Statistics Part 2: Combining Uncertainties

Background

Inthelast set of notes, | showed themod thoroughway to estimate uncertainties: doa
full end-to-end simulation of your observation. Thisis the mos accurate method, but can
also bevery time-consuming.

In this set of notes, | show some shortcuts, which in many situaionswill save youa
lot of time, and allow you to make quick estimates. But be warned Bthese shortcuts can
bedangeous

Assumptions

The assumptionswe have to make to use these shortcuts are:
¥ All sources of noise follow the Gaussian distribution. If you have outlying points
and don®get rid of them effectively, the short cuts discussed here will not work.
Poisson distributionswill also give you trouble, unless p islarge (> 10), in which
case the Poisson distribution looksa lot like a Gaussian!
¥  When you apply an opeation (such as multiplication or taking thelog) to a
variable with Gaussian noise, theresultant number is assumed also to have
Gaussian noise. Can give you grief, asthisisnotawaystrue A classic example
is convating fluxes into magnitudes, which involves taking alog. This works fine
if thenoise! ismuch lessthan themean flux. Butif they are comparable, you can
get near-zero fluxes, or even negaive ones. Taking thelog of these will give you
near-infinite magnitudes!
If we make these assumptions we can approximate the noise on any variable asa
Gaussian, which isfully specified by its standad deviation s. Which ismuch smpler than
needing thefull probability dengty fundionfor each variable.

The Procedure

1. Choog the statistic x you wish to compute Bthe onetha tells youwha you are

scientifically interested in. It will in general beafunction of thequantities u, v, w

E tha you obsrve.

Work outwha the uncertainty isin each of theobserved quantities (! , ! \E )

3. Usetheerror propagaion equdionto work outwhat the ungertainty in your
statisticis (! x).

4. Useyourundestanding of the Gaussian distribution to work out whether this
predicted uncertainty is acceptable.

N

Why do you want to do this?

Here are some typical astronomical situaionsin which you@ want to go throughthis
procedure:
¥ Writing atelescopepropos. Y ou need to demondrate wha telescopeyou need
to solve your scientific problem, and how much exposure time you require.



¥ Processing daa you need to undestand how your daa redudion algorithms
affect thefind daa, so tha you can optimise them.

¥ Testing new modds. you may have come up with anew theoretical modd. This
procedure will tell youwhether your modd is or is not consstent with existing
data

Estimating your noise

Yourfirst step isto estimate wha the uncertainty isin each of thethingsyou measure. As
we discussed in thelast set of notes, two major sources of noise are:

¥ Therandomarriva of phaons

¥ Electronic noise.

Thenoise caused by therandomarriva of photonscan be computed usng the Poisson
distributon. Remember Bthe standad deviation of a Poisson distribution of mean L is
" 1. Theamountof electronic noise dependsonthe details of theelectronics Byou
nomally will look thisup in amanud.

Y ou can (and should) check the amountof predicted noise. Theusud way to dothisis
to observe nothing repeatedly (e.g. ablank bit of sky) and calculate the standard deviation
of all these measurements Bthisis an estimate of the noise, and should agree with wha
you compute. If it doesn® work hard to undestand why!

Combining noise

Let ussay tha there is some statistic x we wish to compute. In mog cases we do not
directly measure x, ingead we measure a number of other parameters u, v, E , and work
outx usngafundionx = f(u, v, E ). For example, x might bethe absolute magnitudeof a
star, which isafundion of u, the measured appaent magnitudeof the star, and v, the
distance to the star. Let usimaginetha our measurement of each of u, v, E is afflicted by
noise, and that thenoise is Gaussian with standard deviations! , ! , E Itisfairly
straightforward then to deduce theerror propagaton equaiton:
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where! , isthestandard deviation of the (assumed Gaussian) noise in thefind statistic x.
Note tha the square of thestandad deviationis caled thevariance. Thisisbasically a
Taylor series expangon, modified by the fact tha sandard deviationsare computed by
squaing values and adding them together.

