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1 Basis for fluid dynamics

Individual particle
/ p

Fluid element at t’

—

Fluid element at t

If the mean free path of a particleis much less than the length scale
of the system under consideration, then a fluid approximation is
valid. Thereissomediffusion of the particleswrt the mean flow and
this resultsin viscosity.

| = Mean free path
L = Length scale of flow
| « L = Fluid
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Derivation of the fluid equations

Velocities of particles:

vVv=V+V
V = Mean velocity
v' = Fluctuating component

Mean free path:

Can be dueto:

» Collisions between ions and/or neutrals with neutrals

e Coulomb collisions between charged particles

 Collisions between particles and waves

» Mean free path perpendicular to the magnetic field also deter-
mined by gyroradius of charged particle.

Mean free path = |, = 515

n = no density of collision targets
6 = Cross-section

Cross sections:
Neutral atom ¢ = 1019 m?2
Earth’s atmosphere:

1

~ 1025 m-3 ~
n~102m :>Imfp~1025X10_19

~10%m = 1u
Hence the atmosphere can be treated as afluid down to these scales.

NB Thisisnot true in the rarefied regions of the upper atmosphere.

Neutral Hydrogen Gas Cloud:
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Derivation of the fluid equations

1

— — 12
mp = To7x 108~ 10 M

n~10" m3=|
But

L~fewpc~1017m:>|[~10-5«1.

(Note 1 pc = 3.1x10"° m.)
Collisions between charged particles

e Electron

Electron

L ong range forceimpliesthat Total cross-section (averaged over all
impact parameters) isinfinite. Ignore this problem for the time be-

ing.
Order of magnitude estimate:

Collision of two thermal e ectrons: Define effective radius of colli-
sional cross-section by:

a2
— ~ mw? ~ kT
"

eff

Electrostatic PE ~ Relative KE ~ Thermal Energy

Cross-section:
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Derivation of the fluid equations

e2
lett = i
| 1 (kT)2 _ muvg,
= > = 4 T A ah
nmrg nme N.€
kT 1/2
where v, = (ﬁ) ~ Thermal Speed

e

e.g. Hot ISM

Ne~102  T~108  k=1.38x10 " erggK
| ~ 4x10™ cm ~ 10 pC
cf. Size of Galaxy: Distance of Sun to Galactic Centre = 8.5 kpc

| -3
:>L~1O

2 Liouville and Boltzmann
equations

The basis for the derivation of the equations of magnetohydrody-
namics is a statistical mechanics approach based upon the Boltz-
mann equation.

2.1 Distribution function

Phase space consists of coordinates and momenta of particles, i.e.
Phase Space = { Xy, X5, X3, P1, P2, P3}

Each component of the fluid denoted by superscript a.
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Derivation of the fluid equations

No of particles of speciesa
fa(x;, p;)d®xd3p = occupying volume element
d3xd3p of phase space.

Number Density of component = n2(x;) = jfa(xi, p;, )d3p

2.1.1 Transformation properties
A Galilean transformation is defined by:

X\ = x—V;t

where V, isaconstant. The transformation of velocitiesimpliesthe
Galilean transformation is:

Vit = V'V,

Let us now consider the transformation of the distribution function
under such atransformation.

The number of particles, fad3xd3p, within the phase-space vol-

ume d3xd?3p isobvioudly invariant under aGalilean transformation
since we are just counting particles. Also, the Jacobean of the trans-
formation:

Xi = % —V;t
pi = pi—maVit
is unity SO that d3xd3p — d3x'd3p’. Hence

fa(x, p;) = fa(x;, p;), i.e. the distribution function is invariant
under a Galilean transformation.
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2.2 Flow of particles in phase space

-

- /

Suppose particles are moving in such away that there are no sudden
changes in velocity due to collisions; then the flow of particlesin
phase space is a smooth one.

