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1Basis of kinetic theory

1.1 Equations of motion

The aim of kinetic theory is to derive continuum equations involving
macroscopic variables (density, bulk velocity, pressure etc.) given fun-
damental equations of motion for the particles constituting the continu-
um. In the case of MHD, the fundamental equations of motion are:

md—V = (E+\-C/>< B)—mV(b

dt
L orentz force \
Gravitational force
where

v = Veocity

m = mass

t = time

g = €lectric charge
E = Electricfield
c = speed of light
B = Magneticfield

¢ = Gravitationa potential

The electric and magnetic fields are described by Maxwell’ s equations
given here in Gaussian units:
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Dyadic notation:

Notethe“e’ for
glectric

/ 4t . laE

VeE = 4np, VxB = <let ot

VeB =0 V><E+1ﬂ3—0
cot

Tensor notation:

Particle equations of motion:

dv 7 J
j ¢
ma = o(E*engB) -y

Maxwell’ s equations:

Gauss's law of Ampere slaw with Maxwell
el ectrostatics displacement current
ax ~ “TPe Cikgx, T cleit
% 'Jkax T
No magnetic
monopoles Faraday’s law of induction

1.2 Energy density, Poynting flux and Maxwell stress
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tensor
Definitions
21 R2
€em = E 818 = Electromagnetic energy density
S = 4C &;jxEjBx = Electromagnetic Energy Flux density
IIEM = 52 = Electromagnetic momentum density
C
Magnetic component of Maxwell
MB = 1(BB——828)= U P
I 4n 2 stress tensor
Electric component of Maxwell
|\/|iE = i(EiE'—lEzgi') = P
I 4rn -2 stress tensor
Relationships
0 0
_EEM +_S = _j E.
ot X s
oI, aMij _ _—
at ox {pe “ij )

]
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Gaussian and Sl units compared (following Jackson)

Physical quantity | Symbol Sl 1 g;&gl;? Gaussian/cgs

L ength meter (M) 102 centimetre
(cm)

Mass m kilogram (kg) | 103 gram (gm)

Time t second (S) 1 second ()

Freguency v Hertz (Hz) 1 Hertz (Hz)

Force F Newton (N) | 105 dyne

Work W Joule (J) 107 erg

Energy E Joule (J) 107 erg

Power P Wett (W) 107 ergsst

Pressure pP N m2 10 dyne cm—2

Charge q Coulomb (C) 3%10° statcoulomb

Charge density Pe C m-3 3%10° statcoulomb
cm—3

Current | ampere (amp) 3%10° statampere

Current density j amp m—2 3%10° statamp cm—2
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Physical quantity | Symbol Sl 1Sl unit =? Gaussian/cgs
y . y Gaussian J
Electric field E V m-1 1 104 statvolt cm—1
3
Potential D,V Volt (V) 1 statvolt
300
Polarization P C m-2 3%10° dipole
moment
cm—3
Displacement D C m-2 121 % 105 statvolt
cm-1
COHdUCtIVIty () mho m—l 9X109 Sec—l
Resistance R ohm 1 W sec cm-1
9
Capacitance C farad 9x10™ cm
Magnetic flux D, F weber 108 gauss cm?2
or
maxwells
Magnetic induction | B tesla 104 gauss
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Physical quantity | Symbol Sl 15 uni_t =7 Gaussian/cgs
Gaussian
Magnetization M amp m-1 10-3 magnetic
moment
cm—3
Inductance henr
- Y/ % x 10~

1.3Transformation properties under Galilean trans-

formations

It isimportant to know the way in which variables change under the ef-
fect of a Galilean transformation

X" =x=-Vte X

For particle velocities:

vV =v-V&ov

X"+ Vt

v +V
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For particle momenta:
pP’=p-mVsp=p+mV
For the electromagnetic field

B"=1B

E=E+YxB
C

Note that the transformation properties of the electromagnetic field are
different under a Lorentz transformation. The above equations for E

and B arefor the case where V2/c?2 « 1

2Basis for fluid dynamics

Individual particle
/ p

Fluid element at t’

—

Fluid element at t

If the mean free path of a particle is much less than the length scale of
the system under consideration, then a fluid approximation is valid.
There is some diffusion of the particles wrt the mean flow and this re-
sultsin viscosity.
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| = Mean free path
L = Length scale of flow
| « L = Fluid

Velocities of particles:

V=V+V
V = Mean velocity
v’ = Fluctuating component

Mean free path:

Can be dueto:

Collisions between ions and/or neutrals with neutrals
Coulomb collisions between charged particles

Collisions between particles and waves

Mean free path perpendicular to the magnetic field also deter-
mined by gyroradius of charged particle.

Mean freepath = | ¢, = F]l;

N = no density of collision targets
6 = Cross-section

Cross sections:

Neutral atom o = 1019 m?2



Magnetic Virial Theorem

Earth’ s atmosphere:

1
P~ 1025 % 10719

Hence the atmosphere can betreated as afluid down to these scales. NB
Thisis not true in the rarefied regions of the upper atmosphere.

n~10® m3=| ~10°m = 1u

Neutral Hydrogen Gas Cloud:

1
~ 7 -3 = = 12
N~107 M3 = |y = mm—= = 102 m

But

L ~ few pc ~ 101/ m:>|[~10—5«1 :
(Note 1 pc = 3.1x10"° m )

Collisions between charged particles

e Electron
Electron

Long range force impliesthat Total cross-section (averaged over al im-
pact parameters) isinfinite. Ignore this problem for the time being.

10
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Order of magnitude estimate:

Collision of two thermal electrons: Define effective radius of collisiona

Cross-section by:

2
= mw? ~ KT
[ eff
Electrostatic PE ~ Relative KE ~ Thermal Energy

Cross-section:

a2

leff = KT

4
2 4 4
nmr; nme n.e

KT \1/2
where vy, = (Fn—) ~ Thermal Speed
e

e.g. Hot ISM

ng~102  T~108  k=138x10"° ergsK

| ~ 4x10™° cm ~ 10 pC
cf. Size of Galaxy: Distance of Sun to Galactic Centre = 8.5 kpc

1 103

L

3Liouville and Boltzmann equations

The basisfor the derivation of the equations of magnetohydrodynamics
IS a statistical mechanics approach based upon the Boltzmann equation.