Thefirst two terms are straightforward: the noise in x dgpendson how much noise
each of u, v, E have, and how strongly thevalue of x dependsonthat of u, v, E (the
patial derivatives). Thelast term may need more explanation.! , isthecovariance of u
andv, andis defined by the equaion:
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If u, v, E areunoorrelated, then al the covariance terms are zero. If, for example, x is
the absolute magnitudeof a star, u its appaent magnitudeand v its distance, then thereis
no paticular reason why the noise in a given measurement of the distance should
correlate with thenoise in agiven measurement of the appaent brightness. In acase like
this, the covariance will sumto zero.



We can now use this equaion to work out how to combine uncertainties in some
common situaions

Additive Uncertal nties

Let@imaginetha x isjust aweighted sumof uandV: ie.

X =au+hv

Doing the patial derivatives, we find tha

"Pma b+ 2ab",

If uandv areunaorrelated, thelast term disappears, and we find tha thenaisein x in the
squae root of the sum of thesquaes of theungertaintiesin au and bv. Thisis known as
adding in quadrature.

Onespecia case Plet@ say you want measure a particular noisy quantity over and
over agan. For example, youwant to obtain areally degp image of some part of the sky.
TheHubble Deep Field observationsare an example. To detect really faint gdaxies, and
exposure hundedsof hoursin length was needed. But Hubble cannotexpose for more
than ~ 20-40 minutes at atime withou thesignd being buried in coamic rays. So let@
say you want to detect aparticular gdaxy, which is expected to produe asignd s. Each
20mnimage however, has noise /! which is much greater than s.

Theway youge such adeep imageisto add all these short images togeher, pixel by
pixel. Let@ say we add nimages togeher. Thesignd in thefind sumimagewill jus be
ns If the noise also increased by afactor n, taking lots of images wouldn®hd p you. But
usngtheaboveequaion, we find that
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Thusthenoise increases as the square root of the nunber of expoaures: i.e. less
rapidly tha thesignd. Thusthe signd-to-noise ratio increases as the squae root of the
number of exposures.

Thisisthe" nrule: you can g& alongway with it. Noise goesupas " n. Indeed, it also
applies within a given expoure: remembe that the standard deviation of a Poisson
distributionis propationd to thesquare root of the mean . So as you expo< for longe,
then mean nunmber of phobnsyou expect is propottiond to theexposure timet, and
hence thenoise is propottiond to "t.

Some people get confused by the difference between ! g and! . Youmeasure! by
looking at howwide arangeof values you measure. ! ¢, isthe standad deviation you
get inthesumbi.e. if you obtained n values and computed the average, and did this
again and again and again, you@ get lots of different sums: ! ¢, IS ameasure of how
widearangeof nurmbers you®d get amidg these sums.

A word of caution: this" n rule can ge&t youalongway, but ultimately it usudly breaks
down. It relies onthe assumption tha noise is Gaussian and tha al the different sources
of noise are unwrrelated with each other. In practice, thisisseldomtrue Or evenif itis,
other sources of noise come in to play when you combinelots and lots of daa.

For example, let® say youwanted to use the AAT to get an image as deep as the
Hubble Deep Field Bie. going to 30" magnitude The AAT can get animagegoingto
26" magnitudein aboutan hou. So if we want to get to 30" magnitude thesignd will be



25112329=39 times weaker. So to detect these objects, we will have to decrease our
noise by afactor of 39. Usingthe" n rule, this meanstha ingead of asingle 1 hou
expoaure, we would need to take 3% expoaures Die. 1521expoalres, i.e. 6 monthsworth
of clear nights!

But would theresult really bean image reaching 30™ magnitude? Almost certainly
not Because there are two types of nase Btherandom noise (which obeysthe" n rule)
and systematic errors. Such as confuson noise, scattered light, flat fielding errors, weak
cosmic rays, undable biases etc. The systematic errors are relatively small, but because
they are systematic, they can bepresent in the same way in every image (rather than
being unoorrelated) and hence they do not obey the " n rule and diminish. Eventudly they
will dominate, and then taking more exposires won®hdp you.