Suppose particles moving in phase space on smooth trajectories.
The the rate of change of the number of particles within a six di-
mensional volume in phase space is given by the negative flux of
particles through the 5 dimensional boundary of the volume. We

define;
(dx dp)

(i 35)
dX; P,

and the conservation of particle number tells us that:

Six-dimensional Ve ocity

Six-dimensional Divergence operator

%J‘ fadvg + JfavanadSS =0

Ve S5
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Derivation of the fluid equations

The surface integral over S; can be converted to an in tegral
throughout the volume V4 so that

9 [ ,a d s _
me dv6+J'a_Xa(f v,)dV, = 0

V6 V6
and since the volume is arbitrary:

0 0 —
mfa+a_x(x(fava) =0

Liouville’s equation

Splitting the above 6-dimensional divergence into 2 three dimen-
sional parts related to space and momentum gives.

0 ¢4 o (9% . o (dpi ., )_
mf (Xi’ pi’t)+a_xi( dtf (Xi’ plat))-l_a—pl(a f (Xia pi7t) - O
where

dx; _

at

I E = eza(E +e,v B, +m

gt - Fi = eL%(Ei e vBo + mig;

where F, isthe force on the particle.
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Derivation of the fluid equations

Notation:

)
]

Electronic Charge
Z2 = Atomic No. of component
E. = Electric Field

B, = Magnetic Field
v2 = Velocity
g; = Gravitational Field

In considering Liouville’ s equation it is important to keep in mind
the three levels of approximation in astrophysical plasmas:

Very dilute plasma. The force components are unaffected by the
plasma and collisions between particles are unimportant. e.g.
Cosmic Raysin Earth’'s magnetic Field. Here the force compo-

nents are given functions of x; and Liouville’'s equation provides

a satisfactory basis for theoretical work.
Collisionless plasma. Collisions are unimportant but substantial
charge and current densities due to the ions themselves. In this

case E; and B; depend upon f2& and the situation is highly non-
linear. Liouville's equations is used.

Fluid. Collisions are important. Here Liouville's equation is
unsatisfactory since oneisrequired to take into account the colli-

sions between elements of the fluid. Boltzmann’s equation forms
the basis for the derivation of the equations of gas dynamics.

Other applications of Liouville’s equation

Liouville' s equation aso provides the basis for the treatment of the
stellar dynamics of collisionless systems such as galaxies.
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3 The effect of collisions.

Vi

Energy conserving collision which scatters a
particle out of avolume of phase space.

/

In contrast to the smooth flow in momentum space implied by Li-
ouville’s equation, collisions scatter particlesin and out of agiven
volume of phase space.

Boltzmann equation

dx dp,
S0 Pt S 106 D) G 120 ) )

- (éf_)
ot coll
where the right hand side formally represents the effect of colli-

sions. Integrals over momentum space of the Boltzmann equation
provide the basis for the equations of fluid dynamics.
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Derivation of the fluid equations

4 Moments of the distribution
function

Before moving on to the implications of the Boltzmann equation it
Is useful to consider the various moments of the distribution func-
tion.

Number density
n3(x, t) = jfa(xi, p;, t)d3p
Flux density
X = JVFfa(Xi, pi, t)d3p

Mean velocity

X%
va= == nava, = ya
Mass density
pa — nama

Pzzpa
a
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Derivation of the fluid equations

Electric charge density
pd = e/?n?
b= 3 pe
Electric current density

Ji = elyf

J = 239

a

Energy density

Ea = J'%maVaZfa(Xi’ pi,t)d3p

E=2Ea
a

Momentum density

[g = infa(xia p,, Hd3p

I, = ZHP
a
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Derivation of the fluid equations

Kinetic tensor

HI? = Jviapjfa(xi’ piat)dBp = J'Viapifa(xia piat)dBp

= Flux of jt component of momentum in the i—direction
b

4.1 Centre of mass frame for a component

Thisisdefined asthe framein which the total momentum of the flu-
id is zero. Define the velocity of the Galilean transformation to this
frame as follows:

Momentum density = T12 = infad3p

The mean velocity was defined earlier by

!V?fad?’p !pifad% -
Via: m = = —

a
|
nama pa

Momentum density in aframe moving with velocity V@ is

Mg = j (p, —maVva)fad3p = I, —nemava
= M -paVp = 0
so that V@ defines the centre of mass frame.