11
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3.1 Distribution function
Phase space consists of coordinates and momenta of particles, i.e.

Phase Space = {Xl’ X2, X3a p]_’ p27 p3}

Each component of the fluid denoted by superscript a.

No of particles of speciesa
fa(x, p;)d3xd3p = occupying volume element
d3xd3p of phase space.

Number Density of component = na(x;) = jfa(xi, p;, )d3p

3.2Transformation properties

Let us consider the transformation of the distribution function under a
Galilean transformation.

The number of particles, fad3xd3p, within the phase-space volume

d3xd3p is obviously invariant under a Galilean transformation since
we are just counting particles. Also, the Jacobean of the transformation:

X = x —Vt

pi = p—mAVit

is unity so that d3xd3p — d3x'd3p’. Hence fa(x;, p;) = fa(x, p;),
I.e. the distribution function is invariant under a Galilean transforma-
tion.

12
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3.3 Flow of particles in phase space

-

- /

Suppose particles are moving in such a way that there are no sudden
changesin velocity dueto collisions; then the flow of particlesin phase
space is a smooth one.

Suppose particles moving in phase space on smooth trgectories. The
the rate of change of the number of particles within a six dimensional
volume in phase space is given by the negative flux of particlesthrough
the 5 dimensional boundary of the volume. We define:

Sixdi onal Velogity = _cdx; dp
X-dimension ocity = v, = (E E)
Six-dimensional Divergence operator = (i i)

dI%;" Ip;

and the conservation of particle number tells us that:

0
ﬁj fadvg+ [ fav,n,dS; = 0
Ve S5

The surface integral over S; can be converted to an integral throughout
the volume V4 so that

13
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d  .a 0
= | frdVg+ | =—(f3v )dVg = 0
at\! Jaxa ¢

and since the volume is arbitrary:

9 a, @

a =
ot oX ax (Vo) =0

(04

Liouville’s equation

Splitting the above 6-dimensional divergence into 2 three dimensional
parts related to space and momentum gives:

d 9 (dx 9 (dp;
fa(xl, P, t) + (dt facx., p;, t)) p,(dt facx, p;, t))
where
dx; _
a Y
dp; Vi
g _Fi~ eZa(Ei +8ijk'5|3k)+ma9i

where F, isthe force on the particle.

14
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Notation:

e = Electronic Charge = 4.8x10™"° esu

Z2 = Atomic No. of component
E. = Electric Field

B, = Magnetic Field
v2 = Velocity
g, = Gravitational Field

In considering Liouville’'s equation it is important to keep in mind the
three levels of approximation in astrophysical plasmas:

Very dilute plasma. The force components are unaffected by the
plasma and collisions between particles are unimportant. e.g.
Cosmic Raysin Earth’'s magnetic Field. Here the force compo-

nents are given functions of x, and Liouville's equation provides

a satisfactory basis for theoretical work.
Collisionless plasma. Collisions are unimportant but substantial
charge and current densities due to the ions themselves. In this

case E; and B; depend upon fa and the situation is highly non-
linear. Liouville's equation is used.

Fluid. Collisions are important. Here Liouville's equation is
unsatisfactory since oneisrequired to take into account the colli-

sions between elements of the fluid. Boltzmann’s equation forms
the basis for the derivation of the equations of gas dynamics.

Other applications of Liouville’s equation

Liouville sequation also providesthe basisfor the treatment of the stel-
lar dynamics of collisionless systems such as galaxies.

15
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4 The effect of collisions.

Vi

Energy conserving collison which scatters a
particle out of avolume of phase space.

- /

In contrast to the smooth flow in momentum space implied by Liou-
ville sequation, collisions scatter particlesin and out of agiven volume
of phase space.

Boltzmann equation

) o (dx o (9dp,
fa(xp p|> t) (dt fa(xp pp t)) pl(dt fa(xp pp t))

- (307
ot coll
wheretheright hand side formally representsthe effect of collisions. In-
tegrals over momentum space of the Boltzmann equation provide the
basis for the equations of fluid dynamics,
5 Moments of the distribution function

Before moving on to the implications of the Boltzmann equation it is
useful to consider the various moments of the distribution function.

16
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5.1 Definitions of continuum variables
Number density

na(xi>t) - Jfa(xh ppt)dgp

Particle flux density

Xla - Jviafa(xia p|7t)d3p

Mean velocity

Mass density

pa - nama p — ZPa

Electric charge density

pd = eZ%n? Pe = D.Pe
a

Electric current density

1&i = eZyf Jei = 218
a

17
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Total energy density

Ea = j%mavazfa(xi, p,, t)d3p E = YE?
a
Momentum density
e = [pfacx, p, Hd3p I, = Y112
a
Kinetic tensor
M3 = J'viapjfa(xi, p, H)d3p = J'Viapifa(xi, p,, t)d3p

= Flux of jth component of momentum in the i—direction
;

5.2 Centre of mass frame for a component

Thisis defined asthe framein which the total momentum of thefluid is
zero. Define the velocity of the Galilean transformation to this frame as
follows:

Momentum density = T18 = [p; fad3p

The mean velocity was defined earlier by

. jvafad3p  [pfad3p M2
Vit = na T eme pa

Momentum density in aframe moving with velocity V2 is

18
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M3 = [(p;—maVa)fad3p = II; —n2maV3
= Hla_pavla =

so that V# defines the centre of mass frame.