Back to uncertainty addition: remember tha theuncertainty in astatistic is calculated
from the sum of the squares of theindvidud uncertainties. This has an important
conequace Dif there are several sources of noise, the biggest source of uncertainty is
much more important than therest. If, for example, you are trying to work out the age of
an elliptical gdaxy, based onthe strength of some absorption linesin its spectrum, which
you compare to atheoretical modd. Themodd degpendson the metallicity, which youdo
notknow very accurately. Let ussay tha the uncertain metalicity introduees a 10%
uncertainty in theage, while the noise on your measurement of theemissionlines
introdues a 7% uncertainty. Thetotal uncertainty isthus” (72+10° =" 149 = 12.2% (not
17%). Now |et@ say you want to improvethis measurement, to discriminate between two
theories of eliptical gdaxy formation. Y ou could improve your measurement of the
metallicity, which would drop this uncertainty by 4% (from 10%to 6%), or you could get
a better measurement of the absorption lines, which would drop this uncertainty by 4%
(from 7%to 3%). Which should youdo?

Working onthemetallicity dropsyour find uncertainty from 122% to " (7°+6°) =
9.2%. Working on the absorption lines, however, only dropsit to " (3*+10%) = 104%. So
themotto is Balways find out wha your biggest source of uncertainty is and work hard
onredudngtha: thegainsfromreduang the small contributors to the uncertainty are
relatively tiny.

Optimal We ighting.

Let usimaginetha we have lots of measurements x; of a particular statistic, each with an
assodated uncertainty ! i. For example, we might have dozens of different measurements
of the Hubble Congant made by different research groups or we might have taken lots of
images of agiven pat of thesky. We want to deduce the best possible value of x, i.e. the
valuewith the smallest uncertainty, by combining all these different x; values.

Y ou mightthink tha the obviousthingto doisto average (take the mean) of all the
different estimates. And you would beright, provided that all the different measurements
hadthe same uncertainties. But what if some of the measurements were better than the
others? Surely yould want to give them more prominence? Averaging bad data with good
won®produce very pretty results. Oneapproach would beto just take the best
measurement and throw therest away. But surely there is some informationin all the
worse measurements Bthey may have larger errors, butif theuncertaintiesare not THAT
much larger, they should still be able to contribute.

Theanswer isto doaweighted average So indead of the standad mean:
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we compute a weighted mean:

x="" wx

where w; istheweighting of data paint nunber i. To beatrue average, we require tha
"w =1

Thebetter data points should be given larger weights, and the worse ones smaller
weights. But how exactly should these weights bechoen? Thisis afairly straightforward
calculation ugng theerror addition equation: it tumsout tha theoptimum strategy is
inverse varianae weighting Bie. theweight applied to a given point should beinversely
propottiond to its variance. Thevariance, remember, isthestandad deviation squared.
So the optimum weights are given by

X= X;
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with the condant of propationdity set by therequirement that the sum of theweights be
1.

Thisisvery widdy used in astronorny, and can make a big difference. But, asusud,
be careful. This assumes Gaussian indgpendent errors. While, in prinaple, adding crap
datato good,abat with alow weight, will improve your result, it is often worth drawing
thelineat themog crap daa Byou are probably adding in some low-level systematic

errors which will more than outweigh the bendfits.

Multiplying Uncert ainties

If xistheweighted sumof uandyv,

X=auv

then usngtheerror propagation equdion, we find tha
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Asuaid, thelast term disappears if theuncertaintiesin u and v are indgpendent, in
which case the equaion smply saystha the percentage error in xis equd to the sum of
the percentageerrorsinu and v.

Y ou can deive similar equdionsfor different fundionsbe.g. when your statistic is
thelog, exponantia or sine of the measured quantities: see a stats textbook or derive them
yourself fromtheerror propagation equdion. But in practice, adding and multiplying are
themogd useful equaions

What does your final uncertainty mean?

OK Plet@ say you®e doneall this maths and computed the uncertainty in your statistic.
What does this mean?

This all dependson wha you wanted the statistic for in thefirst place. As aways, you
have to be clear aboutthis. Let@ ook at a couple of examples:



¥ Youwant to measure theluminosty fundion of gdaxies down to a paticular
magnitudelimit. How longdo you need to expoe for ona given telescope? In this
case, your statistic might bethe signd-to-noise ratio achieved for agdaxy at your
magnitudelimit. Wha valuemug this have? It must belarge enoughtha you are
detecting mog of the gdaxies with this brightness, and not detecting large
numbers of spurousobjects dueonly to fluctuaionsin the noise.