4.2 Kinetic tensor in the centre of mass frame

The velocity of acomponent in the centre of mass frameis
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Derivation of the fluid equations
V=V S VES VR S Vv

Therefore the kinetic tensor of a component is:

g

MA(VE + vA) (V& + V&) fad3p

= | mA(VAVE +VEVa + VAV + vava) fad3p

[

maViaV?J. fad3p + maV?J'via' fad3p

+ maViajv]?i' fad3p + maJ'via'v?' fad3p

The 2nd and 3rd terms vanish by virtue of the definition of the mean
velocity so that

17 = paVvava+ pa

which introduces the partial pressure tensor
Pa = maJ.vfl'v?'fad3p

4.3 Isotropic distribution function

If the distribution function is isotropic in the centre of mass (rest)
frame, i.e.

fax, pp) = fa(x, p)

then
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Derivation of the fluid equations

2 = maljpi p;f2(x,. p) pSinddpdady

where (p, 0, ¢) constitute spherical polars in momentum space.
A p,

>9

Polar coordinates in momentum space

Since f2 isisotropic, thenit iseasily shown that theintegral is zero
fori= ) andthat wheni = |

P2 mzt | pzfa(x;, p)p?sin6dpdodo

o

= mzt| p*fa(x, p)cos?6sin6dpdodo

o

4
= §§% p*fa(x, p)dp

| haveputi = j = zintheabove, sincethe xx, yy and zz compo-
nents of the pressure tensor are identical, i.e. there is no preferred
axis.

Hence

P2 = Pa§,
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Derivation of the fluid equations

where

a - An
3m2

Jp4fa(xi, p)dp

Thus in the case of an isotropic distribution function, the pressure

tensor isalso isotropic. We shall seethat P iswhat we normally as-
sociate with the pressure when we think of afluid in terms of acon-
tinuum.

4.3.1 Relationship of pressure to thermal
velocity and temperature

When the pressure tensor is isotropic

P2 =3Pa= Pa = %Pﬁ = %Jvi p; fad3p

— %jmavz f ad3 p

1 —
- - namav2
3

where V2 isthe rms velocity of theions.

For monatomic ions in thermal equilibrium at temperature T there
Is (kT)/2 energy for each of the three degrees of freedom so that

%nama\Tz = %XnaXZX%ma\TZ = %naxng = nakT
Hence

Pa = nakT
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Derivation of the fluid equations

4.3.2 Derivation of pressure from the Maxwell-
Boltzmann distribution

For a uniform gas in thermodynamic equilibrium the Maxwell-
Boltzmann distribution function is given (in terms of velocity) by:

3/2 2
mv
) exp——=d3v

3y =
fus(V)d3v n( kT

21KT
By calculating the above integral for the pressure, viz,

_ Ar
Pa = 23 p*fa(x;, p)dp
one can also regain P2 = nakT.
4.4 Centre of mass frame for the entire fluid

Thisis defined as the frame in which the momentum density of the
entire fluid vanishes. That is, we determine a Galilean transforma-
tion for which

We proceed similarly to the case for the CoM frame for a single
component, viz, for transformation velocity V;, the transformed

momentum density is

I = ;H?—Pavi = ;H?—Vi;pa

= I —pV,

and thisis zero for
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Derivation of the fluid equations

1_[i
V, = —
p

If the centre of mass frames for all components are equal, then we
can use the Single Fluid Approximation in which all components

have the same centre of mass velocity V. In this case the Kinetic

Tensor
1= Y0 = Ty ey
a a a
UOYEOYL
a a
P,V + Zpﬁ
a

and when the distribution is isotropic,

where

Total Pressure = P = EPa
a

I.e the total pressureisthe sum of the partial pressures.

In many cases asingle fluid approximation is appropriate e.g. stel-
lar winds, hydrostatic atmospheresin elliptical galaxies, supernova
blast waves, geophysical fluid dynamics, aerodynamics.

An example of where a single fluid approximation is inadequate is
in the study of partially ionised gases where the ions and neutrals
may move differently. This leads to ambipolar diffusion which is
discussed later.
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Derivation of the fluid equations

5 Conservation of particle
number, current and mass

5.1 Conservation of particle number

I ntegrate the Boltzmann equation wrt momentum

afa
[ e [ 200 - o

Theintegral of the momentum space divergence can betransformed
over an arbitrary surface enclosing all of the momenta. This can be
made arbitrarily large so that the distribution function on the sur-
faceis zero. Hence this term disappears.