5.3 Kinetic tensor in the centre of mass frame
The velocity of acomponent in the centre of massframeis

VA = v& VA= v = VA+ VA

Therefore the kinetic tensor of a component is:

M3 = [ma(Va+v¥)(Va+vd)fad3p
= [mA(VAVE+vEVE+ VAvE +vEVE) fad3p
= mAVaVa[fad3p + mava[vd fad3p

+mAVR[v& fad3p + ma[vA'va fad3p

The 2nd and 3rd terms vanish by virtue of the definition of the mean ve-
locity so that

I3 = paVAVA + Pa

which introduces the partial pressure tensor

P2 = ma[v¥va fad3p

19
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5.4 Isotropic distribution function

If the distribution function isisotropic in the centre of mass (rest) frame,
i.e.

fa(x, pp) = F&(x;, p)
then
P2 = mz[p;p; fa(x, p)p?sinbdpdddo

where (p, 6, ¢) constitute spherical polars in momentum space.
A p,

Polar coordinates in momentum space

Since f2 isisotropic, thenit is easily shown that theintegral is zero for
| # ] andthat wheni = |

P& = m;t[p2fa(x, p)p?sinédpdods
= mz[p*fa(x, p)cos?6sin6dpdody
_ 4n
= 3l P P)dp
We havetakeni = j = z inthe above, since the xx, yy and zz com-

20
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ponents of the pressure tensor areidentical, i.e. thereisno preferred ax-
IS.

Hence

where

4
Pa = = [p*fa(x, p)dp

Thusin the case of an isotropic distribution function, the pressure tensor
isalsoisotropic. We shall seethat P iswhat we normally associate with
the pressure when we think of afluid in terms of a continuum.

When the particle distribution is anisotropic we obtain terms relating to
bulk and shear viscosity in the pressure tensor.

5.5 Relationship of pressure to thermal velocity and
temperature

When the pressure tensor isisotropic

Pa = 3pPa= pa = %Pﬁ = %jvi p, fad3p

- %Jmavz f ad3p

1 J—
- _namavz
3

where V2 is the rms vel ocity of theions.
For monatomic ions in thermal equilibrium at temperature T there is

(KT)/2 energy for each of the three degrees of freedom so that

21
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%namf'ﬂ‘\/_2 = %XnaXZX%ma\TZ = %naxg’kT = nakT

Hence
P2 = nakT

5.6 Derivation of pressure from the Maxwell-Boltz-
mann distribution

For a uniform gas in thermodynamic equilibrium the Maxwell-Boltz-
mann distribution function is given (in terms of velocity) by:

3/2 2
3y = m _m 3
fug(V)doV n(anT) exp 2de \Y

By calculating the above integral for the pressure, viz,

41

P* = 38 p*fa(x;, p)dp

one can also regain P2 = nakT.

5.7 Centre of mass frame for the entire fluid

Thisis defined as the frame in which the momentum density of the en-
tire fluid vanishes. That is, we determine a Galilean transformation for
which

I, = Y% =0
a

We proceed similarly to the case for the CoM frame for a single com-
ponent, viz, for transformation velocity V;, the transformed momentum

density is

22
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M = EMF-paV; = ¥TE-V3p?
a a a
= I -pV;

and thisis zero for

If the centre of mass frames for all components are equal, then we can
use the Single Fluid Approximation in which all components have the

same centre of mass velocity V;. In this case the Kinetic Tensor
Hij = Znﬁ = zpavivj +2Pﬁ-‘
a a a

V\V,3pa+ypPa
a a

= pViVj+§Pﬁ

and when the distribution is isotropic,

where

Total Pressure = P = ) P2

a

I.e the total pressureisthe sum of the partial pressures.
In many cases a single fluid approximation is appropriate e.g. stellar
winds, hydrostatic atmospheres in eliptical galaxies, supernova blast
waves, geophysical fluid dynamics, aerodynamics.
An example of where a single fluid approximation is inadequate is in

the study of partially ionised gases where the ions and neutrals may

23
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move differently. Thisleadsto ambipolar diffusion which is discussed
|ater.

6 Conservation of particle number, current and
mass

6.1 Conservation of particle number
| ntegrate the Boltzmann equation wrt momentum

AFRTY)
J‘a d3p J‘Vaaf d3p+J' a J'

The integral of the momentum space divergence can be transformed
over an arbitrary surface enclosing all of the momenta. This can be
made arbitrarily large so that the distribution function on the surfaceis
zero. Hence this term disappears.

The partial derivative wrt x; can be taken outside the integral since the

integral is over momentum and v& = (m@)~1p; isnot afunction of x; .

The right hand side represents the rate of scattering of particles out of
all momentum space. Although particles are scattered from one value of
momentum to another there is a balance, i.e. the total number of parti-
cles is not destroyed by the collisions which redistribute momenta.
Hence the right hand side equals zero and

d an3 d afad3n =
mjfdp+a—xijv,fdp 0
Using the moments defined earlier:

ana+8(nan"‘) _ond, A(x?)
ot 0X; at 0X;

=0

This represents the conservation of particles of component a.

24
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6.2 Electric current

Multiply above equation by eZ2

8p3+8jgi

iﬁ oX =0

i
I.e. the conservation law for electric current associated with component
a.

Summing over components givesthe conservation of current for the flu-
id as awhole:

ﬂ)e_l_aie,i —
ot dx

6.3 Mass

Multiply number conservation equation by m2.

opa  d(PAVEH) _
=t X 0

I.e. conservation of mass of component a.

7 Conservation of Momentum

7.1 Derivation of momentum equation from the Boltz-
mann equation

Now multiply the Boltzmann equation by momentum and integrate.

25
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ofa J(F#f?)

Jp. I 3p + Jp.va—d3p JPi—

_ (%) fags
- in( ot )collf d P

Again, with the second integral, the partial derivative can be taken out-
side. For the third integral, note that

d3p
j

a(Fafa) a
pi apj
The divergence mtegrat% to zero as before Ieavmg the integral of
—Fafa. Thisgives.

( Fafa) 5, Fafa——(plFafa)—Fafa

atjp, d3p p jp,vfad3p—jFiafad3p

= | — ag3
Jp,( ot )cou]c a°p

Now

va
[Fafad3p = [ez3E, fad3p+ jezagijkzJ B, fad3p + [mag; fad3p

va 4
eZaEiffad3p+eZaeijkBkjEJf d3p + mag; [ fad3p

e/?
= eZENE; + ——&;xBy + Y,

ja
= pS—E +8Jk c +pag|

I.e. integrating the force term in the Boltzmann equation over momen-
tum space gives the Lorentz force on the component.

26
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Rearranging terms and recognizing the kinetic tensor in the above:

M2 oA

I + ] _ aE + Jg_’JB + a + w fad3
S5t Ix. = Peki T &jjk c kK P<g; fpi St P

j coll

The first and second terms on the right represent the Lorentz force on
component a.

