MHD waves

Magnetohydrodynamic Waves

1 Perturbation of the MHD equations

1.1 General considerations

In any theory, the properties of waves are determined, at least initially,
through the use of first order perturbations to the equations of the theo-
ry. In MHD we perturb the equations of motion that we have determined
from Kinetic Theory.

1.2 Perturbations of the MHD equations of motion

P, v, _
m+V (pV) =0

J - 1
p5i(V) +pV e VV = —-VP—pVo + -=(VxB) x B

oB _
5t +Vx(BxV) =0

VeB =0

In the following we neglect gravity and take for the first order perturba-
tionsto agasinitialy at rest:

P="PotP2
V=Vy+V, V,=0
P = Py+Py = Py+cgp,
B = By+B,

The expression for the perturbation in the pressure results from

5P = g_z p = c25p = c28p
S
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where ¢, (zero point value c,)) isthe adiabatic speed of sound. The per-
turbations we are considering are adiabatic.

We neglect quadratic terms in the subscript 1 variables. The perturba-
tion equations are;

Jpq

oV, ) 1 ~

0B,

= "+ VX(BygxVy) =0
ot

VeB, = 0

Since the coefficients in this equation are all constant, we can use Fou-
rier analysis to determine the behaviour of the solutions. Therefore we
put al quantities proportional to

x = expli(k- x—owmt)]

remembering that

Vy = iky % = -y
The perturbation equations become:
—iop, +i(k-pgVy =0
~i0pgVy + cfikpy — 2-(ik x By) x By = 0

—iwB; +ikx(ByxV,) =0
i(k-By) =0
On dividing these equations through by -i and expanding out the vector
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products, we obtain

1
o

®p; —po(k-Vy)
1

k-B, =0

Note that the last equation derived from VeB = 0 isredundant sinceit

also follows from taking the scalar product of the third set with K.
Therefore, the above set of equations constitute 7 homogeneous equa-
tionsin 7 unknowns.

Since k- B; = 0, then one immediate consequence of these equations

isthat the component of the perturbed magnetic field in the direction of
propagation is zero, that is, the magnetic field istransverse to the direc-
tion of propagation.

We define

- @ _ K
Vw = 3 and n =
so that nisaunit vector in the direction of the wave vector. On dividing
through by k,
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VwP1—Po(Vy-N) =0
2 1 1 _

Theaim of thefollowing isto find the values of v,,, which are consistent

with the above equations. The condition for there to be asolution isthat
the determinant of the system be zero. However, rather than chargein
and cal culate the determinant we shall do things slightly differently.

Wetake scalar products of the vector equations with 3 independent vec-
tors, n, B; and m = n x B. Thisisthe most €legant way to write out
fully the homogeneous equations and this also gives us some insight

into the properties of the different wave modes. Theresult isthe follow-
ing set of 6 equations (6 because one of the variablesis eliminated by

virtueof B, en = 0):
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VP1—Po(V1-n) =0

1
PoVw(Vy- n)_Cgpl_Z;c(Bl’ Bp) =0

1
PoVu(V1 - Bg) —C8p1(By- ) —E(B%Bo' n)
+i(B ‘N - B ) =0
a7 B0 1" Bo

PoVw(V1- m)+Z}T—C(BO- n)(B;-m) =20
Vi (By- Bg) —(vy-MBE+(By-n)(V,-By =0
Vy(By-m)+(Bg-n)(Vy-m) =0

Note that we haveused B, - n = 0 and that thelast two terms cancel in

the third equation. These equations can be cast in the following matrix
form:

TV, ps 0 07 o0 0
| , ) _
€& povyy O —Z1 0 0 P1 0l
I 411
I c2(Bn-n) O v. 0, 0 0 Varn 0
1= Y |
- o0 B2 BOW 0 0 V1 Bo _ |0
L 50 BorM Wy 9 9 |B.-Bo| |0
| (Bg- ) ) 0
0 N : \él m |0
-m i
0 0 00— Y

The condition for anontrivial solution isthat the determinant, A of the
6 X 6matrix be zero. This splits into two subdeterminants,