The partial derivative wrt x; can be taken outside the integral since
theintegral isover momentumand v& = (m?)~!p, isnot afunction
of X.

The right hand side represents the rate of scattering of particles out
of al momentum space. Although particles are scattered from one
value of momentum to another there is a balance, i.e. the totd
number of particles is not destroyed by the collisions which redis-
tribute momenta. Hence the right hand side equals zero and

0

ad3 Y Yyvafad3n =
5t f2d%p+5 jvfdp 0

Using the moments defined earlier:

on? | Ja(nava) on? | I(x?)
ot ox, ot ox

=0

This represents the conservation of particles of component a.
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Derivation of the fluid equations

5.2 Electric current
Multiply above equation by eZ2

e, I _
ot ox,

I.e. the conservation law for electric current associated with compo-
nent a.

5.3 Mass

Multiply number conservation equation by m2,

_ 9%, APV _

ot oX; 0

I.e. conservation of mass of component a.

6 Conservation of Momentum

6.1 Derivation of momentum equation from the
Boltzmann equation

Now multiply the Boltzmann equation by momentum and integrate.

01250+ [pvid e s [ 2EL D g
[ e [avigrae s [p5i—a

J
Sfa)
= N fad3
Jpl( ot coll P

Again, with the second integral, the partial derivative can be taken
outside. For the third integral, note that

J(Fafa) 9

(PFFTO=8FFF = L (pF e —Frfe
J
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Derivation of the fluid equations

The divergence integrates to zero as before leaving the integral of
—Fafa. Thisgives.

gtjp.aaitd% aa jp.v fad3p—jF?fad3p

Sfa)
= | — fads3
J'pl( ot coll P

Now
JFiaf ad3p = J'eZaEi fad3p + Jezaeijkvakfad?’p + Jmagi fad3p

= eZaEiJ fadsp + eZaEijkBij?f ad3p + magij fea>p
= ezanaE_ + ezaeiijiaBk + pagi
= pe E |ij?Bk+ pagi

I.e. integrating the force term in the Boltzmann equation over mo-
mentum space gives the Lorentz force on the component.

Rearranging terms and recognizing the kinetic tensor in the above:

aHia aHﬁ‘ — Ha a a ofa ad3
ot + aXJ peE +€|Jk‘] Bk+p gl J'pi(ﬁ)collf d P

The first and second terms on the right represent the Lorentz force
on component a.

The third term represents the gravitational force.

The last term represents the rate of gain of momentum of compo-
nent a asaresult of collisions. Now, contrary to the case of particle
conservation, we cannot set the collision term on the right hand side
to zero. However, the nett momentum gain to the entire fluid as a
result of collisionsis zero.
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Derivation of the fluid equations

Using the expressions for the momentum density and the kinetic
tensor derived above:

%(pavia) +%(pavava+ P2) = p2E; + &, J?B, + pag,
J

. (o1F

(%)

where the last term represents the nett rate of gain of momentum to
component a from collisions.

6.2 Advective term and pressure forces

Theterms
d a\/a a\/ay/ay — a( (pa\/a))
m(PVJ —(pVV) \ o ax
V2 ava
*p ( at " VIax )

and thefirst group of termson the RHSiszero asaresult of the con-
tinuity equation derived earlier.

Hence the a-component momentum equation becomes:

(ava oV a) apa
p —_

vl 3E, + g, J2B, + p2 o
ot I ox ax T Peli T IR TP T (St)

or

pa = __ij+paE.+g.. JaB +pag.+(6Hia)
Dt X ei ijk¥ ] =k i St
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Derivation of the fluid equations

where the operator DEt represents differentiation following the mo-

tion defined by the streamlines with velocity V2. In the two above

eguations, the negative gradient of the pressure tensor playstherole
of aforce.

6.3 Single fluid approximation

Summing the integrated momentum equation over components
gives.

oI, E)H
a a p E +8Ijk‘] Bk+pg| ZJ' fad3p

col I

In this case, the momentum collision term can be set to zero since

there is no nett gain to the fluid as awhole as aresult of collisions.