The third term represents the gravitational force.

The last term represents the rate of gain of momentum of component a
as aresult of collisions. Now, contrary to the case of particle conserva-
tion, we cannot set the collision term on the right hand side to zero.
However, the nett momentum gain to the entire fluid as a result of col-
lisionsis zero.

Using the expressions for the momentum density and the kinetic tensor
derived above:

d d Je |
5PV +a—)(j(Pan"V?+ P3) = pgE; + Eijk% B+ p2g,

oI1a
+
(50)
where the last term represents the nett rate of gain of momentum to
component a from collisions.

7.2 Advective term and pressure forces
Theterms

27
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a_p+M)

J ay/a J ayyay/a) = a(
m(p V|)+a_xj(p V| VJ) V| at aXJ

and the first group of terms on the RHS is zero as a result of the conti-
nuity equation derived earlier.

Hence the a-component momentum equation becomes:

VE L) L P, e g (O
p(at Jax) axJ *peE Bijk™c ok T PTG (St)
or
DVE PR e e Kig e SI12
= + ot
P O, +PEE; e Bt pPg (at)

where the operator DBt represents differentiation following the motion

defined by the streamlines with velocity V2. In the two above equa-

tions, the negative gradient of the pressure tensor plays the role of a
force.

7.3 Single fluid approximation
Summing the integrated momentum equation over components gives.

ort; Iy J',- Sfa

coll

In this case, the momentum collision term can be set to zero since there
IS no nett gain to the fluid as awhole as aresult of collisions. Thus,

28
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oI; oIy _ d(pV;) 9 _ je i
ot ¥ axj ot +axj(pViVJ+Pij) - peEi+8ijkTBk+pgi

or

(T Vigk) = 3 *PeE e B oo
J J

This follows from the continuity equation, as before.

7.4 MHD approximation

We make two important approximations in deriving the momentum
equation for the MHD approximation:

1. We assume that the fluid is charge neutral (i.e. p, = 0). Thisis

generally an excellent approximation that can easily be justified
a posteriori

oE.
2.\We neglect the displacement current, %ﬁ ', in Maxwell’s equa-
tions. This assumption is equivalent to saying that the fields are
slowly varying. Again this can be justified a posteriori. The con-
sequence of thisisthat the current which appearsin the Lorentz
force term can be eliminated from the momentum equation in

favour of the magnetic field, via

1

jei
o T antne

S0 that

29
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je,' 1
Sijk——JBk = L‘tgijkgjlmBm,lBk

1
= E[Silskm_simskl](Bm,lBk)
1
= = By iBk * Bi, By

-1 (BB——BZS ))

ATOX. 2
_ 9 8
- a_ij”
where
g - DiBj_B?
' An 8w

IS the magnetic component of the Maxwell stress tensor.

We therefore have the final form of the momentum equations:

avi+vavi 9 y +a VoV = E)P”+8M”+
P(W ja_xj)—m(l) 1) a—Xj(P | j) = axj a_x Pg;
_ E)I:’”_|_8MiJ 90
oX; OJX oX

30
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7.5 Continuum interpretation

7.5.1 Integral conservation law for momentum

Using Green’ s theorem we can write the momentum equation as
d _

I.e. the rate of change of momentum within V is equal to minus the flux

of momentum across S plus the stress on the surface S due to the mag-
netic field, aswell as the integrated body force due to gravity.

Expressing the kinetic tensor in terms of bulk momentum and pressure
components, this equation can be written:

0
mjpvidf”x = —jpvivjnde-jPijnjds+jlvlijnjds
\Y S S S

+ [pg;d3x
Y,

The left hand side of this equation represents the time rate of change of

31



Magnetic Virial Theorem

the momentum within the volume V; the first term on the right repre-
sents the flow of momentum associated with the bulk velocity; the sec-
ond term represents the flow of momentum associated with the pressure
and the last term represents the gravitational force per unit volume inte-
grated throughout V.

This provides another way of thinking of the pressure tensor is that the

term P;;n; represents the force per unit areaon the surface Sdueto the

flux of momentum or in other words P;;n;dS isthe force exerted on the

fluidinside Sby the fluid outside S. When the pressure tensor isisotrop-
iC

Pijnj = PéSijnj = Pn,

and the pressure force is normal to the surface. This coincides with the
way in which we think of pressurein a perfect fluid.

Similarly, the term M, jn; represents the force on the surface resulting
from the magnetic field. M, j IS thought of as a magnetic stress.

7.5.2 Stress tensor for the gravitational field
Consider the tensor

1 1
Ty = g 9% 3975

where G = 6.67x10 °N kg2m 2 = 6.67x10 dyn gm—2 cm? is the
constant of gravitation. The divergence of this tensor

1
i = _47.5_G(gi,jgj +0i9; 99,

Now the gravitational field is expressed as the gradient of a scalar po-
tential ¢

32
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0 :
g = —=+ with V2¢ = 4nGp
' oX;
Therefore,

1
iy = —475—6(91'((]) qj— 0 i) T 9y x—-4nGp) = pg

and
J _
m\j/nid3x = £(Mij —I1;; + Tjj)n;dS

This shows that one can formally identify a flux of momentum per unit
area, —T';;n;, associated with the gravitational field. However, thisfor-
mal result is rarely exploited.

8 Evolution of the Magnetic Field

8.1 Development of evolution equation

So far we have only considered the effect of the magnetic field on the
fluid. We aso need to know how the magnetic field evolves with time
as aresult of the motion of the fluid. In principle thisis given by Max-
well’ s equations. However, there are some simplifications in the MHD
approximation which have some interesting consequences.

L et usfirst examine the consequences of the normally high conductivity
of magnetised gases. L et us assume an Ohm’ s type law for the conduc-
tion current (thisisjustified later):

Joi = oF/

where ¢ isthe conductivity and the prime refersto the rest frame of the
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gas. Remembering the behaviour of electric fields under a Galilean
transformation, we have

E.