¥ Youwantto see whether dark energy could actudly be made of vegemite. The

vegemite modd predicts tha supenovee at redshift 0.7 have a particular
brightness. Y our statistic is themean brightness of observed supanovee at this
redshift. Y ouwant to compare this measured mean value againg the prediction of
your modd and see whether your modd could betrue So you will look at the
difference between the ob%erved mean brightness and your modd and compare it
to theuncertainty: are they close enoughtogether tha the difference could jug be
astatistical fluke or so far apart that your modd is consgned to the dugbin of
history?

A note onterminology: when people quotk uncertainties in theliterature, they
geneadly write somethinglike g = 0.7 £ 0.2. This meanstha theuncertainty is0.2. But
wha does this mean? The mos common usageisimplicitly assume that the probability
distributionis Gaussian, and to quote thestandad deviation as the error: so in this case, if
you measured q repeatedly, you would find a Gaussian distribution of mean 0.7 and
standard deviation 0.2. But this can be confusngto novices Bthey might assume tha q
mug always lie between 0.5 and 0.9. Wheeas in reality you would expect a nunber
drawn froma Gaussian distribution to lie beyond one standad deviation from themean
roughly 32% of thetime (first set of notes). So people sometimes quote notthestandad
deviation, butthe rangewithin which 95% or 99% of measurements are expected to lie.
Which can cause grief if youmisinterpret wha they mean.

So Plet@ say you predict tha a given statistic x has thevaluex=1.0+ 0.2. What does
this mean? Wha it meansistha if you measure x over and over agan, youwill get
different answers each time. And these answers will follow a Gaussian distribution of
mean p=1.0 standad deviation! =0.2.

Y ou can work outhow after agiven valuewill beobtained by integrating the Gaussian
numerically over variousranges. Y ou expect x to lie within + onestandad deviation of
themean 68.3% of thetime, andto lie within £ two standard deviations95.4% of the
time. Thefraction at other valuesislisted bdow:

Numbe of standad Fraction of thetime tha
deviationsfrom the mean ameasurement will lie
within this many
standard deviationsof the

mean
05 38.3%
1.0 683%
15 86.6%
20 954%
25 98.76%

30 99.63%




35 99.95%

4.0 99.994%
45 99.9993%
5.0 99.99994%

How do you use these values? Some examples will hopdully hdp.

Example 1: an im age.

Imaginethat youwant to take an image of some pat of thesky. You aretaking it with
a CCD camera, which has a known rms read-out noise of 5.3 counts (rms = root mean
squaed deviation = standard deviation). It has 1024x1024pixels. Based on your
knowledgeof the sky brightness, you expect about 10 counts (detected phobong per pixel
per second, and you plan to expose for 100 sec.

Thus inthe absence of any objects, you would expect to get 1000counts per pixel. As
thearrival of phobnsis arandom quantum mechanica process, you won®get exactly
1000in each pixel. Ingead, you will g&t a Poisson distribution of mean 100Q The
standard deviation of a Poisson distributionis the squae root of themean bi.e. 316
count. ThePoisson distributonlooksmore and more like a Gaussian as the mean
increases Bfor amean of 1000 thisis a pretty goodapproximation.

So if you have abund of pixels containing no objects, the mean number of counts
will be100Q and the standad deviation will bethe quadrature sum of 31.6 (thephotbn
Poisson noise) and 5.3 (theread-out noise) Bie. 3206 couns. Thustheread-outnaise,
being much smaller than the phobn noise, is essentially irrelevant (a common situdionin
broad-band optical/IR imaging).

For smplicity sake, let usassume tha thepixels are pretty big, so that all thelight
from any object will fall in asingle pixel. To findall the objects in our image, we mugt
set athreshold valuet. Any pixel that exceedst will belisted as a detected object. Wha
value of t should we choo®?

We now need to think aboutwha we are trying to achieve scientifically. Normally our
scientific god isto avoid abject humiliation when we publish a pgoe based onthis
image To dothis, we need to make sure that when we list all the objects we saw in our
image, theobjectsin thislist should bereal, and not just empty pixels where the noise has
resulted in an unusudly highvalue So tha if someoneelsetriesto get follow-up
observationsof oneof our objects, they will find that it isreally there, and they haven®
wasted thar time looking at a blank bit of sky.