Thus,

ol +8Hij _ a(pV)
ot  odx; ot

( VV +P|j) = peE|+8|jk‘] Bk+pg|

or

(BV 8Vi) dP;;

ot +Vj'a_x—j = aX peE|+8|jk‘J Bk+pg|

This follows from the continuity equation, as before.

This equation is one of the most widely used forms of the momen-
tum equation in all areas of fluid dynamics.
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6.4 Continuum interpretation

n:

E

Using Green’ s theorem we can write the momentum equation as

aat_" IT,d3v = —JH n. dS+J(pe+e”kJ By + pg;)d3v

S

I.e. the rate of change of momentum within V is equal to minus the
flux of momentum across Sas well as the integrated body forces.

Expressing the kimetic tensor in terms of bulk momentum and pres-
sure components, this equation can be written:

%Jpvid3x = —ijiande— P;;n;dS

S S

+ | (Pe+ &jid By + pg)d3X

Vv

Theleft hand side of this equation representsthe timerate of change
of the momentum within the volume V; the first term on the right
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representsthe flow of momentum associated with the bulk velocity;
the second term represents the flow of momentum associated with
the pressure and the last term represents the body forces per unit
volue integrated throughout V.

This provides another way of thinking of the pressure tensor is that

the term P;;n; represents the force per unit area on the surface S

due to the flux of momentum or in other words P;;n;dS isthe force

exerted on thefluid inside S by the fluid outside S. When the pres-
sure tensor isisotropic
Pijn; = Po;n; = Pn,

and the pressure force is normal to the surface. This coincides with
the way in which we think of pressure in a continuum approxima-
tion.

6.5 Stress tensor of the gravitational field

Consider the tensor

1
1—‘ij = 4TEG(g gj gzalj)

where G = 6.67x10 °N kg=2m 2 is the constant of gravitation.
The divergence of this tensor

1
IR _R(gi,jgj +0,9;—9;9;.1)

Now the gravitational field is expressed as the gradient of a scalar
potential ¢

_ _do G U2 —
g = 9% with V4o = 4nGp

Therefore,
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and

%)
\%

For the case of a zero electromagnetic field:

0
ot

Vv

IT,d3x = I(H,J I,)n;ds

This shows that one can formally identify a flux of momentum per
unit area, —I'j;n;, associated with the gravitational field. However,

thisformal result israrely exploited.

/ The energy equation

The energy equation follows from multiplying the Boltzmann equa-

tion by K& = %mé‘v2 and integrating over momentum.

Before carrying out the integration we define afew more terms.

7.1 Bulk kinetic energy and internal energy

Since vd = Va+v& then thetotal energy
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E = %mavzfadf*p

= | (Fmeve? + mavav + Smeve2) fedep

= %pa\/aZ + J'%mava’ZfadBp

= %pa\/aZ + ¢ga

This breaks up the total energy into the kinetic energy associated
with the centre of mass velocity and the internal energy density €2.

The internal energy density is the kinetic energy of the plasmain
the centre of mass frame.

7.2 Heat flux

Thisis defined for a single component by:

gR = j%mav'zvia' fad3p

The heat flux is the flux of kinetic energy in the centre of mass
frame.

The heat flux for the entire fluid:

g = Eqi""
a

7.3 Derivation of the energy equation

Energy times Boltzmann equation =>

df® 43 9f8 3 IFT® 45 = 0?53
JKa o d p+J.KaviaaXid p+J.Ka 30, d°p = | K2 St d°p
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K does not depend on either x; or t so that the space and time deriv-

atives can be taken outside the integral. We rearrange the terms
within the third integral to give adivergence.This gives us:

a afad3 T ayafan3 Y (Ka a (aK) ald3
S| Katadsp+ ijfdp+[ (KaF;fa) - aplFdep
ofa
ar__ A3
J'K Stdp

Theintegral over the momentum space divergence vanishes for the
same reasons as before. The term

okKa _ 1 o _ 1 _
op; 2ma8p,(p1p1) el T Vi
Hence,
al a2 fad3 a1aa2_aa3_ aE. fad3
atj LV fdp+axi 5Mev vafadsp— | veF, fad3p
ofa
az__d3
JK Stdp

Let us take each of these terms separately. As we had above, the
firsttermis:

J';'maVaZfadf%p = %pa\/z+8a

For the second term (leaving out the a superscript):