, Vi
i = +8ijk?Bk

where V j isthe velocity of the gas in the lab frame. Hence,

. Vi
lei = G(Ei + Sijk?Bk)

We now use the following two of Maxwell’ s equations, neglecting the
displacement current in the first,

OBy _ 4m. 195 _ 4rn.

Lo =20y = = Iy
8'Jkaxj clei™ Cat ¢ lei
gy, Teat T O

Using the expression for the current to solve for the magnetic field,
gives

1. V.

_ j
E = EJc,i_giijBk

Also we assumethat the gasis charge neutral so that the conduction cur-
rent and thetotal current areequal (jo ; = J¢ ; + peV;) and wecan sub-

<

e VxB for the current to obtain

stitute

__C j
E; = ngijkBk,j_gijk?Bk
E = —E—VXB—YXB

Ante C
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and we substitute this into Faraday’ s law to obtain

V, - 0B
L ¢ B g 1= A2
ijk[4n08jlm m |~ &jim m| = Tcat
V _ 10B
VX[E—VXB—EXB = _Cm
. oB
Solving form ,
B, BV,) = 0 (. B
3 |jka (gklm m) = _gijka_xj ZrgokimBm |
oB _ c2
3t + VX(BxV) = _VX(4750VXB)

We denote the electrical resistivity by

2
N~ o

The “curl curl” term on the right can be smplified as follows:

2 2
0B, B, _dB; dB
|Jk8klma = (8I|8 J|)a 8X-8X- _aX-aX-
jo% J97
2
~ d B,
B 9X;0X;
that is,
VxVxB = -V2B
since VeB = 0.
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Hencefor n = constant,

0B

|
5t T Eijk(EumV(B

_ |
m) = ”axjaxj
0B

5t +Vx(V xB) = nV2B

8.2 Diffusion time scale

Obvioudly, if V = 0, then we have adiffusion equation for B, viz,

0B _ 5
3t = nV-<B

Thediffusion time scale,t, associated with this is determined by order

of magnitude estimate of each side of this equation. Let the length scale
of the magnetic field be L, then

Normally, for astrophysical plasmas, the length scaleis so long and the
conductivity is so high that thistime scale is very long. For many phe-
nomenawe are interested in, the timescal es are much less than the char-

acteristic time, ty. (Estimates of times in various regions are given in
the exercises.)

8.3 Alfven’s flux-freezing theorem

When we can ignore the effects of conductivity, the equation for the ev-
olution of the magnetic field becomes:
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0B, p

3 +8ijka_xj(8klmBIVm) =0
0B _
5t +Vx(BxV) =0

The implications of this are extremely interesting: The flux through a
comoving loop is conserved, as we now show.

In the above diagram, the surface S; evolvestothesurface S, intheel-

ement of time dt due to the motion of the fluid. The magnetic field is
transported by the fluid according to the transport equation above. Inthe

figure the magnetic field is shown at the time t + dt. The flux through
the moving surface is given by

®(t) = [B(r,t)endA
S,

®(t+dt) = [B(r,t+dt)endA
S
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The directed areaformed by the sides of the tube generated by the mo-
tion of the fluid is ngdA = Vdt x dI .The flux through the sides of the

volume generated by the moving surfaceis givento first order in dt by

Dgges = | B(H) o [Vdtxdl] = —dt [[B(t)x V] edl
S, S,

Now, since divB = 0, thetotal flux through the correctly oriented sur-
faces S, S, and S; at afixedtime, is zero, since these surfaces enclose
afixed volume. Hence,

[B(r,t+dt)endA— [ B(r,t+dt) e ndA—dt [ [B(t) x V] e dl
S, S Ss
=0

Theintegral through S; can be expanded to first order in dt to

—[B(r,t)e ndA—dtj%B e NdA
S,

Sy

and, using Green’ s theorem
[[B(t)yxV]ed = [Vx(BxV)endA

S; S,
so that we end up with

d)(t+dt)—d>(t)—dtj[%3+V><(B><V)J endA = 0
S,

However, theintegral over S, iszero because of the transport equation,
so that

d(t+dt)—d(t) = 0
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do

rri =0
wherethetimederivativerefersto the time derivative following the mo-
tion of the loop. This elegant result is known as Alfven’s flux-freezing

theorem.

8.3.1 Motion of the field lines
There is another way to characterize the motion of the field lines when
diffusion is negligible. We expand

aBi
m |Jka (8k|mBV ) =0
to
0B,
dB; 9 0 _
== +8_xj(BiVj)_8_xj(BjVi) =0
aBi+VaBi+Ban VaBj BE)Vi - o
ot " Viax, T Piax, ~Viax T hiax,
Using
0B, V. 1D
_ = R Pl
E)xj 0 and axj > Dt
gives
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DB, Bpp __ 9V,
Dt p Dt lox;

:‘D_t(E) " pox

To consider the implications of this equation, we need to make a dlight
diversion into the theory of two-dimensional congruences of curves.

We consider streamlines, originating from a curve, C, so that the con-
gruence of streamlines defines atwo dimensional space,

Xi = Xi(t,u)

with the velocity along each streamline being defined by

| v

V; = =X (t, u)

(oF

t

We define the separation vector
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U.

_d
= %xi(t, u)
which is atangent vector to thelinesformed by t = constant.

Sometimes it is intuitively easier to think in terms of the infinitessimal
separation between two neighbouring streamlines. This is U;6u and

motivates the use of the term separation vector for U;.

Now consider the rate of change of the separation vector with respect
to time, aswe move along atragectory. Thisis

oU;
a_tj E?t[a KW | = 5 [at W] = a\u/

Now the rate at which the components of the velocity, V;, change at a
fixed time, is given by their spatial derivatives, i.e.

t

BVi av a t _ BViU
Hence,
BUi _ BViU
ot ox; !

The operator 9

5t is differentiation following the motion, so that we have

— =V
Dt Y

In terms of the infinitesimal separation vector dx; = U;du
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Jdoy, _
m&xi = Vi’j8xj

since ou is constant between neighbouring streamlines.

These equations show us that the way in which points on neighbouring
streamlines separate is determined by the gradient of the velocity.

