliminated p,V,R§ in favour of the mass flux in
the wind.

The total angular momentum is:

J = lo,

where | isthe moment of inertia. Hence the inverse time scale for an-
gular momentum lossis:

11 M R%( V2o )2’ 3(Rc)_5/ 3

J
_1 - —_—— = —
T T3 T (T—costy) T VgV Ry

rot

To obtain an approximate estimate we take

- 2\R2
|~ EMRE,

the moment of inertia of a sphere of uniform density. The real value of
the moment of inertiaisless sincethe density of the suniscentrally con-

centrated. Using this value therefore underestimates 131 and overesti-
mates T ;. However, using this value gives
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. 2.8 M( V3o )2’ 3(Rc)_5/ 3
T3 = = —~
b (1-cosbp)M\VyV, ) \R,
For the sun
VAo
0.~ 225° — ~ 1400
0 VOVrot

C 33
— = 2.6 M = 2x10" gm
Ro
M = 1.5x10" gm/s
These values give

171~ 7.0x10 " s
= 1,~ 1.4x10"° s~ 45x10"° yrs

Despite the approximations, this estimate should be accurate to order of
magnitude and shows usthat the sun isslowing down asaresult of mag-

netic braking on atimescale of 1019 years. Asyou can see from the ex-
pression for 131 the rate of magnetic braking increases as the parameter

V3o
VoV

increases, that isthe importance of the magnetic field increases.
rot
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