-V2y, = (;V2 +V. vJ + ;vjvj)(vi +V))
1 1 1 1,
= QVZV +V,Vyy; + 2vJvJV + 2V2v +V,viv; + 2vJvJvI
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When multiplied by f2 and integrated over momentum space these
terms give:

J%mavazviafad% = %pavaZVi +0+e2VR2+0+PAVR+ QR

We also have:

JvﬁFid3p = eZaJviEifad3p+Jpjgjfad3p
= JPE; + p3Vig,

Putting al of this together:

SGpavaree) 2 (Spavave+eav, + PRV, +)
|

= JPE; + paVEg; + JKa(%)d%

Aswith other expressions we have derived, the collision termis not
zero for an individual component. However, if all components are
moving with the same mean motion, then we can sum over compo-
nents to obtain:

J(1 0 (1
m(épvz + 8) + B_X,(épvzv' + EVi + P”VJ + ql)
= JiEi+pV,g;

where the collision term sums to zero when we assume that energy
Is conserved in collisions.

The gravitationa term pV,g;can be manipulated in the following
way:
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_ 0 _ Jd %,
pVig; = —PVia—Xi = —a—Xi(Pq)Vi) "‘a—Xi(PVi)q)

and using the continuity equation for mass.
= 9 0oV -0 = _ 9 (hov)_I 99
PVigi = 5 (POVI) —05p = —55(POVI) —57(p0) + Py

Hence, the energy equation becomes:

0(1 0 (1
m(épvz te+ P¢) + W(épvzvi +eV;+P;V,+poV; + OIi)
|

_ 9
= pat+‘JiEi

| aa—(f = 0 then the only contribution to the right hand side is J;E; .

7.4 Continuum interpretation

Integrating over afinite volume:

\Y,

y
J' \%PVZVi teV;+ PV, +poV; + qi)nidS+J J.E.d3x
> Y

The second integral on the right represents the work done by the
electromagnetic field on the gas.

Restricting ourselvesto the zero electromagnetic field case and al so
taking the gravitational field to be time independent (a good ap-
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Derivation of the fluid equations

proximation for many circumstances). Integrating throughout a fi-
nite volume;

S

(%pv2 +e+ pq))d3x =
Jv

1
\2

()]

The group of terms

%pVZ + ¢+ po¢ integrated over volume, represent the total energy

(kinetic plus internal plus gravitational potential energy) within V.
The integral over the bounding surface S represents the flux of en-
ergy through S This gives the general form for the energy flux:

1
Ei = QPVZVi teVi+P;Vi+poV;+q
The various termsin this expression have the following meaning:

%pvzvini = Flux of Kinetic Energy per unit area

eV,n, = Flux of internal energy per unit area
P;jnV, = Rate of work per unit area by pressure forces on fluid
poV.n, = Flux of gravitational potential energy
q;n; = Heat flux

When the distribution function is isotropic, the pressure tensor is
isotropic and the heat flux is zero. Then

g =20
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Enthalpy:

The case of an isotropic distribution function (perfect fluid) intro-
duces the enthalpy density defined by

H=¢+P
and the specific enthalpy (enthalpy per unit mass)

h = (e+P)
Y
For a monatomic gas
€ = gnkT p = nkT and p = unm,

where u is the mean molecular weight (1 = 0.62 for a completely
ionized gas) and m;, is the mass of a proton. Hence:

_ 5kT

Using the specific enthalpy, the energy flux
_ (L,
Fe = p|5Ve+h+0 )V

It is, at first sight, surprising to see the specific enthalpy in this
equation rather than the specific internal energy g However, the

derivation above shows why thisisthe case. The source of the dif-
ferenceisthe work done by the pressure in increasing the energy of
a given volume of fluid and this contributes an extra component to
the energy flux.
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8 Inclusion of electromagnetic
fields in the energy and
momentum fluxes

In order to incorporate electromagnetic fields into the energy and
momentum fluxes we need to consider Maxwell’s equations and
the electromagnetic energy and momentum densities and associat-
ed stress tensor.