This meanstha we should set outthreshold t highenoughtha we get few if any
spuriousdetections

On the other hand, we want t to be pretty small, or we will bethrowing away faint
objects.

So what valueof t to use? This degpendson how sure you want to bethat there are no
spuriousdetections Let@ say youwant to bereally sure that every object you claim to
have detected isreally there. In this case, you want the expected nunmber of spurious
detectionsto bemuch lessthan 1. You have 1024xX1024~ 1 million pixels, so you want
the probability of apixel which containsonly empty sky having a measured value greater
than t to beless than onein amillion. Looking at the abovetable, you see tha 7x10° of



thetime you get results more than 4.5 standard deviationsout, whilefor 5.0 standad
deviations this probability dropsto 6x10°. These are the probabilities of gettingavalue
either this much highe than, or this much lower than the mean. A pixel tha is
anomaloudy low will not generate a spuriousdetection Dit( only thehigh onestha are
an issue, so we can dividethese probabilitiesin haf.

So to have an expected nunber of spuriousdetectionsless than one you® need to set
thethreshold to befive standard deviationsabovethe mean: 4.5 standad deviationsisn®
quite goodenough.Thusyour threshold should be 10000 + 5.0x3206=116Q03. Thisis
called Getting afive standad deviation thresholdQ or a Give sigma thresholdO

Alternaively, you mightbe prepared to tolerate afew spurouspoints. For example,
you mightbetryingto work outhow many gdaxies there are down to some magnitude
limit. Y ou expect to find 7000gdaxies in thisimage. So it wouldn®really matter if, say,
100were spurious You could work out the expected mean nunmber of spuriousgdaxies
and subtract it fromthe number you actudly detected Dthis won®be perfectly accurate,
butan error in the 100 (typically the squae root of 100Di.e. 10) won®make that much
difference to the 7000gdaxy count.

In this case, you need the expected number of spuriousdeectionsto be 100Di.e. the
probability of any oneof themillion pixels having a value abovethethreshold mug be
10“. Looking at thetable, this occurs at 4.0 standad deviationsabove themean, so our
detection threshold need only be 10000 + 4.0x3206 = 112824. We can thusdetect
gdaxiestha are 20% (0.2 mag) fainter. A four sigma detection threshold.

If we desperately wanted to detect these 20%fainter gdaxies, but were more
fastidiousand hence unwilling to tolerate that any of our detectionsmight be spurious
we would need to increase our exposure time. Thesignd fromagiven gdaxy is
propottiond to the exposure time, while the nase (being domnaed by the Poisson
photon noise) is propationd to thesguae root of the expodure time. Thusthe signd-to-
noise ratio of agiven gdaxy (thenumber of standad deviationsit is brighter than the
mean) isinversely propationd to the square root of the expoaure time. Thusto detect
gdaxies 20%fainter with five sigma confidence, we@ need to increase the exposure time
by afactor of 1.2°=1.44.

Example 2: Testi ng a theory.

Let usimaginetha a particular theorist (Prof Zog) has run a supacomputer smulation of
theformation of Milky-Way-like gdaxies, usng cold dark matter (CDM). He findsthat
such gdaxies should have a mean of 630dwarf gdaxiesin orbit aroundthem. However,
the exact number dependson the merging history of the gdaxy: heran his smulations
100times and founddwarf gaaxies ranging from112to as high as 954.He founda
standad deviation of 243dwarf gdaxies aroundthe mean of 630,

Y ou have jug completed a survey of 10 nearby Milky-Way-like gdaxies, couningthe
number of dwarf gaaxies. You foundthefollowing numbers: 523,12,144,15, 3, 44,
320,2, 0, 97.

What you want to know s, can you pulish a paper saying tha Prof Zog@® simulation
isincongstent with thedata? Or will al the CDM mafia pillory youif you do this?

Y our data have an average (mean) of 116 and a standard deviation of 165.1sthis
congstent with Prof Zog® simulation?