Note that the separation vector satisfies the same equation as the mag-
netic field divided by the density and this leads to the following inter-

B.
pretation. Consider the vector U, — EI . This satisfies the equation,

If we now take our initial curve C such that it is tangent to a magnetic

field line and choose the parametrization of that curve sothat U; = E‘ :

42



Magnetic Virial Theorem

B.
then from the above equation we can see that U, _EI = 0 aways.

Therefore the line t = constant formed by the evolution of fluid ele-

ments along the magnetic field will remain parallel to B. In other
words, the magnetic field remains parallel to the curve defined by the
new positions of the fluid elements. Thus, the magnetic field behaves as
though it is carried along by the fluid.

8.4 A posteriori justification of MHD assumptions
In deriving the MHD equations we have assumed that

1. Thefluid is charge neutral

2.Maxwell’s displacement current can be neglected.
To justify these, consider the relationship between magnetic and elec-
tric fieldsin afluid of high conductivity. We have

E+¥szO
C

so that

e VB
C

where T isthe characteristic timescale.

Therefore the displacement current

19E _ VB
cot 2T
Thisisto be compared with
B
B~ =
Vx C
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and we can see that the displacement current can be neglected if

and thisis consistent with our restriction to sub-relativistic vel ocities.

Now, consider the current in afluid. We take V!9 to be the vel ocity of

theions, V¢ asthe electron velocity, n; astheion density, with average

charge Ze and n, asthe electron density. The current can be expressed
as

je,i = ZeniViiO”S—eneVie = (Zeni_ene)viions_ene(vie_viionS)

Now when the fluid is charge neutral, Zen, —en, = 0 and

je,i = —ene(Vie—ViionS) = _enevidrift

where
Vidrift — Vie _ Viions

isthe drift velocity of the electrons with respect to the ions. We can es-
timate the drift velocity from

_4n. . Bc arift _ __BC
VB =le=m g =V 4men L

In most cases of astrophysical interest, the drift velocity is negligible
compared to the thermal velocity (see exercises) and is certainly much
smaller than the velocity of light.

We can estimate the charge density from
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~VB
4l  4mcl

from our estimate for the magnetic field. From Ampere’slaw,

VeE = 4np,= p~

E; ~ 4_75 drift
L™ G en.V

and,

pe Vvdrift
en, c2

I.e. the total electric charge density is very small compared to the total
electronic charge which must therefore be balanced by the ions.

8.5 General comments on the electric field
We have, in many cases, that

E :—\—/xB
C

so that, in MHD, the electric field is usually replaced by the equivalent
expression involving the magnetic field wherever possible. The electro-
magnetic energy density

. _E2+B?_p?
EM & 8r  8n

i V2
since E2 ~ —B?2,
c2

8.6 The physical basis for conductivity

As we have discussed above it is the relative motion between ions and
electrons which provides the current which generates the magnetic
field. Also, as we have seen, the current required is usually very small
compared to what could potentially be produced. We have also used a
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type of Ohm’slaw, j, = oE and wenow discussthe physical basisfor
this ansatz.

We perform our calculations in the frame of reference provided by the
ions. Thisis very close to the centre of mass frame of reference since
the electrons are not very massive. In this (primed) frame, we write the
equation of motion of an electron in the form

dVe, - ’ Ve, ’ ’
Megr = —e(E 2 X B )—mchVe

Lorentz force Effect of collisions

The last term is a phenomenological one which accounts for the loss of
momentum of electrons in collisions with ion. The parameter v isthe

collision frequency.

We assume that the drag force on the electronsresultsin aterminal elec-
tron velocity, satisfying

’ ’ Ve ’
— M.V Ve —e(E o X B ) =0
Take n, to be the electron density, then the current in theion frame is

1 7

— /’
le = _eneve

so that on multiplying by en,, the equation for the electron terminal ve-
locity can be written

. e.
’ 2 ’ = T
MgV e —€°NE +Cje><B =

and we can solve for the electric field in this frame:
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x B’

Je enecvcJe

17 . L JeX B’
= 8|:Je+(0)\)cl) eB :|

where, the conductivity, ¢, and gyrofrequency, wg, are given by

2
€Ny _eB

Q)B bl —
MgV, m.C

O =

When the gyrofrequency is much less than the collision frequency,
(wgVv. « 1), thisrelation reduces to what we have used earlier, viz.

, _ 1.
E—aje

andwecantake E’ =0

However, even when wgv,. » 1, and the second term in the equation for

the electric field dominates, the drift velocity is so small and the con-

ductivity is so large that the approximation E” = 0 is still valid (see ex-
ercises).

9The energy equation

It is valuable to know how the energy istransported in both magnetised
and unmagnetised fluids.

An equation for the total energy follows from multiplying the Boltz-

mann equation by K& = %m""v2 and integrating over momentum space.
In the following we do this, incorporating el ectromagnetic effects with-
out approximations. We then introduce the MHD approximations. Be-

fore carrying out the integration, however, we define afew more terms.
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9.1 Bulk kinetic energy and internal energy

Since v = Va+ v& then the total energy
E = J’!'maVZfadBp
2
(1 a\/a? ay/aya’ 1 aya’'2 | fag3
—jém +MAVAVY + Smiv p
= %pa\/az.l_j%mava’ZfadBp

= %pa\/az +¢ca

This breaks up the total energy into the kinetic energy associated with
the centre of mass velocity and the internal energy density €2.

The internal energy density is the kinetic energy of the plasmain the
centre of mass frame.

9.2 Heat flux
Thisis defined for a single component by:

g2 = | %mav'zvf" fad3p
The heat flux isthe flux of kinetic energy in the centre of mass frame.

The heat flux for the entire fluid:
a9 = >.9°
a

9.3 Derivation of the energy equation

Energy times Boltzmann equation =>
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B(Fifa) 5fa,

afa - kbl

d3p JKaVaaLdBp + JKa

JKa5r
i
K does not depend on either x; or t so that the space and time derivatives

can be taken outside the integral. We rearrange the terms within the
third integral to give adivergence.This gives us.