8.1 Maxwell’s equations
The starting point is Maxwell’ s equations

_ Pe
Ejj = 2,
JE,
€ijkBk j = MoJi "'Moeom
Bjj =0
_ 9B
€ijkEx j = 3t

where

Lo = 4mx 10~7 Henry/m
1

go = — = 8.84x10 " Farad/m
HoC
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Derivation of the fluid equations

The following quantities come from el ectromagnetic theory:

2
Electromagnetic energy density = egy = %80E2+ %BE
Poynting Flux
: S |JkEjBk
(Flux of electromagnetic energy)
Momentum density = cg
Maxwell stresstensor = M;; = Mg j; + Mg j;
_ 1o
Meij = € EiEj_éE 8iJ'

1 1

It can be shown using Maxwell’ s equations that the following rela-
tionships hold (exercise):

degy 0§ _

T Tax C UE

105

C_Zm _MIJJ = (peEi+8iijjBk)

8.2 Momentum

Substituting for the Lorentz force in the momentum equation

J S, 0

This equation expresses the total conservation of momentum: me-
chanical, electromagnetic and gravitational.
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8.3 Energy

Substituting for J,E; in the energy equation gives

gt(lpV2+8+8EM +p¢) aax( pPV2Vi+eV;+P;V;+S§ +poV, +Q.
_ 9%
RLPT:

expressing the conservation of bulk kinetic, internal, electromag-
netic and gravitational potential energy. The RHS is zero if the
gravitational field istime independent.

Thus the total energy flux is

1
Ei = QPVZVi teVi+P;V+5+poV;+q

and when the distribution function is isotropic

Fei = P(%V2+h+¢)vi+sﬂ
the important additional term being the Poynting flux.
9 The internal energy equation

The above equation which is useful for indentifying the compo-
nents of the energy flux appliesto thetotal energy. A separate equa-
tion for the internal energy is also useful. Thisis derived by com-
bining the total energy equation with the momentum equation.

We have for the total energy:

d(1 0 (1
m(épVZJ’e)JrW(ipvzvi +eV + PV, +qi) = JiEi +pVig,
|
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Derivation of the fluid equations

The point of the following isto eliminate the termsinvolving p V2.
To thisend we look at

(1 5\, d 2)8(,,)8(1...)
Bt( pV) % (va Vv 5t 2pVJVJ +8_Xi 2pVJVJVI

VVJat ijm
+1v.v. 8( Vo) + V.v.a_vj
2 J ja_xlp | p I jaxi

Thefirst plusthird terms on the RHS vanish by virtue of mass con-
servation.

Therefore,

(L1 v2)+ 2 (Ly2 .)— Ni 4 ov Vi
at( pV) J i(zpv Vi) = [pat "PVigx

oP..
= _Via—x” +pViE; + g ViJ;B +pVig

Substituting thisinto the total energy equation:

0 L 9 eV +P.V + vap”+ ViE; +&;V;J;B + pV
BT 8_xi(8 i TPV +di)— % Pe €ijk T PVig

= JiEi+pV,g;

A number of terms cancel and

88 o€ aV, daV; dq;
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Before proceeding further it is useful to distinguish between the

conduction and advection currents. The ath partial current is de-
fined in terms of the distribution function by:

a = eZajviafad3p = eZaj(Vf‘+vf")fad3p
= ezanaVa+J2; = paVa+J3,

where J. ; isthe conduction current and theterm p V2 isthe cur-

rent corresponding to the advection of bulk charge by the motion of
the gas. Summing over components,

Ji = peVit g
and the energy equation becomes;

de 9V, Vi dg; _
a'l'ga—xl +P'Ja—xj+a_xl - EIJ ci ™

= J¢i(Ei +&;VBy)

ek ViJe By

ive, j

The term E; +¢;,V B, is the electric field E; in the comoving
frame of the gas, so that

+ -+P8V+8q,_J E;
dt “ox Tox; ox o'

(using differentiation following the motion). The term ‘Jc,iEi, de-
scribes the amount of Joule heating of the gas.

When the distribution function is isotropic:

d v, ,
Gt Er Py T kB
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Derivation of the fluid equations

Writing this equation as

de

- e+ Vi E
a——(e )a_xi ¢ i

V.
we see that the term (e + P)a—x' represents the effect of expansion
i

(contraction) in cooling (heating) the gas.