Y ou can never proveatheory correct - all youcandois proveariva theory wrong In
this case, we are trying to discredit Prof Zog®theory. So let@ assume this theory was
correct, and work outthe conequences. If these consquences are incongstent with our
observations we can say (Zogis an idiotOand get away with itE

So let ussay that Zog@® theory was correct. There should thusbe 630+243 dwarf
gdaxies aroundeach of our target gdaxies. If we assume a Gaussian distribution, we can
then ask, for each of our gdaxiesin turn, wha are the oddsof seeing this, were thetheory
correct? Our first gdaxy had 523 dwarfs. Thisisonly (630-523/243=0.44 standard
deviationsaway from theprediction. Using thetable, youd expect over 60% of observed
gdaxiesto beat least this different from the mean. So this could well bea flukeand
doesn®disprove anything. But wha aboutthe second gdaxy, with only 12 dwarfs? This
isnow (630-12)/243= 2.5 standad deviationsaway. Only 1.3% of gdaxies are expected
to beat least thisfar fromthe mean.

Could you publish given jug this onegdaxy with 12 dwarfs? 1t a bit margind. Just
fromrandomfluctuations youd expect more than 1% of gdaxies to bethis different
from the predictions So you can say Qhisisfairly unlikely, given Zog®theoryQ But if
there were lots of pgperstrying to disprovelots of theoriesusng 2.5 sigma discrepandes,
more than 1% of them would bewrong,and thussevera theories would have been
unjusgly pilloried.

And thisis assuming nice Gaussian distributions in thereal world, unusid evensare
typicaly more common than this nice Gaussian integral tellsus So nomally any paper
based on 2 sigma statistics is regarded with caution.

In this case, however, we have |ots more gdaxies. Noneof them are more than 3
standad deviationsbdow the prediction, butthey are all low, which mug betellingus
something. If Zog@ theory was correct, what are the oddsof all ten gdaxies giving such
low values?

Oneway to dothiswould beto work outthe probaility of seeing aresult thislow for
each gdaxy in turn, and then simply multiplying the probabilities together. Y oudon®
have to multiply too many ~1% numbers togeher until you get avery small probability.

Anothe quicker way isto look at the mean numbe of dwarf gd axies you measured.
Thiswas 116.Wha is theuncertainty in this? Well, the standad deviation between the
measured gdaxies was 165. The standad deviation in thesumisthus165X' n, where
n=10. Themean is simply thesum divided by n, so the standad deviationin themeanis
165/'10=522. Soif you measured lots of different sets of ten gdaxies, and computed the
mean for each, you estimate tha these meanswould form a Gaussian distribution of
standard deviation ~52.

Similarly, Zog@ theory predicts that if we measured 10 gdaxies, and averaged the
number of dwarfs found the mean would be 630 and the standad deviation of themean
would be 243/ 10=76.84.

So is our observed mean of 116:52 congstent with the predicted valueof 630t77?
Anothe way of looking at thisis to say: the difference d between these meansis d=630-
116514.Theuncertainty in d can be estimated using the error addition equdion:it isthe
guadrature sum of theuncertainties in thetwo individud meansbi.e. 93 So d=514+93.

If our data are congstent with Zog@ modd, then we would expect d=0. If this were
the case, and our uncertainty estimate is accurate, then our observed valuelies
514P3=5.5 standad deviationsaway fromthe prediction. Fromthetable, lessthen one



in amillionobservationsshould bethusdiscrepant. Thusif all theastronony papers ever
published used 5.5 sigmaresults, on average noneof them would bein error. So thisis
pretty condusve: Zog@ theory is cactus

Conclusions

Thematerial covered in these notesis very widdy used. People often talk colloquialy
aboutQha® only a2 sigmaresult- | dor®bdieveitQ or Orhis catalogueis split into two
parts, the 5 sigma detectionsand the 4-5 sigma ones which should be used with cautionO
This approach is an approximation, only valid if everything is nice and Gaussian and
unoorrelated, which is seldom pefectly the case in thereal world.

So becareful! Look at histograms of your daato seeif they redlly are Gaussian. Err
onthesideof cautionin choosng at wha GigmaOvalueto publish. Andif thingsare
really crudal, do afull end-to-end Monte-Carlo smulation as discussed in the previous
set of notes.

But for many applications this quick and dirty approach is perfectly adequae, and
much quicker than the alternaive!