A = AyxA,

where
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(Bg- n)2
AZ = pOVVZV_ AT
Ay = —Pngzv[szv—In'E —Ccﬂ —PoCE— g

Thisis a convenient point to introduce the Alfven wave speed, v,, de-
fined by:

v2 = B2
A 4Amp
Hence,
= COS?\Y = V2 COs?
4mp, 41tp, A ACOSTY

where v isthe angle between the direction of propagation (n) and B,

Theequation A, = 0 hasthe solution

2 = 2 -
V2 = VZCOSPY =V, = tV,CoSY

The waves satisfying this solution are known as Alfven waves.

Consider now the second determinant:

- 2rv2 —v2 — 21 + c2y2 _
A, =0=Vv2[va —vz —Ci] + cgvacosy = O

4 _(y2 + c2)V2 + c2y2 —
vk — (V& + c3)vz + cgvacosty = 0

The solution is
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, _ (VAtcp J(V3 + c3)2 - 4cv3 costy
e 2

The upper branch corresponds to fast magnetoacoustic waves; the lower
branch represents slow magnetoacoustic waves. Sometimes, especially
in the older textbooks, one also sees these waves referred to as magne-
tosonic waves.

2 Characteristics of Alfven waves

2.1 Components
Consider the matrix equation for the wave modes:

I VW —Po 0 0 | 0 0
! | _ _
| 1 - -
| —C(% pOVW 0 —4—7_5: 0 0 P1 0
~c3(B 0 ol o o ||7FM o
—C - N V,
| 0(oo | B2 E:)OW : 0 o ||Lr =0
L 20 BorM Wt 9 9 |B.-Bo| |0
| (Bg-n) , 0
0 0O 0 o0 Pty \él m |0
.m L
0 0 0 e oo

Alfven waves correspond to

B,-m = B,-(NxBy)#0

but with

plzvl.n :Vl.BO: Bl.n = Bl.BO:O
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I.e. Alfven waves are transverse both to the direction of propagation and
the magnetic field. They are also non-compressive (p, = 0).

2.2 Phase & group velocity

Since
o = vakcosy = v, - K

where

Vp = VB

then the phase velocity is proportional to the projection of the wave di-
rection onto the magnetic field.

The group velocity of Alfven wavesis given by:
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Vag = Va

and the group velocity of awave packet is along the magnetic field.

3 Characteristics of magnetoacoustic waves

3.1 General points
Consider again our wave equation for the wave modes:

VvV, P, O 0, O 0
| | - -
1 -
=<3 povy O 2 0 0 P1 0
3By n) O povy O 1 O o (|7 o
0\ Po 2 PoVw | Vi-By o
o0 B0 B w9 9 Hlg g o
| (Bg- ) . 0
0 O 0 0 POV g \él m .
.m Ll
_ 0 O 0 © V|

The components corresponding to Alfven waves are zero, i.e.,

Vi-rm=B;-m=0

so that the wave components lie in the plane perpendicular to
m = nXxDb, i.e. in the plane of the wave vector k and the magnetic
field. In general, the components V,-n, V,-B, and B, -B, are

nonzero. Remember, however, that B, - n = 0.

Note also that magnetoacoustic waves are compressive. In generd
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p;#0.

3.2 Special cases
The equation for the wave speed is:

2 4 2 2 + 02)2 _ 4c2\2
w2 - (V& +c) £, /(v + c3)2 — 4c3v3 costy
W 2

Zero magnetic field. When thereisno magneticfield, (v, = 0), then
the solutions collapse to
Vy, = Co or v, =0

Propagation along the field. When y = 0, then

2 = 2 2 = o2
Va2 = va or Vg = c3

Vy, = Va or V,, = Co

for the fast and slow modes. Which mode is fast or low depends upon
the relative magnitudes of the Alfven speed and the sound speed.

Propagation perpendicular to thefield. When y = g then

2 = 2 42 2 —
VS = V4 +C§ and vy =0

for the fast and slow modes respectively.
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