0 K2
9 {Katadip+ jKavafad3p+j[ (KR, f2) - (api)Fifﬂdi%p

- fkadlaep

The integral over the momentum space divergence vanishes for the
same reasons as before. The term

oK?a 1 0 1 ~
o, omeap, PiPY T paPi =W
Hence,
%J %ma"azfadsp * aixj %mavazviaf 2d3p — [vaF; fad3p
i
_ jKaéf b

L et us take each of these terms separately. As we had above, the first
termis:

[ ogop = Tpovz.ee

5P

For the second term (leaving out the a superscript):
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1 1 ,
V2. = 2
VeV, = (ZV +V. vJ +2vjvj)(vi + Vi)

_ 1, 1. 1, 1 .
—ZVV+VVV +2va +2Vv+VvvJ+2vJvJvI

When multiplied by f2 and integrated over momentum space these
terms give:

jzmavaZVafad3p = —paVaZV +0+eaVA+0+PAVa+g?
We also have:
[veFd3p = eza|v,E;fad3p + [p;g; fad3p
- Je |E + pav g|
Putting all of this together:

%@pa\/az + Sa) aax_(]z'P"J‘V"J‘ZVa +eaV; + PRV, +q )
I

— Je|E +pavag| +J.Ka(8f )dgp

Aswith other expressionswe have derived, the collision termisnot zero
for an individual component. However, if all components are moving
with the same mean motion, then we can sum over components to ob-
tain:

where the collision term sums to zero when we assume that energy is
conserved in collisions.

The gravitational term pV,g; can be manipulated in the following way:

50



Magnetic Virial Theorem

%@pVZ + s) + aix(%pVZVi +eV+ P,V + qi)

- Je,|E|+pV g|

_ 00 _ 0 0
pVig, = —PVia—Xi = —a—Xi(Pq)Vi) "‘a—Xi(PVi)q)

and using the continuity equation for mass:

Vi =~ (pOV) =038 =~ (pOV)) - 5(p0) + 5]

Hence, the energy equation becomes:

d(1 d (1
at( pVZ2+¢e+ pq)) +—axl(2pV2Vi +eV, + P,V +poV, + qi)
|
90 .
= PG *le &

If %—(‘I[) = 0 then the only contribution to the right hand sideis j ;E;.

We break this term into a number of components referring to the rest
frame and the bulk velocity of the fluid. Consider

= Y Z%ndv; = Y Z%en?(V;+V.)
a a
= (Ezaena)vi +) Z3enav¥
a

= aanaya’
= Y Z%endv
a
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since we have already assumed that the fluid is charge neutral. Thislast
term is the conduction current, to which we shall return later.

Poynting’ s theorem, summarised earlier, tells us that:

Jdegy |, 0 :
—_ +_ = — .
ot oX; Jei
E2+ B2 . . .
where e, = o IS the electromagnetic energy density and
C
S = Z,‘teijkEjBk

is the Poynting flux. Eliminating |, ;E; from the above energy equa-
tion,

—(%PVZ tetegy + P(l))

o[l
W(épvzvi eV +PVi+ S +poV+ CIi)

+

When the distribution function isisotropic, P;; = Po;; and g; = 0.

9.4 Continuum interpretation
Integrating over afinite volume:
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0

1
3t V(QPVZ tEteEgy * p¢)d3x =

1 0
js(épVZVi +eV+ PV, +S +poV, + qi)nidS+ jva—(tbd3x

Generally we take the gravitational field to be time independent so that

90 _
= =0

The group of terms

%pv2 + €&+ ey t po integrated over the volume V, represent the total

energy (kinetic plusinternal plus electromagnetic plus gravitational po-
tential energy) within V. The integral over the bounding surface Srep-
resents the flux of energy through S. This gives the general form for the
energy flux:

1
Ei — QPVZVi teVi+ PV, +5+poV; +q

The various terms in this expression have the following meaning:

%pvzvini = Flux of Kinetic Energy per unit area
eV;n, = Hux of internal energy per unit area
Pijnivj = Rate of work per unit area by pressure forces on fluid
S = Poynting flux of electromagnetic energy
poV;n; = Flux of gravitational potential energy

gn; = Heat flux

When the distribution function is isotropic, the pressure tensor is iso-
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tropic and the heat flux is zero. Then
P.V. = PV, and g =0

Enthalpy:

The case of an isotropic distribution function (perfect fluid) introduces
the enthal py density defined by

H=¢+P
and the specific enthalpy (enthalpy per unit mass)

For a monatomic gas

€ = gnkT p = nkT andp = unm,

where u isthe mean molecular weight (1 = 0.62 for acompletely ion-
ized gas) and m, IS the mass of a proton. Hence:

h = §k_T
2pumy’
Using the specific enthalpy, the energy flux

1
Fg= p(§V2+ h+¢)vi +S
Itis, at first sight, surprising to see the specific enthalpy in this equation

rather than the specific internal energy S However, the derivation

above shows why this is the case. The source of the difference is the
work done by the pressure in increasing the energy of a given volume
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of fluid and this contributes an extra component to the energy flux.
(Thisisagood way to impress non-experts!)

10 The internal energy equation

The above equation which is useful for indentifying the components of
the energy flux applies to the total energy. A separate equation for the
internal energy isalso useful. Thisisderived by combining the total en-
ergy equation with the momentum equation.

We us the following form for the total energy equation for which no
MHD approximations have been used:

J L 9 (1
|

The point of the following is to eliminate the terms involving pV2. To
this end we look at

2V ) (Vv = slevivi) sz vivivi
at( PV ax 3PV Vi) = G aPVivi) F ax P Vivivh

1y v oo, v oY
V VJat pVjm
1 J dV
+ éViVJa_xi(pVi) + pViVja—X

The first plus third terms on the RHS vanish by virtue of mass conser-
vation.