10Relationship to
thermodynamics

10.1 Entropy

4 )
- /
Consider a comoving element of fluid with mass om, volume
sv = 2
Y

Let entropy per unit mass be s, then the entropy of the element is

som, theinternal energy is e%n then the relationship between en-
tropy, internal energy and volumeis:
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Derivation of the fluid equations

KTd(som) = d(e_ﬁp_r_n) + Pd(%r—n)

Since thisis a comoving element, then 6m = constant and

KTds = d(ﬁ) ; Pd(l)
p p

Expanding the differentials and multiply by p:
(e+P)

pkTds = de— dp

Expressin terms of derivatives along the trajectory of the element:

1
o

S0 that

ds _ de aV;

and comparing this with the expression above:
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Derivation of the fluid equations

ds _

dt C, i E,

pKT =

When there is no dissipation of energy by electromagnetic effects:

ds
kadt 0

I.e. the flow is adiabatic.
10.2 Other forms of the entropy equation

Other forms of the relationship between entropy and other thermo-
dynamic variables are also useful, e.g. in terms of the specific en-
thalpy, the above equation for entropy can be written:

PTG = ot pdt

10.3 Equation of state

In general for an ideal gas with internal degrees of freedom the
pressureis still given by

pkT

p = nkT =
umy

but the internal energy may be partitioned amongst extra degrees of
freedom. e.g. rotational and vibrational. For the case of constant
specific heats we have

p:(y_l)gzg :'Y%lp and h = (ﬂ) = Y

P v-1

O I

C
where vy = C—p the specific heat ratio. This gives rise to the well

\'
known relation between pressure and density pe< p¥ which is
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Derivation of the fluid equations

worthwhile rederiving herein adightly different form thanisgiven
in the usual Statistical Mechanics texts. Since

then
ds _ _1 (dp_ Edp)
“mppdt‘y—l(dt ¥ dt
ds _ _1 ld_p_xd_P)
= Mot y—l(pdt b dt
| ntegrating:

m, S = ——1—(In —vlnp)
nmy v—1 p—yInp
p = exp[(y—1)(umys)]p?
Thisis often written
p = K(s)p?

where K(s) = exp[(y—1)(um,s)] is known as the pseudo-en-
tropy.

Some terms
Adiabatic Flow: s = constant along a streamline.

| sentropic Flow: s = constant everywhere (space and time).
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11 Summary of single fluid
equations for an isotropic
distribution function

When the distribution function of a component isisotropic, i.e.
f(Xi’ pl) - f(xi7 p)

then the presure tensor is isotropic and the heat flux is zero. If we
further restrict ourselves to the case where all of the components of
a fluid have the same mean velocity, then the fluid equations be-
come:

Continuity:

op, d _
ot +a—xi(pvi) =0

Momentum:

0 o _ P _dd
a(PVi) "'a—Xj(PViVj) = ‘a_x‘pa_><i+ PeEi * & Jd By

where the gravitational field
_ 9%
gi - axi

The advective terms in the momentum equation can also be ex-
pressed as:

DoV +L(pVV)) = po v
m(p i) a—XJ(p Vi) = P5 TP ja—)(j
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Derivation of the fluid equations
Total energy:

o1l o (1
m[épvz tetEgy t Pq)J + W[P(évz +h+ p¢)Vi + SJ
|

_ 499

where the electromagnetic terms are:

Poynting flux = § = ieijkEjBk
Ho
: 1 1B2
Energy density = g¢y, = 280E2+§E

Internal energy equation

de

b E;
dt

C,i—i

aV,
+(e+ P)W =J
|

where the term on the right represents the Joul e dissipation.

Equation of state:

e C : :
For constant specific heatsand y = c_p the equation of stateis

Y

p = K(s)p¥

where the function K (s) of the specific entrop s is called the pseu-
do-entropy.

42 C54 H— Astrophysical Fluid Dynamics



Derivation of the fluid equations

Relationship between pressure and
temperature:

KT
o = KT
um,

where 1 = 0.62 for acompletely ionised gasand 1 = 1.4 for aneu-
tral gas.

These equations do not take into account the energy lost by radia-
tion. Also, the electromagnetic terms can be simplified under cer-
tain approximations. These features will be considered later in the
course.
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