Therefore,
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d(1 ), 0 ) )_ aV, Vv,
ﬁ(sz)Jrax( oV2V. | = (pat +ija—Xj

oP.. j
a_XI_J+peVE +€Ijkv eJBk+pV i
J

= _Vi

Substituting thisinto the total energy equation:

88 aPu Jej
T aX(eV + PV + ) - Va +pV,E; +8”kV B+ pV,0,
i J
= lgiEi T PVig;

A number of terms cancel and

88 oe a\/l BV aq| _ JeJ
3 Vil e Pigx o = Eillei—peVi) —eVioE1B,

Before proceeding further it is useful to distinguish between the con-

duction and advection currents. The ath partial current is defined in
terms of the distribution function by:

j&; = ez3jvafad3p = eZ3[(VE+v¥)fad3p
= eZUAVE+ i3 = pVA+id,

where | ; isthe conduction current and the term p V{ is the current

corresponding to the advection of bulk charge by the motion of the gas.
Summing over components,

je,i = peVi + jc,i

and the energy equation becomes:
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de 9V, aV; dq
ot + gW +P +_

V.
= Eide i — &g Je jBx
|

ija_xj axi_ i

. Vi
Jc,i(Ei +8iijBk)

\ ,
Theterm E; + eijk?‘ By isthe electric field E; in the comoving frame
of the gas, so that

de | 9V, avi aJq . _,

dt “Cax T Piax, Tax, T Jei®

(using differentiation following the motion). Theterm |, ; E; describes
the amount of Joule heating of the gas.

When the distribution function isisotropic:

de av;
g TET P)a_xil = J¢iEi

Writing this equation as

de

_ +P3Vi+. £
a——(e )a_xi Je, i

oV,
we seethat theterm (e + P)a—x' represents the effect of expansion (con-
i

traction) in cooling (heating) the gas.
Note that in this form of the energy equation we have not needed to

make any assumptions about the neutrality of the fluid or the time var-
iation of the electromagnetic field.
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11 Relationship between the energy equation
and thermodynamics

11.1 Entropy

Consider a comoving element of fluid with mass dm, volume

sv = oM

P

L et entropy per unit mass be s, then the entropy of the element is sdm,

the internal energy is %n then the relationship between entropy, in-

ternal energy and volumeis:

KTd(sdm) = d(e%m) + Pd(%m)

Since thisis a comoving element, then 6m = constant and

KTds = d(ﬁ) " Pd(l)
p p

Expanding the differentials and multiply by p:
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(e+P)

pkTds = de — dp

Expressin terms of derivatives along the trgjectory of the element:

The equation of continuity

op, o _
o5t +a_Xi(pVi) =0

ap dp . 9V,
=5t *Viox *Pax

can be expressed in the form

S0 that

ds _ de Vi
kadt = a+(a+P)a—Xi

and comparing this with the expression above:

ds _ .
dt ~ Jei
When there is no dissipation of energy by electromagnetic effects:

pkT = =

ds
kadt 0

I.e. theflow is adiabatic.
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11.2 Other forms of the entropy equation

Other forms of the relationship between entropy and other thermody-
namic variables are also useful, e.g. in terms of the specific enthalpy,
the above equation for entropy can be written:

11.3 Equation of state

In general for an ideal gaswithinternal degrees of freedom the pressure
isstill given by

but the internal energy may be partitioned amongst extra degrees of
freedom. e.g. rotational and vibrational. For the case of constant specif-
ic heats we have

1 p
=(y-1e=>e = ——p andh = = F
p=(y-1) =P = T,

C
wherey = C—p the specific heat ratio. This givesrise to the well known
\'%

relation between pressure and density p o< p¥ which isworthwhile red-
eriving herein adightly different form than is given in the usual Stetis-
tical Mechanicstexts. Since

then
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ds _ _1 (dp_ EE’_E)
HMpPGt = y—l(dt o dt

ds _ 1 EQE_XQE)
= Mot y—l(

Integrating:

Hmys = —L(Inp—vlnp)
vy—1

©
1

exp[(y —1)(umys)lp?

Thisis often written

p = K(s)p?
where K(s) = exp[(y—l)(umps)] is known as the pseudo-entropy.

Some terms

Adiabatic Flow: s = constant along a streamline.

| sentropic Flow: s = constant everywhere (space and time).

12 Summary of single fluid equations for an iso-
tropic distribution function and infinite conduc-
tivity

When the distribution function of a component isisotropic, i.e.

f(x, p) = f(x, p)
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then the pressure tensor isisotropic and the heat flux is zero. If we fur-
ther restrict ourselves to the case where all of the components of afluid
have the same mean velocity, then the fluid equations become:

Continuity:
op, d _
m +a—xi(pvi) =0
P . v, _
3t +Ve(pV) =0
Momentum:
J J _ 0P 9} lej
m(pvi)"'a—xj(pvivj) = B_XI pa_)(i+8ijk C By

_ 0P _ 93¢ o [BBj B?
- ox paxf’axj[ 4rt 87c8”}

%(pV) +Ve(pVV) = -VP-pVo + (i;x B

_ BB B2
——VP—pV¢+V{ZE—8nq

where the gravitational field

_ _d¢ 24
0 = a_x, and Vep = 4nGp

The advective terms in the momentum equation can also be expressed
as.

62



Magnetic Virial Theorem

N, v,

0 0 _ i
m(pvi) +a—xj(pvivj) = pm + pvja_xj
Q/

ot +pVeVV

I(pV) +Va(pVV) = p

Total energy:

oril 0 1
HE SR e
|
_ 90

%EpVZ tet+tegy t+ pq)J + Vo[p(%VZ +h+ pq))v + SJ

_ 499

where the electromagnetic terms are;

Poynting flux = § = L%teijkEjBk
- C
S = 47tE>< B
. E2+B2 B2
Energy density = e¢), = ~8r " 8n
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Internal energy equation

de v, =
gt Py T e
de _ . ,
—dt+(8+P)VOV = J.*E

where the term on the right represents the Joule dissipation. In the limit

of infinite conductivity,

de dV; _
E+(8+P)8_xi =0
de

i HEFPIVeV =0

Evolution of the magnetic field:

a_Bi+g..i(g BV, =0
ot 'Jkan KIm~IY m
oB

3 +Vx(BxV) =0

The electric field:

Vi
E+\—/><B =0
C

Flux freezing:

The magnetic flux through acomoving element is conserved. Magnetic

field lines move with the fluid.
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Equation of state:

C
For constant specific heatsand y = C—p the equation of stateis

\

p = K(s)p?

where the function K(s) of the specific entropy s is called the pseudo-
entropy.

Relationship between pressure and temperature:

KT
p = pKrl
um,

where u = 0.62 for a completely ionised gas and u = 1.4 for a neutra
gas.

65



